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Preface 



This volume contains extended versions of the five plenary lectures given at the 
Euromech Colloquium 397 “Impact in Mechanical Systems”, at Grenoble, from 
June 30 until July 1-2, 1999, France. As the title indicates, it is devoted to the 
study of rigid multi-body mechanical systems subject to nonsmooth effects, such 
as impacts. Coulomb friction, constraints addition and deletion. Actually, this 
represents a large and important class of nonsmooth mechanical systems. Its 
study can be traced back to the ancient Greeks. The 17th and 18th centuries 
also witnessed a great deal of (scientific) excitement about shock dynamics. 
Prestigious names like Descartes, Newton, Poisson, Gauss, Huygens, Bernoulli, 
to name a few, have long been attached to the study of collisional effects between 
two rigid bodies. Later, scientists like Darboux, Routh, and Carnot, also con- 
tributed significantly to the field. The earliest studies on impact dynamics were 
essentially motivated by fundamental scientific questions in physics (what is the 
role of hardness in the rebound phenomenon, is springiness necessary for a re- 
bound to occur, use in light models), as well as more practical goals (calculation 
of bullet trajectories). 

Interest in such a class of dynamical systems today is certainly much more 
related to engineering, and in particular the development of simulation soft- 
ware for virtual prototyping, a topic of great importance in industry. However, 
it still possesses strong connections with physics: the study of granular matter, 
planetary rings, may benefit from using the models described in this book (let 
us also recall that so-called billiards, which are a particular class of impacting 
lossless mechanical systems, have motivated intense mathematical studies). In 
particular, the study of Newton’s cradle is closely related to what one needs to 
properly understand and predict phenomena such as clusterization and fluidiza- 
tion, which are well known in granular matter dynamics. In addition, numerical 
simulations are quite important in these fields. Furthermore, scientific communi- 
ties like computer science (virtual reality), robotics, systems and control, applied 
mathematics and, evidently, applied mechanics find various fields of investigation 
in multi-body systems. As the reader will see throughout this book, nonsmooth 
mechanical systems with unilateral (or inequality) constraints represent a very 
interesting class of dynamical systems. They are not a simple extension of sys- 
tems with bilateral constraints, or of systems with impulses. To express it in 
a language that has recently become fashionable in the computer science and 
systems and control communities, they constitute a class of hybrid dynamical 
systems; in other words, they merge continuous as well as discrete-event phe- 
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nomena (roughly, their state space may be seen as the product of R" with a 
finite set of symbols). Contrary to some widely held opinion, their dynamics is 
quite complex. 

Many important problems associated with the dynamics of multi-body me- 
chanical systems with unilateral constraints still remain open: mathematical 
problems (existence, uniqueness, continuous dependence on initial data, bifur- 
cations, chaos), numerical analysis problems (how to discretize such a complex 
mixture of differential equations and algebraic conditions), mechanics (some phe- 
nomena, such as multiple impacts, with or without friction, still require much 
study on the modelling side), systems analysis (controllability, stabilizability). 
The five chapters in this book contain contributions related to mathematics, 
modelling and numerical simulations. 

• Mathematical Analysis The first chapter, by M. Kunze (Mathematics 
Dept., Cologne University) and M.D.P. Monteiro-Marques (Mathematics 
Dept., Lisbon University), is devoted to presenting the so-called Moreau’s 
sweeping process. This evolution problem, invented by Moreau in the 1960s, 
applies to quasistatics as well as to dynamics. It was first motivated by ap- 
plications in fluid mechanics and later on in nonsmooth mechanical systems. 
The focus of this chapter is on mathematical analysis. 

• Numerical Analysis and Simulation The second chapter, by M. Abadie 
(Schneider Electric Research Center, Grenoble), is dedicated to numerical 
simulation problems. It describes the work done at the company Schneider 
Electric to improve the virtual prototyping of electrical devices. It also con- 
tains an overview of the existing tools for simulation of nonsmooth mechan- 
ical systems. As with other analyses, our nonsmooth systems require very 
specific numerical tools and cannot be accomodated by classical software 
and algorithms. The algorithms presented in this chapter have been inspired 
by the discretization of the sweeping process as done by Moreau (see the 
first contribution ), with appropriate modifications to comply with indus- 
trial needs (they are to be used directly by Schneider’s engineers), whereas 
Moreau’s scheme was primarily devoted to the simulation of granular matter. 

• Stability and Bifurcations The third chapter by A. Ivanov (University 
of Moscow), deals with stability and bifurcation phenomena. It is a fact 
that systems with unilateral constraints possess specific sorts of bifurcations 
which are not encountered in smooth dynamics. They occur with grazing 
trajectories and have therefore been called grazing bifurcations. Also, the 
stability of trajectories requires new analytical tools. 

• Energetical Restitution Coefficient The contribution of the fourth chap- 
ter by W.J. Stronge (Mechanical Engineering Dept., Cambridge University), 
focuses on collisions between two bodies using elasto-plastic models. It con- 
centrates on the study of an energy coefficient of restitution. It also contains 
some developments on multiple impacts (the so-called Newton’s cradle). 

• Multiple Impacts The final chapter, by Y, Hurmuzlu and V. Ceanga (Me- 
chanical Engineering Dept., Southern Methodist University), concentrates on 
multiple impacts without friction. It proposes a completely new way to at- 
tack the multiple impact problem, by using a new set of physical coefficients 
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(including the energetical coefficient presented in the previous chapter) to 
describe the shock phenomenon. Newton’s cradle and the rocking block are 
used to develop the theoretical analysis. Experiments confirm the analysis. 

In summary, this volume is an advanced introduction to the field of analysis, 
modelling and numerical simulation of rigid body mechanical systems with uni- 
lateral constraints. It will be worthwhile reading for anybody interested in this 
topic, be it at the mathematical, mechanical or numerical level. In fact, all these 
fields of investigation feed one another and it is almost compulsory to have a 
general view of the problems in the other fields to be able to propose sound solu- 
tions in a particular domain. The book contains some established (although not 
always very well known outside the nonsmooth dynamics community) results, 
as well as quite new ideas. 

I would like to express warm thanks to my colleagues who kindly accepted to 
prepare a plenary talk at the Euromech 397, and, most importantly, who made 
the effort to write these chapters. They are gratefully acknowledged here. I would 
also like to recall that the Euromech Colloquium 397 was organized within the 
framework of a European INTAS project coordinated by Bill Stronge. This book 
rounds off this cooperation nicely. 

Saint-Martin d’Heres, June 2000 Bernard Brogliato 
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An Introduction to Moreau’s 
Sweeping Process 



Markus Kunze^ and Manuel D.P. Monteiro Marques^ 

^ Mathematisches Institut, Universitat Koln, Weyertal 86, 50931 Koln, Germany 
^ C.M.A.F. and Departamento de Matematica, Faculdade de Ciencias, 
Universidade de Lisboa, Av. Prof. Gama Pinto, 2, 1699 Lisboa, Portugal 

Abstract. Starting from an elementary level, this rewiew paper summarizes some 
results and applications concerning first and second order sweeping processes. 



1 Introduction 

These lecture notes concern the so-called “sweeping process” that plays an 
important role in elastoplasticity, quasistatics, and dynamics. A sweeping 
process consists of two main ingredients: one that sweeps and one that is 
swept. As an example, consider a large ring that contains a smaller ball 
inside, and the ring will start to move at time t = 0. Depending on the 
motion of the ring, the ball will just stay where it is (in case it is not hit 
by the ring), or otherwise it is swept towards the interior of the ring. In this 
latter case the velocity of the ball has to point inwards to the ring in order 
not to leave; see Fig. 1. 





Fig. 1. A sweeping process 



In more mathematical terms, this becomes 

-u'(t) G Nc{t){u(t)) a.e. in [0,T], u(0) = uq G C(0), (1) 



B. Brogliato (Ed.): LNP 551, pp. 1-60, 2000. 
© Springer-Verlag Berlin Heidelberg 2000 




2 



Markus Kunze and Manuel D.P. Monteiro Marques 



where u{t) is the position of the ball at time t, whereas C{t) is the (set com- 
prising the) ring at time t. The expression denotes the outward 

normal cone to the set C{t) at position u{t), so (1) just says that the velocity 
u'{t) of the ball has to point inwards to the ring at almost every (a.e.) time 
t G [0,T]. The restriction to “almost every” is due to the fact that usually 
we will find no smooth solution t i-)- u{t) of (1), but only solutions that are 
differentiable everywhere besides on some subset of [0,T] of measure zero. 
The initial condition m( 0) G C(0) states that the ball initially is contained in 
the ring. 

Equ. (1) is the simplest instance of the sweeping process, introduced by 
Moreau in the seventies. In general, the time-dependent moving set C{t) 
is given, and we intend to prove the existence of a (unique) solution 1 1 -> u{t) 
that will take values in some Hilbert space H (above H = IR^). Note also that 
C{t) is allowed to change its shape while moving, contrary to the example of 
the ring which just moved by translation and kept its initial shape. 

The paper is organized as follows. In Section 2 we start by introduc- 
ing some concepts from convex analysis and functional analysis, like normal 
cones and functions of bounded variation. Then in the first main part of these 
notes. Section 3, we summarize some important results for the sweeping pro- 
cess (1) concerning existence and uniqueness of solutions. As expected, the 
better behaved the set will move (e.g. without jumps), the better will be the 
solution. So we will prove in Section 3.1 quite in some detail the existence 
of a unique Lipschitz continuous solution to (1) in case the set t i-> C{t) 
moves in a Lipschitz continuous way (in a suitable sense, measured by the 
Hausdorff distance of sets). Afterwards in Section 3.2 we carefully analyze an 
example from elastoplasticity and show how the general theory from Section 
3.1 applies. Then in Section 3.3 we discuss a variant of the sweeping process 
which arises naturally in the modeling of more complex problems, like quasi- 
variational inequalities. Contrary to (1) the moving set here may depend also 
on the current state u{t), i.e. C = C{t,u{t)) instead of C = C{t), and we will 
see in particular that not all such state-dependent sweeping processes will 
admit a solution. Finally in Section 3.4 we add some supplementary remarks. 

In the second main part (Sections 4 and 5), we turn to problems which 
are of second order in time. In Section 4 we deal with 

-9"(i)GA^y(<,W)(9'(i)). (2) 

Note that this formulation does make sense only if the velocity u{t) = q'{t) 
were an absolutely continuous function (thus admitting a derivative a.e.). 
However, under the usual assumptions that the multifunction q ^ V{q) is 
continuous in the sense of Hausdorff distance and has closed convex values 
with nonempty interior, it turns out that u in general is only a continuous 
function of bounded variation; therefore the differential inclusion (2) has to 
be rewritten accordingly. We will prove the existence of a solution under 
somewhat stronger technical assumptions on V, since this allows to highlight 
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some additional technical difficulties that arise when using a discretization 
procedure (similar to the one in [38]) which is of great importance for the 
subsequent applications. 

In Section 5, we consider such an application to the dynamics of unilateral 
contact. In Section 5.1 we present the corresponding mathematical formula- 
tion, introduced by Moreau, to model the dynamics of a particle or a system 
under frictionless constraints. The appropriate mathematical description is 
given by a differential inclusion which is a second order sweeping process of 
the above type, with an extra term to account for forces acting on the sys- 
tem. Then we outline the recent proof by Mabrouk [38] of the existence of 
a solution which is a motion q with bounded variation velocity u. It should 
be stressed that purely inelastic as well as purely or partially elastic colli- 
sions can be handled with this technique. Finally, in Section 5.2, we give a 
very brief account on how the previous ideas apply to unilateral contact with 
friction and on some promising recent advances in the field. 



2 Some preliminaries from convex analysis and 
functional analysis 

In these notes we will be concerned with a Hilbert space H which may have 
finite or infinite dimension. The inner product and norm, respectively, are 
denoted by (•, •) and | • |, and Br{x) denotes the closed ball of radius r centered 
at X £ H. 

For a closed convex C C H and x £ C the set 

Nc{x) = {^ G J? : (^, c - x) < 0 Vc G (7) 
denotes the outward normal cone to C at x. See Fig. 2 for some examples. 




Fig. 2. Examples of normal cones 
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Observe that in fact we have drawn the sets x + Nc{x) rather than Nc{x). 

Remark 1. We always have that 0 G Nc{x), = H, and Nc{x) = {0} 

for X G intC, the interior of C, if intC* ^ 0. The latter relation shows the 
outward normal cone is only interesting for x G 9C, the boundary of C. Note 
that intC = 0 might well be the case, think e.g. of C = {(x, 0) : 0 < x < 1} C 
IR^. In this example we obtain Nci{0,0)) = {(^ 1 ,^ 2 ) G IR^ : ^1 < 0,^2 G IR}, 
7Vc;((l,0)) = {(6,6) G IR2 : 6 > 0,6 G IR), and IVc((x,0)) = {(0,6) G 
IR^ : 6 G IR} for X g] 0, 1[ as normal cones. 

If X G i? and C C H is closed convex, then there exists a unique y £ C 
that minimizes the distance of x to C. This y is called the projection of x 
onto C and written as y = proj(x, (7). Hence the characterizing properties 
are 

y = proj (x, C) if and only if y £ C, \x — y\ = dist (x, C) (3) 
with dist (x, C) = inf {|x — c| : c G C}. Equivalently, 

y = proj (x, C) if and only if y £ C, {y — x,y — c) < 0 Wc £ C, (4) 
and hence 

y = proj(x, C) if and only if y £ C, x-y£Nc{y). (5) 

Moreover, 

dH(Ci, ( 72 ) = max -! sup dist(x, (7i), sup dist (x, ( 72 )? (6) 

XGC2 xeCi J 

is the Hausdorff distance between the sets Ci and C 2 ■ 

It will also be convenient to introduce the support function of a convex 
C C H defined as 

d*(x, (7) = sup{(x, c) : c G (7) for x € H. (7) 

Remark 2. Note that x i-> 6*{x,C) is a convex map on C, that is, 6*{Xx + 
(1 — A)x, C) < Ad* (x, (7) + (1 — A)d* (x, C) for A G [0, 1] and x,x £ H. li C is 
unbounded, it might be the case that d*(x, C) = +00 for some x £ H. 

We will later need some further elementary geometrical facts. 

Lemma 1. The following assertions hold: 

(a) If U C H is a closed subspace and V = U-^ is the orthogonal complement 
of U in H , then IVy (x) = U for x £V. 

(b) If C, D c H are nonempty, closed, and convex with int(7 fl T> 7 ^ 0, then 



Ncnuix) = Nc{x) + Nd{x) for x £ C r\D. 
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(c) If C C H is nonempty, closed, and convex and x £ H is such that 

dist (x,H \C) > p> 0, then p\y\ + (y, x) < 5*{y, C) for all y £ H. 

(d) If C C H is nonempty, closed, and convex and p > 0, then the set 

Cp = {x £ H : dist {x, H\C) > p} is convex. 

Proof: (a) If u £ U, then {u,v — x) =0 for all v £ V, since also x £ V. 
Conversely, if m G Ny (x) , then 

{u,v)<{u,x) for all v£V. (8) 

Assume (u,vo) 7^ 0 for some vo £ V. Then we may suppose (u,vo) > 0, 
since otherwise we could replace vo by (—no) £ V. But then we can use 
V = Xvo G y in (8) and let A —> 00 to obtain a contradiction. Thus {u, v) =0 
for all n G y, i.e., u £ V~‘- = U = U. (b) Firstly, for ^ G Nc{x), rj £ Nd{x), 
and c £ C Cl D we find {^ + t},c — x) = {^,c — x) + {t}, c — x) <0, whence 
^ + T] £ Ncnoix). On the other hand, let ^ G Ncnoix) for x G C Cl D. 
Since generally Nc{x) = A^c-x(O) ioi x £ C we can assume without loss of 
generality that x = 0 G C Ci D. Define 

V = D X [0,oo[ and C = {(c, t) G (7 x IR : t < (^, c)}. 

We claim that D fl intC = 0. Indeed, otherwise we would find co G C fl D, 
to £ [0, oo[ and £ > 0 such that |c — co| < £ and \t — to| < £ for c G i? and 
t G IR implies t < (^, c). As ^ G A^cn£)(0), we have (^,co) < 0, and hence 
to £ [0, oo[ and also t < (^, co) < 0 for all t with |t — to| < £, a contradiction. 
On the other hand, intC 7^ 0, since e.g. (c, (^,c) — 1) G intC for c G intC. 
Since both V and C are convex subsets of i? x IR that contain (0, 0) G J? x IR, 
by Mazur’s separation theorem [26, Thm. 7.12 (b)] we find t} £ H and r G IR 
such that 



V C {(m, t) G i? X IR : {rj, u) +rt> 0}, 

int C C {{u,t) £ H X \R : {rj, u) +rt < 0}. (9) 

Since by assumption c G int C fl D for some c£ H, we can use (c, 0) £V and 
(c, (^,c) — 1) G intC to conclude from relations (9) that r 7^ 0. As 0 G D we 
find (0, t) £V for all t £ [0, oo[, and thus rt > 0 for all t £ [0, oo[. This shows 
that in fact r > 0. Define = —r~^rj and ^2 = ^ + r~^rj. Then ^ + ^2- 

Moreover, if d G D then (d, 0) G V, and hence (^i,d) = —r~^{rj,d) < 0 by 

(9), i.e., G N£,{Q). Next, for c G C we take (c, (^, c)) G C to obtain (^2, c) = 
c) + {r],c)) < 0, and therefore ^2 G A'c(O), i.e., ^ G Nd{0) +Nc{0). 
(c) Fix y ^ 0 and £ > 0 small. Then we obtain x + (1 — £)C]f| G C by 
assumption, and hence 5*{y,C) > {y,x + {I - £)/9]fy) = {v,x) + (1 - £)p\y\- 
Thus £ — > 0 yields the claimed estimate, (d) Assume on the contrary that 
|Ax + (1 — A)x — z\ < /9 — £ for some A g]0, 1[, x, x G Cp, z £ H\C, and £ > 0. 
Let Xi = ^: + (1 — A)(x — x) and Xi = z + A(x — x). Then |x — Xi| < p — s 
and |x — xi| < p — £. As x, x G Cp it follows that xi,xi G C. But since C is 
convex, then also .2 = Axi + (1 — A)xi G C, a contradiction. □ 
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The variation of a function m : [0, T] — > is defined as 

var (u) = var {u, [0, T]) 

, JV-l 

= sup < ^2 l^(^*+i) “ u{ti)\ : 0 = to < ti < . . . < tjv-i <tN =T 

^ i=0 

is a partition of [0,T]|, (10) 

and u is called of bounded variation, if var (u) < oo. 

Example 1. (a) If m : [0,T] — > i? is Lipschitz continuous, i.e., for some con- 
stant 1/ > 0 

\u(t) — u{s)\ < L\t — s\, G [0,T], 

then u is of bounded variation, and var (u) < LT. To see this, consider any 
partition of [0,T] as in the definition (10). Then 

JV-l JV-l 

i^(wi) - w(ti)i < i X] (^*+1 “ 

i=0 i=0 

(b) If u : [0,T] — > IR is increasing, then u is of bounded variation, with 
var (u) = u{T) — u{0). This follows from 



JV-l JV-l 

^ \u{ti+i) - u{ti)\ = ^ {u{ti+i) - u{ti)) = u{T) - m(0). 

Observe that u is not necessarily continuous here. 

(c) Let M : [0, T] — > be piecewise afhne, i.e., there exist 0 = Iq <tl < . . . < 

< t*jif =T such that 



u(t) =Ui+ {ui+i - Ui), t G [t*Xi+i], 

with Ui =u{t*). Then 

JV-l 

var(w) = ^ \ui+i -Ui\. 
i=0 

Indeed, if we are given any partition of [0,T], then we may add the points 
0 = to < ^1 < . . . < t^_i < = T to this partition as this only increases 

the sum. However, if t* = sq < Si < . . . < sm-i < sm = t*+i, then 
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and hence no additional contributions appear. 

(d) To give an example of a function which is continuous but not of bounded 
variation, let u{t) = tcos{n/2t) for t g] 0, 1] and m( 0) = 0; see [1, Ch. 8]. Then 
u is continuous. For the partition 



to = 0, ti 



1 



t2 



1 

2n- 1’ 



t2n — 1 



one calculates 

2n — l n ^ 

|M(tj+l) — u{ti)\ = tl + + fa + fa + . . . + t2n-l + ^271-1 = 

i=0 k=l 

and hence the supremum over all possible partitions equals YlT=i I ~ 

(e) A well-known further class of examples of functions that are continuous 
but of unbounded variation even on every subinterval are (almost every) 
paths of a Brownian motion; see [5, Cor. 12.27]. 

In order to prove the existence of solutions to certain variants of the 
sweeping process, we mostly will construct a sequence of approximating so- 
lutions whose variations are uniformly bounded. The following compactness 
theorem then allows to select a subsequence which converges towards some 
limit function, and the task is afterwards to show the limit function is indeed 
the desired solution. 

Theorem 1. Let H be a Hilbert space and « sequence of functions 

Un : [0,T] — > H that is bounded uniformly in norm and variation, i.e., 

|M„(t)| < Ml, n G IN, t G [0, T], and var(M„)<M 2 , n G IN, (11) 

for some constants Mi, M 2 > 0 independently of n £ IN and t G [0,T]. Then 
there exists a subsequence (Mjifc)fc£iiM and a function m : [0,T] — > such that 

var(u) < M 2 and Un,,{t) — > u{f) weakly in H for all t G [0,T], i.e., 

{unk{t),z) ^ (u{t),z) for all z£H as fc — >■ 00 . 

Proof: See [42, p. 10]. □ 

The next lemma summarizes some facts related to weak convergence. 
Lemma 2. Let u„ ^ u weakly in H. 

(a) |m| < liminf„_,.oo \un\ holds. 

(b) If Un £ C + Bs„ (0) for some closed convex C C H and some sequence 
e„ — > 0, then u £ C. 
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Proof: (a) See [71, Thm. V.1.1 ii)]. (b) If m ^ C, then by the separating 
hyperplane theorem, cf. [64, Thm. 3.4], there exists z £ H and 7 G IR such 
that {z, m) < 7 < {z, c) for all c G C. For every n G IN choose r„ £ H and c„ G 
C with \r„\ < £„ and = c„ +r„. Then according to the weak convergence 
and since \{z,Tn)\ < |^||r„| -> 0, {z,Cn) = {z,Un) - {z,Tn) -> {z,u). Thus 
from 7 < {z, Cn) we obtain the contradiction {z, m) < 7 < {z, u). □ 

Later we will also need a result on the behaviour of certain integral func- 
tionals w.r. to weak convergence of functions taking values in H. 

Lemma 3. Let he a sequence of functions v„ : [0,T] — > H such that 

v„ — >■ Vt, in the weak- star topology of i.e., 

I dt ^ I {Vi,{t),ip{t)) dt as n — >■ 00 

Jo Jo 

for all if G L^{[0,T]-, H). [The latter means that y? : [0,T] — > iL is (strongly) 
measurable and \ip{t)\dt < 00 .] Assume that for each t G [0,T] the set 
C{t) C H is nonempty, closed, and convex such that dH(C'(t), C(s)) < L\t — s\ 
for t,s £ [0, T] with some constant L > 0. Let 

${v)= [ 6*{v{t),C{t))dt for V £L°^{[0,T]-,H). 

Jo 

Then # is lower semicontinuous, i.e., 

^{v*) < liminf 

n—>-oo 

Proof: See [63, Corollary, p. 227]. The proof rests on the fact that f{v,f) = 
5*{v, C{f)) is measurable and /(•, f) is convex for alH G [0, T]. One may also 
consult [23] for similar results in more general settings. □ 



Lemma 4. Let m : [0,T] — > iL he an absolutely continuous function. Then 

T 

{u'{t),u{t))dt = ^\u{T)f - ^|m( 0 )|^ 

Proof: Under the assumption made it can be shown by consideration of the 
difference quotient that 

~{Ht)\^)={n'it)Mt)) ( 12 ) 

at every t g]0, T[ where u has a derivative. Integration yields the claim. □ 

We remark that absolute continuity of a function is a somewhat technical 
mathematical notion which for our purpose can be stated as “u is (up to a 
constant) the indefinite integral of its derivative” . 
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3 First-order problems 

3.1 The Lipschitz continuous sweeping process 

In this section we assume that 1 1 -> C{t) is Lipschitz continuous, i.e., 

dH(C'(t),C'(s)) < L|t- s|, t, sg[0,T], (13) 

for some constant L > 0. Let us first consider an example where the set C{t) 
is driven by a point ^{t). 

Example 2. Let C C H be & fixed nonempty, closed, and convex set and ^ : 
[0, T] — > iL a function which is Lipschitz continuous with constant L > 0. Let 
C{t) = C + ^(t) for t G [0, T]. Then 1 1 -> C{t) satisfies (13). To see this, fix x G 
c{s). Then y = [x — ^(s)] + ^(t) G C + ^(t) = C(t), and thus dist (x,C(t)) < 
\x — y\ = |^(i) — ^(s)| < L\t — s\. Hence also sup^.^^^^^) dist (x,C{t)) < L\t — s\, 
and similarly dist {y, C{s)) < L\t — s|. Therefore by the definition 

of dn in (6) we obtain the claim. •() 

Our aim is to show that for a Lipschitz continuous moving set there exists 
a unique solution to (1). Let us first fix what will be called a solution. 

Definition 1. A function m : [0, T] — > iL is a solution of (1), if 

(a) m( 0) = Mo; 

(b) u{t) G C{t) for all t G [0,T]; 

(c) M is differentiable at almost every point t g]0,T[; 

(d) —u'(t) G Nc{t){u{t)) for almost every t g]0,T[. 

The following theorem is a very basic existence result. 

Theorem 2 (Existence). Assume the map t i-> C{t) satisfies (13) and 
C{t) C H is nonempty, closed, and convex for every t G [0,T]. Let uq G 
(7(0). Then there exists a solution u : [0,T] ^ H of (1) which is Lipschitz 
continuous of constant L. In particular, |M'(t)| < L for almost every t g]0, T[. 

Proof: The following discretization scheme lies at the heart of many proofs 
for sweeping processes. We fix n G IN and choose a time discretization 

0 = < . . . < <t^ = T, with (t^+i -(?)<-, 0<i<N-l. 

(14) 

E.g. we can set t" = i/n, but we need not fix the discretization explicitly. 
The value of G IN will depend on n, and — > oo for n — > oo. We define 
the step approximations m" : [0, T] — > JL as follows. Let 

m(( = mo, Mf+i =proj(Mf,(7(tf_,_i)) G (7(tf+i), 0<i<A^-l. (15) 
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A- . 

1 

Fig. 3. The catching up algorithm 



This is the “catching up” algorithm, since the approximation is made 
to catch up with the set through projection; see Fig. 3. Recall that 

we have to achieve u{t) G C{t) for the solution. 

The Un are defined via linear interpolation, 

^ 

see Fig. 4 below. 



H 




Fig. 4. The approximate solution Un 



We intend to find a subsequence of that converges to a solution 

of (1). To this end we wish to apply Theorem 1, and we have to derive the 
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uniform bounds in norm and variation in (11). First note that by (15) and 
since uf G 

\<+i - <\ = Iproj iK, - <1 = dist «, 

<du{C{a,C{i^+i))<m-1^+i\, (17) 

where we also have used (3) and (13). Together with Example 1(c) this leads 
to 

N-l N -1 N -1 

var (u„) = \Un{ti+i) - M„(tr)l = Y l^i+l - <1 < 7, E 
i=0 2=0 2=0 

= LT=:M2. (18) 

From (17) we get < |u^| + F(t"+i - tf), and thus by induction \uf\ < 

|uo| + Ltf. According to (16) and (17) this yields 

\Un{t)\ < K| +i|<+i -<| < |mo| +it" + i(t"+i -t") = |uo| +Lt^+i 

< \uo\ + LT =: Ml (19) 

for t G [tY,tY+i], whence for all n G IN and t G [0,T], since the bound is 
independent of n and t. Summarizing (18) and (19), we have shown that (11) 
in Theorem 1 holds. Thus we may extract a subsequence of (mji)„£|m (still 
indexed by n G IN for simplicity) and we find u with var (u) < LT = M 2 such 
that Un{t) — > u{t) as n —I 00 weakly in H for all t G [0, T]. 

To show u is a solution of (1), note first that u„(0) = uq implies u(0) = 
w — limu„(0) = uq. Thus (a) of Definition 1 is satisfied; w — lim denotes the 
weak limit. To exploit (17) further, fix t, s G [0,T]. Then t G and 

s G for some 0 < — 1. Without loss of generality we can 

assume i < j, i.e., t" < t". From (16) and (17) we obtain 



\Un(t) -Mn(s)| 

1-1 

^ \Un{t) — Un{tj)\ + ^ ^ \'^n{tk-^-i) — Un{tj.)\ + \Un{tf_^l) — Un{s)\ 



V^J+1 ^3 



1-1 

+ E K+l-<l + 



_ a 

^2+1 ^ 
+n +n 
^2+1 ^2 



< Y K+i -<\<L E(*^+i - ti ) = i(*i+i - *?) 

k=i k=i 

= L{[t - s] + [s - t"] + [t"+i -t])<L (|t “ ^1 + “) > 



the latter by (14). Since w — lim„_,.oo(Mn(i) — 'Un(s)) = u{t) — u(s), Lemma 
2(a) and (20) yield 

\u{t) — u(s)| < liminf \u„{t) — u„(s)| < L\t — s|, t, s G [0, T]. 

n—>-oo 
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Consequently, u is Lipschitz continuous with constant L, and hence in par- 
ticular differentiable almost everywhere in ]0,T[; cf. [6, Appendix, Sect. A. 2]. 
Thus we have verified (c) of Definition 1. To see (b), we infer from (17) and 
(14) that 

\ T 

K+i - <1 ^ ^ ^ n 

for t G Therefore by (16), (15), and (13) for t G 

Unit) G C(t") -I- Bi/„(0) C C{t) + Si(j_jn)(0) -I- Bi/„(0) 

C C{t) +B^L/niO), (21) 

where in the last step we have used (14). Hence (21) in fact holds for all n G IN 
and t G [0,T], and thus Lemma 2(b) yields w(t) G C(t) for all t G [0,T]. 
Finally we need to verify (d) of Definition 1, the most difficult step of the 
proof. First note that 

«+i - U^, - c) < 0, c G ^(t^+i), (22) 

by (15) and (4). From (16), (17), and (14) we obtain 

\Un[t) - <+i| = \Un[t) - M„(tr+l)l < ^(*"+1 ~ t) < ^, t£ 

Since by (13), C{t) C C C{tf^^) + Hi/„(0) for t G 

we find from (22) and (17) that 

«+i - uf,Unit) - c) 

= «+l - Ui, <+i - c) -I- (m7+i - <, [Unit) - + [c- c]) 

for t G and c G C(t). In the interior ]tf,t^_i[, Un is differentiable 

with derivative u'^it) = itf_^_i — tf)~^iuf_^_^ — uf), and hence by (23), 

2L 

(u'nit),Unit) - C) < —, tG]tf,tf+i[, CGC(t). (24) 

The estimate (17) also shows 

\u'nit)\<L, hence Kli=o([o,T];if) < « G IN. 

Since L°°i[0,T]-,H) is the dual space of L^i[0,T]-,H), it is a consequence 
of the Banach- Alaoglu theorem [64, Thm. 3.15] that we may extract a fur- 
ther subsequence (again indexed by n G IN) such that — > v^, for some 
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v^, G L°°{[0,T]-, H), the convergence being in the weak-star topology on 
T]; iJ). This means that for all (p G 



T T 

Jo Jo 



as n — >■ 00 . 



Since is absolutely continuous, 



i{t) = uo + [ u'^{s) ds, tG[0,T], 
Jo 



For fixed to G [0, T] and z £ H define 



={s: 



0 < t < to 
to < t < 1 



Then ip G L^{[0,T];H) since fg \ip{t)\dt = to|. 2 |. Taking the inner product of 
(25) with .2 and using the weak convergence M„(t) —I u{t) it follows as n — > oo 
that 

{u{to),z) i {Un{to),z) = {uo, ^) + (^J dt, 

rto 

= {uo,z)+ / {u'^{t),z)dt 

Jo 

= {uo,z)+ [ {u'^{t),ip{t))dt 
Jo 

— >{uo,z)+ j {v^{t),<p{t))dt = (uo + J V^{t)dt,z^. 

As this holds for arbitrary z £ H we can conclude that 

u{t) = Uo + [ v^.{s)ds, tG[0,T], 

Jo 

This again shows that m : [0,T] — > is differentiable at almost every point 

t g] 0,T[, and moreover u'{t) = n*(t) for almost every t g] 0,T[. In particular, 
(— —I (— m') in the weak-star topology on {[0,T]-, H). According to 
Lemma 3 this yields 

[ 6* {—u' {t),C{t))dt <\im ini f 6*{—u'^{t),C{t))dt-, (26) 

Jo Jo 

recall the definition of 6* from (7). Note also that by Lemma 4 and Lemma 
2, and as a consequence of the weak convergence m„(T) — > u{T), 

J {u'{t),u{t))dt=^(^\u{T)f -\uof^ < Iminf i(^|M„(T)|^ - 
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= liminf V|m„(T)|^ - |m„(0)|^') 

n—>-oo Z \ / 

= liminf [ {u'^{t),Un{t)) dt. (27) 

Jo 

Next, taking the supremum w.r. to c G C{t) in (24) and integrating over [0, T] 
we find that 

£ [d*{-u'^it),C{t)) + Kit),u„{t))] dt<‘^ (28) 

for n G IN. Since ( lim inf a„) + ( lim inf bn) < lim inf„_,.oo (a„ + 6„) 
for general sequences (a„)„gi^ and (&n)„gM) (28) together with (26) and (27) 
leads to 

„T 

J ^6*{-u'{t),C(t)) + (u'(t),u(t))^dt <0 (29) 

by taking liminf„_,.oo on both sides of (28). We have already shown that 
u(t) G C(t) for t G [0,T]. Therefore by definition of d*, 6* {—u' (t) , C (t)) > 
or stated differently, 

6*{-u'{t),C{t)) + {u'{t),u{t)) >0. 

Whence (29) shows 

6*{—u'{t),C{t)) + {u'{t),u{t))=0 for almost every tG]0,T[. 

Thus for any c G C(t), (—u'(t),u{t)) = 6*{—u'(t),C(t)) > (—u'(t),c), i.e., 
{—u'{t),c — u{t)) < 0. By definition of the normal cone we infer —u'{t) G 
A^( 7 (t)(u(t)) for almost every t g] 0,T[. This completes the proof of the theo- 
rem. □ 



Remark 3. (a) In the context of Theorem 2, the solution to (1) cannot be 
expected to be differentiable at really every point t g] 0, T[. Consider H = IR, 



C{t) = 



[i,l] 



0 < t < I 

|<t<l ’ 



and uo = 0 G C(0) = [0, 1]. Then the solution is 



u{t) = 




0 < t < i 

, , with 

|<t<l 



- w'W 



-1 

0 



0 < t < I 

|<t<i ’ 



and hence belongs to Nc[t){u{t)), as =] — oo,0] for t G [0, |] and 

-^[i-t,i](|) = {0} t g]!) 1]) recall Remark 1. We obtain dH(C(t), C(s)) = 
\t — s| for t, s G [0, |] and t, s G [|, 1]. Moreover, 

dH(C'(t),C'(s)) = |t- (1 -s)| < |t-s|, tG[0, i], sG[^,1]. 
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Hence (13) is satisfied with L = 1. On the other hand, u is not differentiable at 
t=\, but Lipschitz with constant 1. In the sweeping process interpretation, 
uo is swept by C(t) to m = | and then remains resting at |, since the 
boundary of C(t) starts to move in the opposite direction at time t = |- 

(b) Note that the proof of Theorem 2 is constructive. The catching-up algo- 
rithm can be easily implemented numerically. See [52] for more on numerical 
methods for the sweeping process. 

(c) In the proof of Theorem 2 it could be even shown that the sequence 

of approximations converges to a solution uniformly. However, this would 
not have led to great simplification, and the proof actually given explains a 
general technique useful also for other purposes. •() 

Theorem 3 (Uniqueness). The solution of (13) is unique in the class of 
absolutely continuous functions. 

Proof: Let m be a solution of —u'{t) G ^(0) = uq, and let 

be a solution of —v'{t) G Nc{t){v{t)), v{0) = vo- Since u{t) G C{t) and 
v{t) G C(t) for t G [0,T], it follows that (—u'(t),v{t) — u(t)) < 0 and also 
{-v'{t),u{t)-v{t)) < 0 for almost every t g]0, T[. Due to Equ. (12) in Lemma 
4 we find 

= {u'{t) -v'{t),u{t) -v{t)) < 0 
almost everywhere in ]0,T[. Integration yields 

|M(t) - t;(t)|^ < |m( 0) - t;(0)|^ = |mo - tG[0,T]. (30) 

In particular, if Mq = Vq, we get the claimed uniqueness. □ 

From (30) we also get 

Corollary 1 (Dependence on data). Under the above assumptions, if u 
and V are two solutions with u{0) = uq and v{0) = vo, then 

|M(t) - t;(t)| < |mo - 'yol, tG[0,T]. 

Theorem 4 (Dependence on the moving set). Let t i-> C{t) and t i-> 
D{t) be two moving sets which satisfy (13) with Lipschitz constants Lc and 
Ld, respectively. Assume that both C{t) and D{t) are nonempty, closed, and 
convex for every t G [0,T]. Then, if u denotes the solution to the sweeping 
process with t i-)- C{f) and initial value m(0) = uq, and if v denotes the 
solution to the sweeping process with t i-)- D{t) and initial value v{0) = vq, 
the estimate 

\u{t) - vit)]"^ < \uo - +2{Lc + Ld) [ A{s)ds, tG[0,T], (31) 

Jo 



holds, where 



A{t)=du{C{t),D{t)), tG[0,T]. 
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Proof: For fixed t G [0,T] we have u{t) G C{t) C D{t) + Hence 

there exist vectors d{t) G D{t) and r{t) G H such that u{t) = d(t) +r{t) and 
|r(t)| < A{t). It can be shown that it is possible to choose the maps 1 1 -> d{t) 
and 1 1 -> r{t) as being measurable. Similarly, we find v{t) = c{t) + s{t) with 
c{t) G C{t) and \s{t)\ < A{t). Arguing as in the proof of Theorem 3 we obtain 

= (u'(t) - v'(t),u{t) - v(t)) 

= {u'{t),u{t) - c{t)) + {v'{t),v{t) - d{t)) - {u'{t),s{t)) - {v'{t),r{t)) 

< - (v'it),r{t)) < (|«'(t)| + \v'it)\)Ait). 

According to Theorem 2, \u'{t)\ < Lc and \v'{t)\ < Ld almost everywhere, 
thus integration yields (31). □ 



3.2 An application: Evolution of a quasi-static mechanical system 

This section concerns a problem from elastoplasticity, for which we want 
to show how the sweeping process arises and how the theory developed in 
Section 3.1 can be successfully applied to yield a solution of the underlying 
evolution problem. Most of the material is taken from [43, Sect. 6]. 

The system we will deal with consists of two main ingredients: (displace- 
ments of) states and forces. The force / acting on the velocity u' of a state 
u gives rise to {u', /), the power of the force /. Then 

^ {u'{t),f)dt = J^ f) dt = {u{t2), f) - f) ^ {6u, f) 

is the work of the force / corresponding to the displacement 6u. The classi- 
cal approach to plasticity requires introducing, besides the “visible” elements 
describing the configuration, additional internal variables (also called hidden 
parameters). Thus a state u in fact consists of m = (x,p), denoting the “visi- 
ble” component by x and the hidden (or “plastic”) component by p. Usually 
X is the part that experiences external forces or that may be submitted to 
constraints. Let us consider an example, see Fig. 5. 

The system is comprised by two particles x and p which move in the plane 
i? = IR^. Let [/ = IR X {0} be the horizontal axis through the origin. This axis 
is driven by some function g{t) to move parallel to U, and x is constrained 
to remain in this set, i.e., we require 

X €U + g. (32) 

The point p influences the motion of x, since it is assumed to be coupled to 
X by means of a spring. In addition, an external force c{t) is applied to x, 




Moreau’s Sweeping Process 



17 




U+g(t) 



u 



and moreover, x moves without experiencing dry friction. We suppose that at 
each instant t the various forces equilibrate each other. In particular, the force 
applied to p by the spring has to counter-balance the dry friction resistance 
of the plane to p. Let us now consider in more detail the forces acting on p 
and X. 

(p-1) As just mentioned, there is a force f £ H describing “plastic resistance” 
against the velocity p' of p. Usually one imposes the law 

p' G Nci-f), (33) 

with C C H being a fixed nonempty closed convex subset of H consisting 
of the negatives (— /) of forces /; the minus sign is a little confusing but 
conventionally used here. The law (33) is motivated as follows: By definition 
of the normal cone this means {p',c + f) < 0 for all c G (7. Taking c = —f 
with another force /, we then ensure by (33) that 

{p', I) > (p', /) for all forces /. 

Thus / is to be taken as one of those forces acting on p' that minimize 
the power {p',f) over all forces /. Since the quantity —{p',f) has the inter- 
pretation of the dissipated power of / acting on p', (33) often is called the 
“principle of maximal dissipation” . 

(p-2) The second force that p experiences is the force s of “elastic restoring 
towards x” , described by a law 

s = A{e), e = X - p. (34) 

The difference e is called the deviation. Here A : H ^ H is chosen an 
invertible linear matrix, generalizations being possible. 
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(x— 1) The first force that acts on x is the “reaction” r of the constraint 
U + In order for x not to leave this set, cf. (32), we require that 



-r G Nu+g^t){x). 



(35) 



(x— 2) There is also a “load” c on x. 

(x— 3) Finally x experiences the force —s of “elastic restoring towards p” 
according to {p-2) . 

Since we analyzed the forces acting at some fixed instant of time t, the 
given functions g and c will depend on time. We intend to understand the 
evolution of the state variables x{t) and p{t) under the basic assumption that 
the motion is sufficiently slow for no inertia to being accounted for, i.e., the 
acting forces just equilibrate each other. For that reason the system is called 
quasi-static. Due to (p-l)-(p-2) and (x-l)-(x-3) we therefore assume 

s + f = 0, r + c - s = 0. (36) 

Now we are going to show how the whole problem can be conveniently 
recast and solved as a sweeping process. For simplicity we let A = I, the 
identity matrix, in (34) . Thus s = e = x — p. The more general case A ^ I 
could be treated by taking as inner product in H the expression {u,v) = 
{Au,v), with (•,•) the usual Euclidean inner product; the quantity \{Au,u) 
is the elastic energy of u. Then (32)- (36) can be summarized to 

x{t) G U + g{t), pf{t) G Nc{s{t)), 
x{t) =p{t) + s{t), c{t) - s{t) G Nu+g{t){x{t)) 

for (almost every) t G [0, T], with some fixed T > 0. Introducing V = U-^, the 
orthogonal complement of U in the Hilbert space H, we find the equivalent 
form 

x(t) £ll + g(t), s(t) £V + c(t), x(t) = p(t) + s(t), p'(t) G Nc{s(t)) 

(38) 

for (almost every) t G [0,T]. Indeed, omitting the variable t for the moment, 
assume first that (37) holds. Then x — g = uo G U and 0 > {c — s,u + g — x) = 
{c — s,u — Mo) for all u € U, whence 

(mo, c — s) > (m, c — s), u £ U. (39) 

Suppose there exists ui £ U such that (mi,c — s) 7 ^ 0. Without loss of 
generality we may assume (mi, c — s) > 0 , since otherwise we may replace ui 
by —Ml G U] recall [/ is a subspace of H. But then also u = Ami g U for 
A > 0, and this gives a contradiction in (39) as A — > 00 . Thus {u,s — c) =0 
for all u £ U, i.e., s — c £ V. Conversely, if s G V + c and u £ U, then 
(c — s,u) = 0, in particular {c — s,x — g) = 0. Therefore if m G f7, then 
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{c — s,u g — x) =0, and consequently c — s G Nu+g{x). Hence we have 
shown that in fact (38) is equivalent to (37). 

To solve (38) for the unknown functions x{t) and p{t), we make the fol- 
lowing general hypotheses. 

(HI) i? is a separable Hilbert space, U C H & subspace, and V = 

(H2) C C H is nonempty, closed, convex, and bounded; 

(H3) both 5 : [0,T] — > y and c : [0,T] — > [/ are given Lipschitz continuous 
functions; 

(H4) int Cn{V+ c{t)) 7 ^ 0 for t G [0, T]. 

The assumption in (H3) that g{t) G V and c{t) G C/ is no real restriction, 
since e.g. for a general g{t) we may decompose g{t) = gu{t) + 9v{t) with 
gu{t) G U and gv{t) G V, and then deal with x{t) G [U + gu{t)] + gv{t)- 
This amounts to allowing U{t) := U + gu{t) to move with time in a Lipschitz 
continuous manner, but this would introduce no serious additional difficulties. 
Concerning {H4), note that a necessary condition for (38) to have a solution 
is C n (y -I- c{t)) 7 ^ 0 for t G [0, T], because s{t) G C fl (y -I- c(t)). Thus {H4) 
may be interpreted as a “safe load assumption” , since the condition has to 
hold with a certain “safety margin” . 

The next step in rewriting (38) consists in a kind of Lyapunov-Schmidt 
reduction by projection of the equations on U and U-^ = V. For this, we 
introduce new variables .2 and y by 

.2 = proj jjip) and y = -proj y (p). (40) 

Then (38) is equivalent to 

^'(t) - y'{t) G Nc{y{t) + c{t) + g{t)), z{t) G U, y{t) G V (41) 

for (almost every) t G [0,T]. To see this, first suppose (38) is satisfied. Then 
{x - g) G U, (s - c) G y, and p + c - g = (x - g) + (c - s) G U ®V . 

Therefore x — g = proj jjip + c — g) and also c — s = proj y{p + c — g). Since 

the projection is linear on subspaces, and due to 5 G y and c £ U, we find 
X- g = proj u(P + c - 9) = proj jj{p) + c, whence .2 = proj jj(p) = x-c- g, 
and similarly y = — projy(p) = s — c — g. We get z' — y' = p' £ Nc{s) = 
Nc{y + C + g). On the other hand, let (41) hold and define 

p = z — y, x = z+c + g, and s = y + c + g. (42) 

Then x — g = z + c£ U, s — c = y + g G V, x = p + s, and in addition 

p/ = z' —y' £ Nc{y + c + g) = Nc{s). Accordingly, we have shown (41) and 
(38) are equivalent. Through the transformations (40) and (42) we established 
a one-to-one correspondence between (41) and (38) resp. (37). 

Now the connection of (41) to the sweeping process will become obvious. 

Lemma 5. If z : [0,T] — > U and y : [0,T] — > y are a solution to (4I), then 
y solves the sweeping process —y'{t) G 

c{t) = {c- C{t) - g{t)) n y. 



(43) 
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Proof: Firstly, by (41) we have y{t) G V and y{t) + c{t) + g{t) G C, i.e., 
y{t) G C{t). Next, fix c G C such that c — c{t) — g{t) G V. Since the image 
of ^ is contained in U and C/ is a vector space, also z'{t) G U for almost 
every t G [0, T], Hence c — c{t) — g{t) — y{t)) = 0 as also y{t) G V, and 

therefore by (41) 

(-y'(t), [c - c{t) - g{t)] - y{t)) = {z'{t) - y'{t),c - c{t) - g{t) - y{t)) < 0. 

Consequently, we have shown —y'{t) G at times t where y'{t) does 

exist. □ 

According to the orthogonal decomposition above, it turns out that by 
means of the sweeping process for y in Lemma 5 we already can construct 
a solution (z,y) to the full problem (41). Once this has been done, we have 
also proved that the original problem (37) has a solution (x,p). In particular 
this applies to the example model from Fig. 5 above. 

Theorem 5. Assume that the hypotheses are satisfied and that 

the compatibility conditions 



zo G yo£ V, yo + c(0) + c/(0) G C (44) 

hold for the initial values zq and yo ■ Then there exists a Lipschitz continuous 
solution z : [0,T] ^ U and y : [0,T] — > y of (fl) with z{0) = zq and 
y{o) = yo- 



Proof: First we intend to solve the sweeping process 

-y'{t) £ Nc(t){y{t)) a.e. in [0,T], y{0) = yo (45) 

with C{t) from (43), by application of Theorem 2. According to (44) we have 
yo G (C* — c(0) — g{0)) n y = C(0). Moreover, since y is a vector space and 
g{t) G y, (H4) implies C{t) 7^ 0 for t G [0, T], and by {H2) each C{t) is closed 
and convex. By Lemma 6 below, 1 1-> C(t) is Lipschitz continuous with some 
constant L > 0. Thus by Theorem 2, (45) has a Lipschitz continuous solution 
y : [0, T] — > JL, and y(t) G V, since y(t) G C(t) for t G [0, T]. Let 

F{t) = {w £ H : 6*{w, C) = {w, y{t) + c{t) + g{t))}, t £ [0, T], 
with 6* from (7). We are going to show that 

= F{t) n ([/ - y'(t)) 7^ 0 a.e. in [0, T]. (46) 

Indeed, let t be a point where (45) holds. Observe that 

int((7 — c{t) — g{t)) fl y = [int(C') — c{t) — g{t)] fl y 7^ 0, 
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as g{t) G V and int(C) n {V + c{t)) 7^ 0 due to {H4). Moreover, y{t) G C{t) C 
V. Hence it follows from Lemma 1(b) and (a) that 

Nc{t){y{t)) = N[c-c{t)-g{t)]nviy{t)) = Nc-c{t)-g{t)iy(t)) + Nv(y{t)) 

= Nc-c{t)-g{t){y{t)) +u. 

Accordingly we may decompose —y'{t) = w — u. Then w = u — y'{t) £ 
U — y'{t), and additionally w G F{t), since for c G C we obtain {w,c{t) + 
g(t) +y(t)) > (w,c), i.e., (w,c(t) + g(t) +y(t)) > S*{w,C). As y(t) G (7(V) c 
C — c(t) — g(t) or c(t) + g(t) + y(t) G C, we conclude w G F{t). This ends 
the proof of (46). By modification of F{t) on a set of measure zero in [0,T], 
we may assume that in fact F{t) 7^ 0 for all t G [0,T]. Since F{t) is closed 
for t G [0,T], we see that in addition F{t) is closed. Moreover, with some 
technical efforts it can be shown that F : [0,T] — > 2^, the power set of iJ, 
is measurable, i.e., for any open B c H the set {t G [0,T] : F(t) fl H 7^ 0} 
is measurable. As H is assumed to be separable, a result from the theory 
of set-valued maps, cf. [27, Prop. 3.2], shows that there exists a measurable 
selection ^ : [0,T] — > JL of F. This means that C(i) G F(t) for t G [0,T], or 
according to the definition of F{t), 

= iCit),y(t) + c(t) + y(t)) and ((t) + y'{t) G U (47) 
for almost alH G [0,T]. We intend to set 

z{t) = zo+ [ [C,{s) +y'{s)]ds, tG[0,T], (48) 

Jo 

if the integral exists. In that case, as zq &U and Q{s) y'{s) G U for almost 
every s, we would have z{t) G C/ for t G [0, T], since [/ is a subspace. Moreover, 
— C(i) + y'{t) almost everywhere in conjunction with the first relation 
in (47) would prove z'(t) — y'{t) = C,{t) G Nc{y{t) + c(t) + g(t)) almost 
everywhere in [0,T], i.e., (z,y) is the desired solution of (41). 

Thus it suffices to derive a bound on ({s), since this also will show that 
the integral in (48) does exist. For p > 0 let 

Cp = {w € H : dist (w, H\C) > p} C C. 

We claim that there exists p> 0 such that 

Cpr\{y + cit)) 7^ 0 for all t G [0, T]. (49) 

In fact, otherwise we could choose a sequence pj — > 0 and find times tj G 
[0,T] such that Cp. fl (P -I- c{tj)) = 0 for all j. By definition of Cp. hence 
dist {v + c{tj),H \C) < Pj for t; G y. If we assume without loss of generality 
that tj — >■ to G [0;^] as j — > 00, we infer from x i-)- dist (x. A) being even 
Lipschitz continuous for a general Ac H that dist {v c{to),H \C) = 0 for 
all V £V. Therefore t;-l-c(to) £ H \ C = H\mtC, i.e., V +c(to) C J7\intC', in 
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contradiction to {H4). Consequently, (49) is satisfied for some small p > 0. 
Clearly Cp is closed, and it is also convex by Lemma 1(d). Moreover, the 
argument of Lemma 6 below implies that the moving set t ^ H{t) = Cpf] 
(V + c{t)) is Lipschitz continuous as intCp 7 ^ 0 for p small. By solving the 
corresponding sweeping process with an arbitrary initial value chosen in H ( 0 ) , 
it follows that there exists a (Lipschitz) continuous function h : [0,T] — > i? 
such that 

h{t) G Cp n (y + c(t)) for t G [0, T]. (50) 

This function h will finally help us to estimate ( from above. We first note 
that 

p\w\ + (w,h(t)) < S*{w,C), tG[0,T], w £ H, (51) 

according to the definition of Cp and by Lemma 1(c). Taking w = C,{t) in 
(51) we obtain from (47) that for almost every t G [0,T] 

p\c{t)\ < S*(C(t),C) - (C(t),/i(t)) = +c{t) +g{t)) - (C(t),/i(t)) 

= (C(i) + y'(t), y{t) + c(t) + g(t) - h(t)) 

- (y'(t), y(t) + c(t) + g(t) - h(t)). (52) 

Recall from (47) that ({t) + y'{t) G U. In addition, c(t) — h{t) G R by (50), 
and we have g{t) G R by (H3) and also y{t) £ C{t) C V. Since U and V are 
orthogonal the first term in (52) therefore vanishes and we get 

/3|C(i)l < -{y'{t), y{t) + c{t) + g{t) - h{t)) 

< \y'it)\{\y{t)\ + |c(t)| + \g{t)\ + |/i(t)|] 

— -^(|y|i“([0,T];if) + kli“([0, T];if) + l5li“([0,T];if) + I ^1 ([0,T];if) ) ’ 

The latter is a finite constant, whence it follows that even ( £ I/°“([0, T]-,H). 
In particular, the integral in (48) is well-defined, and .2 is Lipschitz continuous 
with constant |Cli~([o T];if) + completes the proof of Theorem 5. □ 

The following lemma was needed in the proof of Theorem 5. 

Lemma 6. Under the assumptions of Theorem 5, the moving set t i-> C{t) 
from ( 43 ) is Lipschitz continuous. 

Proof: Since both g and c are Lipschitz continuous, it is sufficient to prove 
that C{t) = C{t) + c{t) + g{t) = C n (y -I- c{t)) is Lipschitz continuous; 
recall that g{t) £ V. Fix w £ C(s) and choose a (depending on t) such 
that a G y -I- c{t) and Bp{a) c C; this is possible by (49). According to a 
geometrical inequality of Moreau, see [42, p. 24], we have dist (w,C{t)) < 
(1 -I- p~^\w — a|)(dist {w, C) + dist {w, V + c{t))). As w £ C, the first distance 
is zero. Moreover, [w — c(s)] -I- c{t) G y -I- c{t), so we get dist (w,C{t)) < 
(H-/ 9 “^|u; — a|)lip(c)|t — s|, with lip(c) the Lipschitz constant of c. As w,a £ C 
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and C is bounded by (i?2), it follows that dist (w,C{t)) < i^|t — s| 

for some constant K > 0. Since the role of s and t can be interchanged, 
1 1 -> (7(f) is Lipschitz continuous with Lipschitz constant K. □ 

Remark 4- (a) Since the component y of a solution {z, y) to (41) is a solution 
to the sweeping process (45) according to Lemma 5, and since this solution 
to the sweeping process is unique as a consequence of Theorem 3, it follows 
that the y-component of a solution to (41) is uniquely determined. Utilizing 
the transformation (42), we conclude that s = x — p in (37) is uniquely 
determined, too. 

(b) Quite often models from elastoplasticity can be formulated as a sweeping 
process which then is coupled to one or more other equations. This e.g. was 
the case for the variable y above, see Lemma 5, where a full solution addi- 
tionally required the determination of .2 in (41). However, this turned out to 
be not too difficult if we first managed to solve the corresponding sweeping 
process for y. One may consult [44] for a similar approach to a model for 
an elastoplastic rectilinear rod with small longitudinal displacements, and 
cf. also [9,11-13,17,31]. 0 



3.3 The state-dependent sweeping process 

The classical sweeping process (1) allows the moving set C{t) to depend only 
on the time t G [0, T], and as we have seen in Section 3.1, a well-posed problem 
arises in that each such Lipschitz continuous sweeping process has a unique 
solution. Here, following [35,36], we study a generalization of the classical 
sweeping process in that we allow C{t, u) to depend also on the current state 
u = u{t). Thus we consider 

-u'{t) G iVcd,«d))(M(t)) a.e. in [0, T], m(0) = mq G U(0,mo), (53) 

and instead of (13) we suppose 

du{C{t,u),C{s,v)) < Li\t — s\ + L2\u — v\, t,s £ [0,T], u,v £ H. (54) 

Note that a solution of (53) in particular has to satisfy u{t) £ C{t,u{t)) for 
t £ [0,T]. 

There is a special case of (53) which also deserves separate attention, 
namely parabolic quasi-variational inequalities of the form 

find v{t) £ r{v{t)) : {v'{t) + fit), w — v{t)) > 0 Vw £ r{v{t)), (55) 

with some initial value v{0) = Vo £ r{vo), where v = v{t) : [0,T] — > H, and 
/ : [0, T] — > iL is some inhomogeneity, and r{v) C iL is a set of constraints. 
Written somewhat differently, (55) means that 

-v'{t) £ Nr{v{t)){vit)) +f{t) a.e. in [0,T], v{0) = vo £ r{vo). (56) 
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Then, if t; is a solution of (56), and if we define 

u{t)=v{t)+ j f{s)ds and C{t,u)=r^u — J f{s)ds'j + j f{s)ds, 

(57) 

it follows that m is a solution of (53), with initial value uq = vo G (7(0, mq). 
Thus indeed the quasi-variational inequalities (56) are particular cases of 
(53). 

When dealing with (56), we will always suppose that v F(v) is Lipschitz 
with constant L > 0, i.e., 

dn{r{v), r{w)) < L\v — w\, v,w £ H. (58) 

In case that / G L°°{[0,T]-,H) in (56) (which we will assume for simplicity, 
but / G is sufficient), (58) implies that (54) holds for C defined 

by (57), with Li = {L + l)|/|i~([o, T];if) and I /2 = L. This might be a bad 
estimate for Li , but it will turn out that it is only the size of I /2 in (54) which 
determines the existence of a solution to (53). 

Example 3. Choose H = 1/^(0, 1), the usual space of square-integrable real- 
valued functions on (0, 1) with norm defined by |^|i 2 (o 1 ) ~ f and 

set 

r{v) = ^(f) £ Hq{ 0,1) : \(f)' {x)\ < ^{x,v{x)) for a.e. X G (0, 1)|, (59) 

for V G 1/^(0, 1), with being the Sobolev space of functions (j> G 

1/^(0, 1) that possess a (distributional) derivative (j)' G 1/^(0, 1). In addi- 
tion, belonging to Hq{0, 1) somehow requires (j> to “vanish at the boundary 
of (0,1)”, and |?i|^i(oi) = J dx + J \(j>' (x)]"^ dx defines the norm in 

i?o(0, 1). The function # : (0,1) x IR — > [0, oo[ in the definition of r{v) is 
prescribed. 

The study of problems of type (55), (59), is motivated through quasi- 
variational inequalities arising e.g. in the evolution of sandpiles; see [62]. In 
the sandpile example (where one has x G 17 c IR^ rather than x G (0, 1) as we 
are going to treat here), without simplifying assumptions the function ^ will 
be discontinuous, posing serious technical problems to showing the existence 
of solutions. We will return to this example again later. 

There are several other instances where state-dependent sweeping pro- 
cesses as (53) or parabolic quasi-variational inequalities of type (56) yield the 
correct mathematical description of the underlying practical problem. State- 
dependent sweeping processes as (53) occur, for example, in the treatment 
of 2-D or 3-D quasistatic evolution problems with friction, as treated in [25, 
Ch. II, III] (see also the account given in [42, p. 155-161]); the models inves- 
tigated there are generalizations of the one introduced in Section 3.2. In a 
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different context, the state-dependent sweeping process is used in microme- 
chanical damage models (the so-called Gurson-models) for iron materials with 
memory to describe the evolution of the plastic strain in presence of small 
damages; cf. [70,7]. Examples of evolutionary quasi- variational inequalities 
may also be found in [2] and the references therein, cf. in particular p. 242 f. 

Returning now to the general problem of proving existence of solutions 
to (56) and (53) respectively, we start with a negative result. 

Example 4- If E > 1 in (58), then in general (56) will not have a solution. 
To see this, let H = IR, r{v) = [Lv,l] for v < 1/L, and r{v) = [l,Lv] for 
V > 1/L, V G IR. Then v i-> r{v) is Lipschitz continuous with constant L. 
In addition, no := 0 G T(0) = [0, 1], but (56) with f(t) = —1, t G [0, 1], has 
no solution. Indeed, assume n : [0, 1] — > i? to be a solution. By continuity, 
Lv(t) < 1 for t G [0, d] with a suitable d > 0, hence v{t) G r{v(t)) = [Lv(t), 1] 
and E > 1 imply v{t) <0 in [0, d]. On the other hand, for x < 0, 

Nn.){x) = y ^ 0 ^ ^ ^^0 c]-oo,0], 

so that (56) yields v'{t) > —f{t) = 1 in [0,d]. But this gives the contradiction 
v(t) >t>0> v(t) in jo,d]. 

As (56) is a special case of (53), this shows that in general we cannot 
expect to have a solution of either of the two systems for E 2 > 1 in (54) 
or E > 1 in (58), respectively. Moreover, the next more advanced example 
shows that usually we will not have solutions even for E 2 = 1 or E = 1. 

Example 5. Let H = IR^ and E{v) = {|n|} x [—1, 1] for v G IR^, and f{t) = 
(0, —1). Take no = (0,0) G G(0), and notice that E is Lipschitz continuous 
with constant E = 1. Suppose that (56) has a solution u on some interval 
[0,T]. Then v(t) = {vi(t),V 2 (t)) G E{v(t)) implies vi(t) = |n(t)|, and there- 
fore V 2 {t) = 0 in [0,T]. For every x = (xi,X 2 ) G E(n(t)) we have 

v[{t){xi - Vi{t)) + + 1)(X2 - V2{t)) > 0, 

and since necessarily xi = Vi{t), this reduces to X 2 > 0 for all X 2 G [— 1, 1], a 
contradiction. 

This already shows that (53) can be much more complex than the classical 
sweeping process (1), as the latter always has a solution. However, in case 
that E 2 < 1 the existence of a solution to (53) can be shown, and by the 
above transformation (57) this carries over to (56) for E < 1. 

Theorem 6. Let (54) hold for C with some 0 < E 2 < 1, and assume that 
C{t,u) C H is nonempty, closed, and convex for t G [0,T], and u £ H. 
Suppose that 
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is relatively compact for all bounded Ac H and all R > 0. If uq £ (7(0, mq), 
then (53) has a solution on [0,T]. 

The compactness assumption is for technical reasons and always satisfied 
in the finite dimensional case H = IR'*. We will not give the complete proof of 
the theorem, but rather explain what is the difference to the proof of Theorem 
2. To avoid problems with compactness (recall that in an infinite dimensional 
space closed bounded sets need not be compact), we will restrict ourselves to 
H = IR'*. We start again by fixing a time discretization as in (14). Defining 
Uq = uo, we thus have Uq G C(tQ,Ug). To mimic the catching-up algorithm, 
we then should define u" = proj (ug, (7(t", *)), and the problem is what to 
replace the with. If we let u" = proj (uq, (7(t", Uq )), then we have an ex- 
plicit discretization scheme, but it will turn out that there is no easy way to 
obtain the necessary bound for convergence of the approximations to a solu- 
tion. Thus we should rather use the implicit scheme u" = proj {uQ,C{ti, u")), 
but then the first problem is to solve this equation for u". The next lemma 
contains the key observation in this respect. 

Lemma 7. Ift G [0,T] and u G C{s,u) for some s G [0,T], then there exists 
V £ H such that v = proj {u,C{t, v)) and |u — u| < Li\t — s\/ (1 — L 2 ). 

Proof: Let r = Li\s — t|/(l — I/ 2 ), D = Br{u), and Fv = proj {u,C{t,v)) 
for u G D. Then by (54) for u G D 

\Fv — u\ = |proj (u,C{t, v)) — u\ = dist (u, C{t, v)) < dn((7(s, u),C{t, v)) 

< Li\s — t\ + 1/2 |u — u| < Li\s — t\ + L 2 r = r, 

and hence F{D) c D. Moreover, F is continuous as may be seen from (54) 
and a geometrical inequality of Moreau for projections, cf. [42, Prop. 4.7, 
p. 26]. Therefore F is a self-map of the ball D c IR'*, and consequently has a 
fixed point v € D hy Browder’s fixed point theorem; see [26, Thm. 3.2]. □ 

Hence we may continue above and choose u" G J? such that u" = 
proj (ug, C{ti, u")), and moreover |u" — Ug \ < I/it"/(l — L 2 ). Thus in partic- 
ular, u" G (7(t", u"), and hence Lemma 7 applies again to yield u" ®uch that 
utf = proj (u", Cfftf, u^)) and also ju" I < Lift!) — t")/(l - L 2 ). Iterating 
this procedure, for i = 1, . . . , we find u" with 

<=proj«_i,C'(t?,0) and < Li(tr-tr_i)/(l-i 2 ). (60) 

It turns out that in fact (60) is all that we need to derive the necessary bounds 
in norm and variation for the sequence (u„)jjg|^; this is shown as in the proof 
of Theorem 2, where (17) was one of the main ingredients. The passage to the 
limit n — > 00 in order to prove that the limit of the approximations indeed 
yields a solution then is a little more technical than before, and we omit the 
details. 




Moreau’s Sweeping Process 27 

Finally we are going to indicate an application of Theorem 6 in the set- 
ting of Example 3; recall that we have also proved the existence of a solution 
to (55) in case that i < 1 in (58), at least under an appropriate compact- 
ness condition, see the remarks below. Note that such condition now will be 
needed, as H = L^{0, 1) is an infinite dimensional space. For the function # 
in (59) we assume that 

0 < m < ^{x,v) < M, \^{x,v) — ^{x,w)\ < K\v — w\, (61) 

for a.e. x G (0, 1) and v,w £ IR. Under these hypotheses, we will obtain the 
existence of a solution to (55) for K small. In addition, the solution will be 
quite regular. 

Theorem 7. Let (61) he satisfied for # and assume that K < ■ Then 

for every vq G L^{0, 1) such that vq G T{vo), there exists a Lipschitz contin- 
uous solution V : [0,T] — > 1/^(0, 1) of (55) with initial value v{0) = vq- 

Again we will not give the complete proof, but indicate some steps. 
Firstly, it is known that the embedding of Hq{0, 1) into L^{0, 1) is relatively 
compact. Since ^ is bounded above by M, all sets r{v) are contained in 
some fixed ball in which, by the preceding remark, will be rela- 

tively compact in 1/^(0, 1). Without going into further particularities, this 
is enough to guarantee that the necessary compactness condition is satis- 
fied. Therefore the main task is to verify (58). For this, first observe that 

for (j) G due to Holder’s inequality; note 

\^{x)\ = \Jo^'{y)dy\ < Vx\<P'\l^o,i) for X G (0,1). Let 

r'iv) = 

for V G 1/^(0, 1). Then {(f)' : (f) £ T{v)} = r'{v) holds, since a function 
(f G has ^(0) = ^(1) = 0. Hence the aforementioned observation 

yields 

du{r{v), r{w)) < ^ dH(r'(^;), r'{w)), v,w£ l^{o, i). (62) 

Suppose for the moment that we can show the following key lemma. 
Lemma 8. Let f,g : (0, 1) — > IR be measurable such that 

0 < m < f{x),g{x) < M a.e. x G (0,1), (63) 

and define 

pi 

r'if) = ^ : j ¥?dx = 0, |¥?(x)| < /(x) a.e.j. (64) 



G 1/^(0, 1) : J (pdx = 0, \if{x)\ < ^{x,v{x)) a.e.j. 
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Let V G r'{f) and w = proj {v, r'{g)). Then 

'2M + m 



\v — w\ 






m 



\f-g\ 






(65) 



Then (62) and (61) give the claim of Theorem 7, since for v,w £ L^{0, 1) 

duiriv),r{w)) < ^du{r'iv),r'iw)) 



< 

< 

so that we can choose L = 



2M + m 
'J2m 
2M + m 
V2m 

2M + m 
V2m 



|^(-,t;(-)) - ^(-,w^(-))li2(o,i) 

K \u — 

K < 1 to find (58) verified. 



Hence one has to see why Lemma 8 holds. Since 



^ ~ '^Ii2(0,l) < b - ¥^li2(0,l) 



for all if G r'{g), it is necessary to construct a particular function y?* G T'{g) 
such that 



With some efforts such y?* can be found through an appropriate modification 
of the given v G T'(/); see [36] for the details. Those are somewhat tedious 
and hence omitted here. 



Remark 5. (a) Note that Theorem 6 does not make an assertion about the 
uniqueness of solutions to (53) and (56), respectively. First consider the fol- 
lowing simple 

Example 6. Let H = IR, r{v) = [t;, 1] for t; < 1 resp. E{v) = [l,t;] for t; > 1, 
V G IR. Define = 0 and fit) = 0, t G [0, 1]. Since A^[a,^ij(x) =] — oo,0] for 
X <1 and A^{a,}(x) = IR, all sufficiently regular functions v : [0, 1] — > IR with 
t;(0) = 0, v[t) < 1, and v'{t) > 0 for t G [0, 1] are solutions to (56). •() 

However, this is a counter-example to uniqueness only for L = 1 in (58) 
corresponding to I /2 = 1 in (54) , and we already know from Example 5 that 
there might be no solutions at all in that case. Recently examples have been 
found showing that in general solutions to (53) are non-unique in case that 
1/2 < 1, see [4,10], and these counter-examples even allow for an arbitrary 
small 1 / 2 - 

(b) We have seen that (56) may have no solutions for L = 1 in (58) for 
dimensions d > 2; cf. Example 5. However, it can be shown that (56) with 
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L = 1 has a solution if H = IR. This is mainly due to the fact that “there 
are only two directions in IR”; see [35, Thm. 3.8]. This also enlightens a 
noteworthy difference between (53) and (56): The former in general will not 
have a solution if I /2 = 1 in (54), even for H = IR, as may be seen from the 
example C{t, u) = [t + u, +oo[. Then uq = 0 G C(0, uo)j and (54) holds with 
Li = L 2 = 1. Nevertheless, the existence of a solution to (53) would imply 
u{t) G C{t, u{t)) for t > 0, i.e., u{t) >t + u{t), and this is impossible. •() 

3.4 Additional remarks 

1 1.) I In Section 3.1 we proved the existence of a solution to the sweeping 
process under the basic hypothesis that the dependence t i-> C{t) be Lip- 
schitz continuous in the sense of (13). There are also a lot of results if this 
assumption is weakened as we are going to summarize in this remark. 

The first variant is the rcbv sweeping process, where rcbv means “right- 
continuous and of bounded variation.” A moving set 1 1 -> C(t) will be called 
rcbv, if 

dH(C'(t), C'(s)) < r{t) — r{s), 0 < s < t < T, (66) 

for some right-continuous non-decreasing function r : [0,T] — > IR. Since we 
take the difference on the right-hand side of (66), we may assume without 
loss of generality that r(0) = 0. As for any partition 0 = to < < ■ ■ ■ < 

tjv-i < tjv = T of [0,T] the estimate (66) yields 



JV-l JV-l 

du{C{ti+i),C{ti)) < Y^ti+i) - r{U)] =r{T), 

i=0 i=0 

condition (66) can be interpreted as requiring that t i-t C(t) be of bounded 
variation; recall (10) and also Example 1. Because the function r{t) = Lt is 
rcbv, we see that in particular a Lipschitz continuous moving set t i-> C{t) 
is rcbv. The converse is false, as is shown by the following example from [42, 
p. 29]. 

Example 1. In H = IR define C{t) for t G [0, 2] as C{t) = [0, 2] for t G [0, 1[ 
and C{t) = [1,2] for t G [1,2]. Then 



dH(C'(t),C'(s)) 



0 : s, t G [0, 1[ or s, t G [1, 2] 

1 : sG[0,l[,tG[l,2] 



and hence (13) is violated. Nevertheless, (66) is satisfied with r{t) = 0 for 
t G [0, 1[ and r(t) = 1 for t G [1, 2], and r is a rcbv function. •() 

In vague analogy to the results for the Lipschitz continuous sweeping 
process, one might expect that (1) with a rcbv moving set has a unique 
rcbv solution. However, this raises a problem, since continuous bv functions 
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u in general are differentiable almost everywhere in ]0,T[, but u'(t)dt = 
u{ti) — u{to) usually is verified only at a few points; see [54, Ch. 8] for an 
example of a Cantor-like function. Hence the formulation (1) of the sweeping 
process needs to be replaced by a weaker formulation. To do so, we first 
recall that a function m : [0, T] — > of bounded variation defines a iJ-valued 
measure du on [0,T] (called the differential measure or Stieltjes measure) as 
follows. Let ^ : [0,T] — > JL be a continuous function with compact support 
in [0,T]. 

Lemma 9. There is a unique I £ H, written I = (pdu, such that for 
every £ > 0 there exists a partition 0 = to < fi < ■ ■ ■ < tjv-i < tN = T of 
[0,T] with the following property: If 0 = so < si < ... < sm-i < sm = T is 
any partition finer than the given one (i.e., with additional partition points) 
and if 0k is chosen arbitrarily in [s*, s^+i], fc = 0, . . . , M — 1, then 



M-l 



X] (t>{Gk)[u{Sk+l) - M(Sfc)] - I 



k=0 



< £. 



Proof: See [51, Prop. 6.1]. 



□ 



So we have well-defined integrals w.r. to du of continuous functions with 
compact support. By a standard procedure in measure theory this can be 
used to define an JL- valued measure du on [0, T]. It turns out that for du the 
following relations hold, with [a,b] C [0,T]. 



Here 



/ du = u 


+ {b)-u (a), I 


r 

du = 


u~^{b) — u~^{a 


J[a,b] 


J] 


a,b] 




/ du = u 


“(6)-M-(a), / 


r 

du = 


u~{b) — u~^{a 


JhM 


J] 


a,6[ 




M+(a) 


= lim u(t) and 


u~{a) = 


- lim u(t) 


t\a 


t/'a 



(67) 



are the right resp. left limits of u which can be shown for all a £ [0, T[ resp. a £ 
]0,T] to exist for functions of bounded variation m; see [51,42]. In particular, 
M+(a) — u~{a) = du is the “jump” in iL at a point of discontinuity a. 
For a continuous function u we have of course that m+ = = u. 

Now the weak formulation of the sweeping process (1) reads as follows. 



Definition 2. A function m : [0,T] — > iL of bounded variation is a solution 
to 



(68) 



if 

(a) m( 0) = Mo; 



-du £ Nc{t){u{t)), Mo G C(0), 
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(b) u{t) G C{t) for alH G [0,T]; 

(c) there exists a positive measure dji on [0,T] relative to which du has a 
density u' G {[0,T]-, H, du) w.r. to dji [i.e., J 4>du = J (j){t)u' {t) dn{t) 
for all reasonable cj)] such that 

—u'{t) G for dji — almost every t G [0,T]. 

Although this definition appears to be quite technical, it turns out to be 
natural since solutions to sweeping processes with merely rcbv moving sets 
t^C{t) can behave quite irregularly and have “many jumps” . The following 
theorem is a typical result about rbcv moving sets. 

Theorem 8. Let t ^ C{t) he rcbv such that every C{t) C H is nonempty, 
closed, and convex, and letuo G C(0). Then (68) has a unique rcbv solution. 

Proof: By the discretization approach (the catching-up algorithm), as in 
[45, Prop. 3b]. □ 

Under the additional assumption that 

C{t)nBR{0)cH 

is compact for every t G [0,T] and i? > 0, an alternative proof using the 
so-called Yosida-Moreau approximations can be found in [40] and [42, p. 29]. 

We now have generalized the Lipschitz continuous sweeping process to 
the rcbv sweeping process, but there is a further generalization of Lipschitz 
continuous sweeping processes that deserves attention. A natural question is 
what can be said if 1 1 -> C{t) is merely continuous, i.e., 

dH(U(t), U(s)) — > 0, t —t s. (69) 

On first sight, the situation is quite bad, as we can take e.g. C{t) = {u(t)| with 
some continuous but nowhere differentiable function u : [0,T] — > which is 

not of bounded variation. Such functions do exist, examples are provided 
by e.g. (almost every) path of a Brownian motion, see [5, Thm. 12.25 & 
Cor. 12.27]. Since a prospective solution u is to have u{t) G C{t), it is clear 
that u{t) can be a very bad function for which no obvious kind of derivative 
could be defined. To indicate a way out, recall that it would be already 
sufficient to have u of bounded variation. Moreover, in a general sweeping 
process the point to be swept will not move (and hence not increase its 
variation) as long as it stays in the interior of the moving set. This was 
exactly the problem with C{t) = {v{t)}, as this set has empty interior. 

With some technical efforts one can then prove 

Theorem 9. Lett i-> C{t) be continuous in the sense of (69) such that every 
C{t) C H is nonempty, closed, and convex, and let uq G C(0). Assume that 



mtC{t)^9, t£[0,T]. 
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Then (68) has a unique solution which is continuous and of bounded varia- 
tion. Here the measure dji in Definition 2 can he chosen as dji = \du\, the 
“modulus” of du. 

Proof: See [42, p. 46]. □ 

We also note that there is a good approximation result for solutions to this 
problem by means of the Yosida-Moreau approximations; see [32]. Concrete 
examples for such rcbv or continuous sweeping processes can be obtained 
from the example in Section 3.2 by corresponding relaxation of the continuity 
assumptions on g and c; see hypothesis {HZ). 

2. ) This second remark concerns what has been called “degenerate sweeping 
processes” , given by 

—u'{t) G Nc(t){Au{t)) a.e. in [0,T], m(0) = mq G D{A), Auq g (7(0). 

(70) 

Here ^ is a “maximal monotone” operator with domain of definition D{A). 
This concept of a maximal monotone operator can somehow be thought of 
being a nonlinear generalization of a selfadjoint linear operator; one may con- 
sult [6] for further information. For simplicity we only indicate some results 
in this linear case, see [33,34,37] for full details on the nonlinear problems. 
Sweeping processes of type (70) are quite general and may fail to have a 
solution, even for linear A] therefore they may be considered degenerate. 

Example 8. Let H = IR^, T = A = ~ ^ 

for t G [0,1]. Then A is linear, bounded, selfadjoint, and even (Au,u) > 0 
for u £ H. Also C{-) is dn-Lipschitz continuous. However, there can be no 
solution u of (70) with initial value mq = (0,0) G D{A), since this would 
imply Au{t) = (ui{t),0) G C{t) a.e. in [0, 1], a contradiction. •() 

If the monotonicity assumption on A is sharpened to 

{Au,u) > I3\u\^ for u€H (71) 

with some > 0, then the situation is better, as (70) will have a unique 
solution. 

Theorem 10. Let A : H ^ H be linear, bounded, and selfadjoint such that 
(71) holds. If (13) is satisfied for 1 1 -> C{t) and if Auq G (7(0), then (70) has 
a unique solution, and this solution is Lipschitz continuous. 

Proof: See [34, Thm. 2]. □ 

3. ) There are also some papers that deal with periodic solutions of sweeping 
processes or related models, under various assumptions. In this case one has 
to suppose that also 1 1 -> C{t) is T-periodic, i.e., (7(0) = C{T). See [19-21,31]. 
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4 Second-order problems 

In this section, we will analyze a general sweeping process problem of the 
form 

-du £ Nv(g(t))iu{t)), u{t) ^V{q{t)), (72) 

where F is a closed convex valued multifunction with a suitable dependence 
on the state variable q, and u is the first derivative of q. Hence du some- 
how represents a second derivative of q, thus explaining why such sweeping 
processes are of second order. Our main concern is to describe a discretiza- 
tion procedure which is similar to those considered in the applications to 
dynamical problems. For (72), two main situations have been considered so 
far. 

(a) If g i-> y (q) is Lipschitz continuous in the sense of Hausdorff distance, 
then one obtains a Lipschitz continuous solution u. 

(b) If 5 i-> V{q) is continuous with nonempty interior, then there exists a 
continuous solution u with bounded variation. 

Below we will investigate a subclass of (b). It should also be noted that in ad- 
dition Castaing studied (72) either in a finite-dimensional setting or assuming 
that V is antimonotone (i.e., —V is monotone); see [18], [42, Sect. 5.1], or 
[22, Thm. 6.1] for three different techniques. 

Although the computations to follow look a little awkward, the main 
ingredients are Euclidean geometry and telescopic sums, so that the reader 
should not feel discouraged. However, on first reading this technical part can 
be omitted. 

The discretization procedure that we will consider concerns more precisely 
the problem 

-du G u{t) = Av{u~{t),u+{t)) G V{q{t)), (73) 

where Av{u~{t), u~^{t)) is a kind of linear interpolation, or weighted average, 
of u~{t) and u~^{t), the left-limit and right-limit of u at t, respectively; recall 
Remark 1.) in Section 3.4. For the operator Av our main choice will be 

Av{u~ ,u~^) = u~^ + k{u~ — u~^), 0 < fc < 1/2, (74) 

which has the following properties: 

u := Av(m“, «“'“) G [(m“ -I- u~^)/2, m+] C [u~,u~^], 

\u~^ — u\ < k\u~^ — u~\, 

Im"*" — m| < k{l — k)~^\u~ — m|, 

\u~^—u~\ < 2\u — u~\; (75) 

note that here we used the notation [t;, tn] = {Xw -I- (1 — X)v : A G [0, 1]} C IR'* 
for the line joining v and w. 
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Fig. 6. (a) A; = 0: inelastic (b) /c = 1/2: elastic 



In (74), the case k = 0, i.e., u = m+, corresponds to purely inelastic 
collisions, while fc = 1/2 corresponds to purely elastic collisions; see Fig. 6 
(a) and (b). 

The relation of k to the usual restitution coefficient e and to Moreau’s dissi- 
pation index d will be explained in the next section. The partial “inverse” op- 
erator (u~,u) i-> will be denoted lav, thus Iav(u“,u) = {l — k)~^{u — ku~) 
for (75). Hence Iav(u“,u) = u in the inelastic case and Iav(u“,u) = u“-|- 
2(u — u~) in the elastic case. 

Assume now that q V{q) is Hausdorff continuous, with each set V{q) C 
IR'* being closed, convex, and with nonempty interior. The initial data are 
qo € IR'* and uq € V{qo). As in the proof of Theorem 2, for each n G IN we 
fix a partition 

Q = <q < ...<tl = T 

of the interval [0, T], say, with equal stepsize h = T/n. By induction on n we 
construct finite sequences ( 5 "), (u"), and (wf), for i = 0 , . . . , n, starting with 
q}) = qo and Uq = Wq = uq, as follows. By integrating the constant velocity 
u" over the time interval we define 

9?+i = + (i?+i - t7K- (76) 

The differential inclusion in (73) will be discretized as 

- 0 G 7Vy(,„^^)(Av«,<+i)). (77) 

This means that in (77) we update V at qf^i, and for the computation of the 
average we take into account that as n — > 00 the “velocities” u" and 
should play the role of the left limit u~ and the right limit respectively. 
Writing 

<+i=Av«,<+i), (78) 

(hence in the “inelastic” case), we infer from (75) that 

<+i G [« +<+i)/2,<+i] C [<,<+i], 

K+i -<+il < -<|, 

K+I - <+i| < k{l - fc)->7 - <+i|, 

K +1 - <1 < - < 



(79) 
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By (78), - m" = (1 - fc) - uf), so that (77) is equivalent to 

-«+i - O G ^y(9T-^j«+i); 

recall that Nv{q?_^^){'wf^i) is a cone and hence not affected by multiplication 
with a positive number. Thus by the characterization of projections (5) 



<+i = Proj iK, V (g7+i )) G V (^7+1 ) (80) 

is necessary. We summarize the algorithm as follows. If the values from step 

i have already been determined, then we 

(1.) update the state to by means of (76), 

( 2 .) obtain by (80), 

(3.) and introduce the new velocity by 

<+i = Iav«,u; 7 _,_i) = (1 - fc)“^(u; 7 +i - fc<). (81) 

In particular, the estimates from (79) are valid. Notice that when fc 7 ^ 0 it 
may happen that 0 see Fig. 7 below. However, if fc = 0, then 

<+i = <+i G y(gf+i). 

Finally we define the functions : [0,T] — > IR'* and : [0,T] — > IR'* by 
Unit) = wf for t = tf, 

Unit)=uf for 



and 



qnit) = qo+ Unis) ds. (82) 

Jo 

Thus qn{tf) = qf by (76), and qn{t) = Lebesgue almost everywhere in 

[0,T]. 

Next we are going to investigate the convergence of this approximation 
scheme. Here the assumption that Viq) has nonempty interior will be essen- 
tial, similarly to what has briefly been mentioned in front of Theorem 9 in 
Section 3.4. In fact, this hypothesis will allow us to obtain estimates on the 
total variation of the derivatives (velocities) u„. To explain this, note first 
that as Viqo) has nonempty interior it must contain some ball i? 2 r(a). As 
q Viq) is Hausdorff continuous, it then can be shown that for 5 in a neigh- 
bourhood of qo, Viq) contains at least a ball with the same center a G IR'* 
but of a smaller radius, say 



Bria) c Viq); 



(83) 



see e.g. [42, Lemma 2.4.2] for a proof. With some a priori estimates and 
working if necessary in a smaller time interval [0, Tq] C [0, T], we may suppose 
that (83) holds for all g = qf; hence we may assume that already Tq = T. The 
following geometrical result, due to Moreau, about projections into convex 
sets with nonempty interior is crucial for the subsequent estimates. 




36 Markus Kunze and Manuel D.P. Monteiro Marques 

Lemma 10. IfV is a closed convex set in a Hilbert space H and V contains 
a ball Br{a), then 

\x — proj {x, V)\ < ^{\x — — |proj {x, V) — a|^) for all x £ H. 

Proof: See [46] and also [42, Lemma 0.4.3] □ 

Taking x = uf and V = V {qf^i ) , we thus obtain from (83) and (80) 

K - <+ii < ^(K - «r - K+i - «r)- (84) 

The total variation of recall (10), is given by 

n—1 n—1 

var (w„) = ^ + K+i - <|) = 1] K+i - <1, 

the latter because the points m", and are on a line. 

In the simplest case fc = 0, we have = wf^i, and an estimate on 
var (un) is easily obtained by (84) as we get a telescopic sum (Mengoli sum) 

n—1 - 

var (u„) < ^ — (K - a\^ - |<+i - a\‘^) 

i=0 ^ 

= ^{\< - a? - \< - a?) < - a\^- (85) 

The general “averaged” case 0 < fc < 1/2 is much harder. From (79) and 
(84) we find 



n—1 



n — 1 



var (m„) < ^ - <| < - (®®) 



2=0 



2=0 



At this point we can invoke an observation of Mabrouk (see [38, Lemma 4]) 
to rearrange the above expression in order to obtain a telescopic sum. 

Lemma 11. With the above notation, the inequality 



^2+1 



- < K+i - - w2 '2 



holds. 

Proof: Since 



^i+l 



-a = \w. 



i+i 



-a\^ + \u2^,-w2 



^i+l 



“i+ll 



"i+ll 



+ 2(m[Yi - wl 



“i+li '^i+l 



- a) 



it remains to show that the inner product on the right-hand side is nonposi- 
tive. For all .2 G V{q2^i) we have 






■ w. 



i+1, 



< 0 , 



(87) 
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recall (80) and (4). Choosing z = a £ yields 

« - , a - < 0, (88) 

see the Fig. 7: the angle is > tt/2. 

Furthermore, from (81) it follows that 

<+i-<+i=fc'«-<+i), k' = k{l-k)-^>0. (89) 

Hence we obtain 

«+i - , a - ) = fc' (m 7 - , a - ) < 0 

as desired. □ 



Thus - ap < -|m"+i - ap + |m"+i - 'wj+ip, and so (86) implies 



var (m„) < 



n — 1 

:E(W 

i=0 



-*i+l 



a + \u 



i+l 



w. 



i+l I 




i=l 



(90) 



since part of the sum again “telescoped”. In order to bound the extra terms, 
as compared with (85) in the case fc = 0, we have to take into account the 
variation oi q V{q). Assume that we already know some a priori estimate 
on the velocities, say 



Un{t)\ < Ml, n G IN, t £ [0,T]. 



(91) 
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Then by integration 

\Qnit)\ < M 2 '■= l^ol + TMi, n G in, t € [0, T], 

In the compact set C IR'* the continuous multifunction V{-) is uni- 

formly continuous. In other words, if we introduce the function 

d(C) := sup |dH(V(g), V(g')) : 9 , 9 ' G < c}, 

then 5{C,) -> 0 as C -> 0+. Since - q^\ < - tf) = MiT/n, we 

then find 



MV{q7), V{q^+^)) < 5n := 6{M^T/n) ^0, n ^ 00 . 

It turns out that when fc > 0 the continuity assumption on V has to be 
reinforced if one wants to obtain from (90) a finite upper bound on the total 
variations. 

Definition 3. The multifunction q V{q) is called Holder continuous of 
exponent a g] 0, 1], if there is i > 0 such that 

dH{V{q),V{q'))<L\q-q'\^, q,q' & H. (92) 

If a = 1, this simply means that H is a Lipschitz continuous multifunction. 
By (92), d(C) < I/C“) and thus in particular 

6n < LM^T°‘n~°‘. (93) 

Note that although now the function 6{-) is independent of M 2 , the quantities 
6n do depend on Mi, the bound on from (91). To use (93) to estimate the 
last term in (90), we write nf := \wf — and estimate it recursively. With 
k' = k{l - k)~^ we find 

V?+i = fc'l^i+i - w"l = ^'dist (m?, H(gf+i)) 

from (89). Thus for i = 0 we have 

< = fc'dist(Mo,H(9D) < k'du{V{qo),V{q^)) < k'6n, 
since Mq G V{qo). Similarly, as wf G V{qf), 

V?+i = fc'dist«,y(g7+i)) < -<| -|-dist«,y(5f+i))j 

<fc'«+d„), (94) 

Notice that if0<fc<l/2 (this excludes the “elastic” case k = 1/2), then 
0 < fc' < 1, and by induction on (94) 

< Sn{k’ + + . . . + fc'*) < dn- (95) 
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Hence by (93) 

n n 

|m" - ~ 2fc)“^n5^ < const (96) 

i=l i=l 

the constant depending on Mi and T. Thus if the Holder exponent satisfies 
a G [1/2, 1], then for some M3 > 0 and uniformly in n G IN 

n—1 

<M3. (97) 

i=0 

Combining this inequality with (90), we finally arrive at the desired uniform 
bound on the total variations 



var (m„) < M 4 , n G IN, 

for some constant M4 > 0. By Theorem 1 we find subsequences - still denoted 
by (un) and (g„) - and a function u of bounded variation such that as n — > 00 

u„{t) u{t) for every tG[0,T], (98) 

and also 

Qn{t) — > q{t) uniformly in t G [0,T]; 

the uniform convergence is ensured by the Ascoli-Arzela theorem. Taking 
limits in (82) we obtain 



Q{t)=Qo+ [ u{s)ds, tG[0,T], (99) 

Jo 

These observations can be used to prove the following theorem on the 
existence of a solution to (72). 

Theorem 11. Let V he a multifunction with closed convex values having 
nonempty interior in IR'*, and assume V is Holder continuous with exponent 
a G [1/2,1], cf. (92). Define the “averaging” operator Av{-,-) in (74) with 
some 0 < fc < 1/2, and fix initial values qo G IR'* and uq G V{qo). If the 
above sequence {u„) is uniformly bounded, cf (91), then any pair (u,q) of 
limit functions on a subsequence of such approximations of the “averaged” 
problem (73) is a solution of problem (72). More precisely, u : [0,T] — > IR'* is 
a continuous function of bounded variation, m(0) = uq, (99) holds, we have 
u{t) G V{q{t)) for all t G [0,T], and 

du 

-j^(i) G -^y(9(t))(M(f)), \du\-a.e., (100) 

where du is the Stieltjes measure ofu and \du\ its measure of total variation. 
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Remark 6. (a) If fc = 0, the “bad” terms in the previous estimates vanish 
and so existence for (100) holds if g i-> V{q) is merely continuous. This is the 
result obtained by Castaing in [18], already mentioned above. What is new 
here is the study of more general discretization procedures which will be of 
interest later. 

(b) In the applications to dynamics given in the following Section 5, the 
necessary uniform bound on the velocities can be verified, as a result of some 
dissipation property inherent to problems describing inelastic collisions or 
friction. The case of purely elastic collisions, which corresponds to fc = 1/2, 
may also be solved, cf. the references below. 

(c) For the second order state-dependent problem (72) the Hausdorff conti- 

nuity of the multifunction is sufficient, as opposed to the first order problems, 
where Lipschitz continuity was required, see Section 3.3. This is due to the 
usual smoothing effect of second order problems. •(/ 

The proof of the existence theorem will be divided into five lemmas, all more 
or less interesting in their own right. The reader may want to skip the re- 
mainder of this section and return to it only later. 

From now on we assume (m, q) are limit functions of the sequence (m„, q„), 
which exist by the assumptions and the above arguments. 

Lemma 12. For all t £ [0,T] we have u{t) G V{q{t)). 

Proof: Let t G [0,T] and n G IN. Then by construction we known M„(t) 
equals either m" or wf for some i = G {0, . . . , n}. Hence 

dist{un{t),V{q{t))) < dist«,y(g(t))) -b |< - 

< dist «,y(q'r)) + dniV{q‘^),V{q{t))) +vu 
<dH(y(9?),y(9(t))) + 27?r, 

since wf G V{q^) by (80). But < const — > 0 as n — >■ oo according to 

(95), uniformly in i G {0, . . . , n}. Moreover, due to g" = qn{tf), and by (82) 
and (91), 

dtiiV{qi),V{q{t))) < L\q^ -q{t)\" < L(^\q„{t^) - q„{t)\ + \q„{t) - q{t)\^ 

< I/^constn"^ -b |g„ - g|^oo([o,T];R‘i)) 0; n -> oo. 

Therefore dist (w„(t), y(g(t))) — > 0 as n — b oo, even uniformly in [0,T]. By 
(98), u{t) = lim„_,.oo Mji(i); and thus taking the limit as n — > oo we obtain 
dist{u{t),V{q{t))) = 0, i.e., u{t) belongs to the closure of V{q{t)) which 
equals V{q{t)). □ 



Lemma 13. The limit function u is right-continuous. 
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Proof: Fix to G [0,T[ and £ > 0. Since u{to) G V{q{to)), we find Oq and 
ro > 0 such that -B 2 ro(oo) C V{q{to)) and \u{to) — a\^/ro < £; this is easy, 
cf. [42, Lemma 2.4.4]. Hence Brg{ao) C V{qn{t)) for all large n G IN and all t 
close to to- By using the bound on the total variation of in a small interval 
[to, to + ct] instead of [0, T], we obtain 



limsup var (m„; [to, to + ct]) 

n^oo 



< limsup 



1 

< £ H 

ro 



— |M«(to) - oo\^ -f — ^ 



ro 



ro 



t=Pn 




k 



1 - 2k 



lim sup 

n^oo 



El 



where the number of terms in the sum = (sn — Pn) is of the order oi u/h = 
un/T. Thus, as before in (96), 



lim sup var (m„; [to, to + ct]) < £ + lim sup 

n—>oo n—>oo 



k an 

l-2k) Wf 



< £ + const a lim sup ^“ < £ + const ct < 2£, 

n—^oo 



if a is chosen small enough. For t G [to,to + ct], we then have 



u{t) - M(to)| 



lim |M„(t) - M„(to)| < limsup var (m„; [to, to + ct]) < 2£. 

n—^OO 



Thus the lemma is proved. 



□ 



Since u is of bounded variation, recall from Remark 1.) in Section 3.4 that 
the left limits u~{to) = u{t) do exist. 

Lemma 14. We have u~{to) G V{q{to)) for to G [0,T[, in particular u is 
continuous. 

Proof: 1.) Let t„ ^ to. By Lemma 12, w(t„) G V{q{t„)), and we know that 
(l{tn) — > By continuity of V{-) it then follows that u~{to) G V{q{to))- 

2.) To verify the second claim, we only have to show u is left-continuous. 
Fix £ > 0. As in Lemma 13 there is a ball i? 2 ro(®o) C V{q{to)) such that 
|w“(to) — CTp/ro < £. Then for sufficiently small ct > 0 we have analogously 
to the proof of Lemma 13 that |M(to — ct) — oop/ro < 2£ and, say, that 
var (m; [to — ct, to]) < 3£. □ 



By the previous lemmas, to complete the proof of Theorem 11 all that 
remains is to verify (100). We start with a preliminary observation. 
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Lemma 15. IfO<s<t<T and z G V{q') for all q' G IR'* in a neighbour- 
hood of q{[s,t]) C IR'*, then 

{z,u{t) - u{s)) > ^\u{t)\^ - ^|m(s)|^ (101) 

Proof: Since qn ^ q uniformly on [0, T] and q is Lipschitz continuous, we find 
£ > 0 such that ^ G V{q„{T)) for all n G IN sufficiently large (w.l.o.g. n > 1) 
and all r G [s — £, t + £]. Fix n > 1. Then by definition of we obtain 

{z,Un{t) - Un(s)) > {z,uf - U^) - \z\(^\uf - wf\ + 

> (z, uf — m") — const \z\5n, (102) 

as < const for all i G {0, here j and I, both depending on 

n, are chosen such that s G [ and t G We may as well 

assume that s — e < tf and < t + £. Hence for j < i < / we find 
^ G V{qn{t^+i)) = V{qf^^). Thus (87) implies {z-w^+i^w^+i - uf) > 0, and 
therefore 



i-i 



i-i 



(z,uf-u])=Y,{^ 



-^i+1 






i+l5 ^i+1 



z=j 



1=3 



To estimate the right-hand side further, we can write 



{w. 



i+n "i+l 



+ {w. 



i+1 



= 2'" 
1 

= 2 '" 



i+1 1 



i+1 1 



- 2 '"' 



ni2 



+ 2^*+! 



ni2 



+ «i- 



-^i+1, 






5 



Now note the last inner product is nonnegative, according to — uf — 

= (1 - 2fc)(l - - 0 and - < = (1 - fc)-'«+i - <). 

It follows that 



{z, 






n\2 
I \ 



2' ’ 



whence (102) shows 



{z,Un{t) - 



i{s)) > 



n\2 



— const \z\5„. 



Finally, \uf — m„(s)| < < constd„ and \uf — M„(t)| < r}f < constd„ 

together with (98) imply in the limit n — >■ 00 that (101) holds. □ 



With the next lemma we finish the proof of Theorem 11. Notice that only 
this last lemma requires a more specific measure theoretic background. Some 
material on the subject may be found in [51]. 
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Lemma 16. For \du\-almost every t, one has 



( 103 ) 



Proof: By a theorem of Jeffery, cf. [42, p. 9], for \du\-a.e. t the density 
of the measure du with respect to |dM| at t can be calculated as 




du{[t,t + e\) 
\du\{[ht + e]) 



,, u{t+e)-u{t) 

ll™ TTTTT 

£-s>o+ \du\{[t,t + e]) 



The analogous result holds for the density {t) = where 

we have used the fact that u is continuous. If .2 is in the interior of V{q{t)), 
we find ct > 0 and a neighborhood of q{[t — a, t + ct]) such that .2 G V{<l') for 
all q' in this neighborhhood, according to the continuity properties of V (•) 
and q{-). Hence Lemma 15 can be applied to yield 



(z,u(to+e) - u(t)) > ^\u(t+e)\^ - ^\u(t)\^ 



for £ > 0 small. Dividing by \du\{[t,t+£]) preserves the inequality, and letting 
£ tend to zero we obtain 




By density, this inequality transfers to all .2 G V{q{t)), and (103) follows. □ 



5 Applications to the dynamics of unilateral contact 

5.1 Frictionless unilateral contact 

In the early eighties, Moreau introduced a comprehensive mathematical for- 
mulation of the dynamics of a particle or a system under frictionless con- 
straints, [47]. A detailed exposition of what he called “standard inelastic 
shocks” can be found in [48]. Moreau’s formulation leads to quite natural 
and successful numerical procedures (mainly developed later for problems 
with friction) . The first mathematical proof of existence of a solution to the 
system was given by Monteiro Marques in [39]; see also [42, Sects. 3.1 & 3.2]. 
The mathematical formulation and the existence proof recently have been 
extended by Mabrouk [38] to elastic or partially elastic cases. In this section, 
we will give an outline of this theory and of the proof of Mabrouk’s result, 
and we also mention other related and/or recent developments. For more de- 
tails, one may refer to [42] and especially to [8], where nonsmooth mechanical 
problems are very well introduced to the non-expert reader. 
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A mechanical system with a finite number of degrees of freedom can be 
represented by a point in the manifold of configurations, or alternatively 
using local coordinates, by a point q in some Euclidean space IR'*. For brevity, 
we will write E = IR'*. The existence results mentioned above will thus be 
concerned with motions 1 1 -> q{t) G E. These motions are subject to a single 
smooth constraint, i.e., q{t) has to remain in a fixed set 

L = {q^E-. f{q) < 0}, 

with / : E — > IR a given smooth function. In other words, 

f{q{t))<0, t&I, (104) 

is required for the solution, where 7 C IR is an interval, say [0,T]. 

Contact with the boundary S = {q £ E : f{q) = 0} may lead to a 
discontinuity of the velocity. Moreau thus assumed that the velocity v = q 
is a function of bounded variation (in short, a bv function), which is quite 
natural and advantageous. In fact, recall from Remark 1.) in Section 3.4 that 
such functions do have left and right limits, and therefore we will be able to 
consider left and right velocities and contact laws relating them. Moreover, 
the Stieltjes measure dv of such a (possibly discontinuous) bv velocity will 
substitute the classical acceleration v = q oi & smooth motion q. One reason 
for the usefulness of this approach is that by integration of the “generalized 
acceleration” dv one obtains right and left limits of the velocity v, see the 
formulas (67) in Section 3.4. Since any bv function is continuous except at 
an at most countable set of points, the integration of either v, v~^, oi v~ with 
respect to Lebesgue measure all yields the same result, namely the motion q. 
Let us explain these points a little further. Classically, one writes 

q(t) = qo + [ v{s)ds, (105) 

Jo 

where v is the usual velocity v{t) = q{t) = lim/j_,.o(g(t + h) — q{t))/h. In 
smooth dynamics, v would be of class C^, or at least absolutely continuous, 
and the acceleration v = q would satisfy 

v(t)—v(s)= / v{T)dT. 

J s 

Under the constraint (104), this no longer can be expected to hold, since 
contact with the boundary S usually leads to discontinuities of the velocity. 
Therefore, we will instead work with velocities of bounded variation, i.e., v G 
hv{I,E). More generally, in (105) we replace the “real” velocity v (meaning 
the time-derivative of q at each t) by any bv function u which satisfies 

q(t) =qo+ u{s) ds, t € I. 

Jo 



( 106 ) 
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Since u G bv{I,E), u possesses right and left limits and u~, respectively, 
and u has at most a countable number of discontinuity points. Hence u = 
M+ = u~ Lebesgue almost everywhere, and (106) implies that also 



q{t) =qo+ M+(s) ds = qo + 
Jo 




(107) 



Moreover, by a simple computation. 



q'^ (t) = lim 

/i— >0+ 



q{t + h)~ q{t) 
h 



^ rt-\-h 

lim — / u{s) ds = u~^ (t) , 
h — ^0”t' h 



i.e., the right velocity q~^{t) equals the right limit of course the anal- 

ogous result holds for the left velocity. Thus, (107) means that the motion q 
can be obtained by integration of either the right or the left velocity. At its 
continuity points, u coincides with the actual velocity. From all the above, it 
is thus reasonable to call u a (generalized) velocity of q. 

Now we turn to the description of the dynamics, usually governed by 



Mq = p{t,q, q) + R. 

Here M G is the mass (or inertia) matrix, p is a given force field, say, of 
gravity, elastic, and viscous forces, and R is the reaction force exerted by the 
boundary S, i.e., by the constraint. In the sequel we will assume for simplicity 
that M = I, hence we consider 



R = q-p{t,q,q) = u- p{t,q,u). (108) 

Since we have already admitted that the acceleration q is the “derivative” of 
a bv function, hence a measure, we thus have to take the next logical step: 
(108) implies that the reaction must be a measure as well, 

dR = dq — p{t, q, q)dt = du — p{t, q, u)dt, (109) 

where dt is the Lebesgue measure on the interval I. 

Away from contact, i.e., as long as f{q{t)) < 0, the reaction is zero, 
and hence dR = 0. Without going into more detail, this just means that 
dq = p{t, q, q)dt, or the usual 

q = p{t,q,q), or ^=p{t,q,u). 

In this case = u~ , and both functions are absolutely continuous (under 
reasonable assumptions on the forces p). Absolute continuity may also hold 
for periods of motion with persistent contact, f{q{t)) = 0 during some time, 
usually with nonzero reaction. 
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When the velocity is discontinuous at an instant ts, that is, M+(ts) 7^ 
u~{ts), the situation is different. “Restricted to ts”, du coincides with a Dirac 
measure, since — u~{ts))6t^ because of 

du{{ts}) = / du = u~^{ts) - u~{ts). 

As the Lebesgue measure of {ts} is zero, we have y p{t,q{t),u{t))dt = 0, 
and therefore (109) implies that 

dR{{ts}) = [ dR= I du = u~^{ts) — u~ (ts). (HO) 

Consequently, the impact or contact laws relating a pre-impact velocity u~ 
to a post-impact velocity can be expressed in terms of the reaction dR. 
To determine what are the conditions the left and right velocities have to 
satisfy, let f{q{ts)) = 0. Since f{q{t)) < 0 for all t, t = ts is & maximum of 
that function. Taking right and left derivatives yields 

(M+(ts), V/(g(ts))) < 0 and {u~ {ts),V f{q{ts))) > 0. (Ill) 

Thus for all t G 7 we find 

u~^ (t) £ V (q{t)) and ~ u~ (t) £ V (q{t)) , 

where 

y(g) = |{^^^^ (^>V/(d))<0) 

is called the “tangent cone to L at the point g” 
defined for ailq € E which is more convenient, especially in view of numerical 
applications. Therefore V{q) is either the whole space or a halfspace, so that 
for all q £ E 

mtV{q)^9. (113) 

If f{q{ts)) = 0 and {u~ {ts),V f{q{ts))) > 0, it is clear from (111) that 
M+(ts) 7 ^ u~{ts): a collision or impact occurs. For perfect (frictionless) unilat- 
eral contacts, the reaction force exerted by the boundary S = dL is, normal 
and pointing inwards (no adhesion). Hence there exists A > 0 such that 

R=-XVf{q). 

If we “integrate for the infinitesimally small duration of the impact”, and 
assuming that the reaction does not change direction, we obtain by (110) 

u+{ts) - u~{ts) = -aVf{q{ts)) (114) 



’ - n (112) 

; /{q) <0 ' ' 

although in fact V(q) is 



for some a > 0, the so-called “liaison percussion” ; see Fig. 8. 
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S; f(q)=0 



When L = {q : f{q) < 0} is convex, this can be reformulated as dR being 
inward normal to L at q, or 



-dR£NL{q), (115) 

since the outward normal cone is given by NL{q) = {0} if g G inti, and 
NL{q) = {ceV/(g) : a > 0} if f{q) = 0. (This might be extended to more 
general sets L, by using the appropriate notion of normal cone). Notice that 
(114) or (115) are not enough to determine = u~^{ts) given u~ = u~{tg), 
as there is a range of possible choices for m+ due to the fact that a is unknown. 

To describe a purely inelastic impact, we just require that the post- 
impact velocity be tangential, i.e., 

u+ & T{q) = {w & E ■. {w,V f{q)) = 

where f{q) = 0. Then the outward normal cone to V{q) at m = is again 



^v{q){u) = {aV/(g) : a > 0}, 

so that, with m = m+ 

—dR G Nv{q){u). (116) 

A purely elastic impact corresponds to conservation of the kinetic en- 
ergy, £{q~^) = £{q~) with £{q) = Thus a purely elastic impact is 

characterized by 

|m+| = |m“|. (117) 

This can simply be expressed as |(m“'“ -b m“) G T{q) C V{q), and then 

-b M 

-dR G Nv{q) y — 



Besides these two classical impact laws, there are more general choices. In 
order to consider partially elastic, partially inelastic collisions, it suffices to 
assume u = u{ts) is a convex combination of u~ = u~{ts) and of = u~^{ts) 
and then require that (116) holds. In fact, (116) forces u to belong to V{q). 
Moreover, u cannot lie in the interior of V{q), since otherwise the normal 
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cone at u would reduce to zero and the reaction would be zero, which is false. 
Even away from contact (116) has to hold, because then the reaction must 
be zero and in fact V{q) = E implies that the corresponding outward normal 
cone is zero. 

The general approach described above was adopted by Mabrouk [38], 
while Schatzman and Paoli [58] studied the problem in the form (115) and 
(117) (the purely elastic case was treated much earlier by Schatzman [66]). 
Here the convex combination is taken of the form 



1 + e 



u~^ + 



1 + e 



(118) 



where e G [0, 1] is the so-called restitution coefficient. Notice that e = 0 leads 
to M = M+, i.e., purely inelastic impacts, while e = 1 leads to m = |(m+ -|-m“), 
that is, the purely elastic case; cf. Fig. 9, and also Fig. 6 above. 




Fig. 9. Elastic, partially elastic, and inelastic impact 



In the notation from (74) in Section 4, (118) reads as 



u = Av(m , «“*“) with k = . 

1 -be 



Let us note in passing that therefore k' = k{l — k)~^ = e. Moreau [50, Remark 
10.2] also proposed, at least informally, an extension of his model of standard 
inelastic impacts for the purpose of numerical computations. The extension 
consisted in the introduction of a “dissipation index” 6 and the requirement 



that 



l-l-d I 1 — 6 _ 

u = -I u ; 

2 2 



hence with 



1-d 

1-bd’ “ r+7’ 



k = 



1 -d 



e = 



2 
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we are back to (118). 

Turning now to the more mathematical part of the problem, we say a 
function u : I ^ E oi bounded variation is e-averaged, if it satisfies (118), 
and we write u G bvem(7, E). This “normalization” only concerns the at most 
countable discontinuity points of u. Hence an e-averaged function u obtained 
from u+ and u~ satisfying (107) will also satisfy (106), and its right and left 
limits are again u+ and u~, respectively. Moreover, since u G [u“,u+], the 
Stieltjes measure is not affected, i.e., du = du+ = du~] see [53, Section 6] for 
some information on such “aligned jumps” . Notice that for e = 0, bvem(7, E) 
reduces to the standard space of right-continuous bv functions. 

Summarizing the above discussion, we want to solve the following prob- 
lem. 

Problem P: Given qo £ L = {q : f{q) < 0}, uq G V{qo) (cf. (112)), and 
a force field p : I x E x E ^ E, try to find u G bvem{I, E) with u(0) = uq 
such that, putting q(t) = qo + jQu(s)ds, we have u(t) G V{q{t)) for t £ I, 
and moreover 



-dR=p{t,q{t),u{t))dt -du£ Nv{q{t)){u{t)), (119) 

in the following sense: There exists a nonnegative measure dp, on the interval 
I relative to which both the Lebesgue measure dt and the Stieltjes measure du 
possess densities t'^ G V-{I,dp-,\K) and u'^ G L^{I,dp-,E), respectively, such 
that the differential inclusion 

p{t,q{t),u{t))t'^{t) - u'^{f) G Ny(^q^t)){u{f)) (120) 

holds for dp-almost every t £ I. 

Remark 7. (a) We can also request that (120) holds for every t G 7, by appro- 
priately modifying the (representatives) of the densities in a set of measure 
zero. 



(b) This formulation is essentially also valid for a more general set of con- 
straints 

L = {q£E:Mq)<0,...JUq)<0} (121) 

for q £ dL, where the tangent cone now is 

V{q) = {v£E:{v, Vfiiq)) < 0 if Mq) = 0}. (122) 

(c) Mabrouk has shown in [38, Prop. 1] that any solution of Problem P has 
several expected properties, such as the generalized versions of the theorem 
of kinetic energy {{u, dR) = (u, pt'^ — u'^) = 0) or of dissipation (|u+| < |u“|). 
More precisely, by [38, (16)] the dissipation is given by 






1 -I- e 



|u+ - 



--|u+ - 



or f(u+) — £{u ) = —5£{w^ — u ) < 0. This justifies that d is called the 
dissipation index. •() 
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According to the similarity of Problem P with the “averaged” second order 
sweeping process (73) from the previous section, it is natural to use a dis- 
cretization procedure of the same type. This yields the following existence 
result, [38, Theorem 2]; recall E = IR'*. 

Theorem 12. Let the constraint function f belong to with \ < a < 

1, and let ^f{q) 7 ^ 0 for all q £ E. Assume that the force field p = p{t, q) is 
continuous and bounded. Then: 

(i) The sequence {u„,q„) to be constructed below has a subsequence which 
converges pointwis ex uniformly to a limit (u,q), where u G bv(7, £^) and 
(106) holds. 

(a) Av(m“,m+) is a solution of Problem P. 

Before giving a sketch of the proof, let us make several comments. 

Remark 8. (a) When the given forces p are allowed to depend also on the 
velocity m, then it is necessary to suppose that p be Lipschitz continuous 
with respect to the w-variable; see [38, Section 4.7]. If the global boundedness 
assumption on p is weakened, the procedure still yields local solutions of 
Problem P. 

(b) Uniqueness of solution has been shown when the data (/,p) are real 
analytic, by Schatzman [67] in the one-dimensional case with one constraint. 
For elastic collisions inside a convex set, there is a specific result on uniqueness 
in [66]. Other results have been obtained by Percivale [60,61] and by Carriero 
and Pascal! [16]. More recently, Ballard [3] made a significant extension of 
the uniqueness result to the situation mentioned in the next Remark (c). 
Nonuniqueness examples have been given e.g. by Schatzman [65] in the elastic 
case and by Ballard [3] in the inelastic case with a (7°° force. 

(c) The existence of a solution in the general case of several constraints, 
cf. (121) and (122), with real analytic data and a non-constant mass matrix 
has recently been shown by Ballard [3]. 

(d) The existence of a solution in the situation of several constraints and 
more general (nonanalytic) data remains open. In the case of orthogonal con- 
straints, there are strong indications (the last one being Ballard [3, Sect. 6& 
7]) that there is a solution. Notice that the use of a fixed point argument for 
some sweeping processes could only establish the existence of solution for a 
related simpler problem, which may be called “externally induced inelastic 
collisions”; see [42, Ch. 4]. 

(e) The elastic problem, say (115), (117), has attracted a lot of attention on its 
own; a part of the relevant references are mentioned in [42, Ch. 3]. Let us add 
here just Buttazzo and Percivale [14,15] and some of the work of Schatzman 
and Paoli. Existence for elastic collisions inside a convex set L has been shown 
by Schatzman [65,66]. Paoli [57] proceeded to study dissipative collisions. 
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still inside a convex set L. Recently, these results have been generalized to 
nonconvex L with C® boundary, the mass matrix being allowed to vary, [59]. 
Some further insight might be gained by comparing this to Mabrouk’s result, 
where dL G with | < a < 1. 0 

Let us now start with a sketch of the proof of Theorem 12 by describing 
the discretization procedure. As in the previous section, the interval I = [0, T] 
is partitioned by points t", and the approximating functions u„ and q„ are 
defined with the help of the specific values g" = qn{tf) and m" = = 

We discretize (118), (119) in the form of the following difference 
inclusion, cf. with (77): 

(i?+i - i?)p(i?+i,9r+i) - «+i - <) G A^y(,^^j(Av«,<+i)). 

Writing pf+i = p(tr+i,gr+i), h = tf+i - tf, and = Av(Mf,wf+i) = 

kuf + (1 — we also have 

(1 - fc)/ip[Vi - (1 - fc)«+i - m") G Afy(gn^J«+l), 

where k = e(l + e)~^ . By (5), this is equivalent to 

= proj {u^ + (1 - fc)/ip[Vi , V (gf+i)] , (123) 

while by definition of and of the “inverse averaging function” lav we 
have 

<+i =Iav«,<+i). 

The discretization procedure thus is quite similar to the one used in the 
previous section. The additional terms are of the order of the stepsize h, 
since 

\{l-k)hp2+,\<Mh, 

where M is a bound for the norm of the force p. Hence the estimates for the 
present problem, although being more complicated, resemble those we have 
been dealing with before. To further explain the analogy, note the multifunc- 
tion 5 i-> V{q) (the tangent cone from (112)) satisfies (113), but it is not 
Hausdorff continuous in the whole space as it has “jumps” at the boundary 
points of L. Nevertheless, V is what is called lower semicontinuous, and this 
still ensures that V (q) contains a fixed ball Br (a) for all g in a neighbourhood 
of the initial position qo. This fact is a crucial ingredient for estimating the 
total variations of the approximate velocities m„. But first we have to obtain 
the required a priori estimate on the norm of the m„, cf. (91). Using the pro- 
jections on the U(g)’s and on their normal cones as well as Moreau’s lemma 
of the two cones, one obtains, see [38, Prop. 2], that 
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Then the total variations can be bounded as in (90), but with some extra 
terms due to the contributions (1 — of the force. More precisely, recalling 
that |m^i — — uf\ by (79), we obtain 

n—1 n—1 n — 1 

var (m„) < ci|mo - a\^ + C 2 ^ |m"+i - + C 3 ^ /i + C 4 ^ /i^, 

i=0 i=0 i=0 



whence 


n — 1 






var(w„) < C 5 - 1 - C 2 ^ 


(124) 


To deal with the 


sum, it could be shown that 






K+i - K\ < ceh + ctK+1 - <1, 


(125) 



see [38, p.829], where denotes the unit outward normal vector to the set 
{q ■ f io) < f{Q?)} at Q?- Moreover, if / G (i.e., if V/ is Holder 

continuous with exponent a = 1 / 2 ), then there is Cg > 0 such that 



n — 1 

<C8. ( 126 ) 

i=0 

This is not surprising since is related to One could also observe 

that if one intersects the halfspaces V{q) with a fixed ball B, then the re- 
sulting multifunction q V (q) Cl B is l/2-H61der continuous. As shown in 
Section 4, cf. e.g. (97), this yields an adequate uniform estimate for the sum 
of the squared norms. To summarize, inequalities (124)-(126) imply an up- 
per bound for the total variations of the velocities. Hence, there exist limit 
functions u and q such that, for subsequences still denoted (m„) and {qn), one 
has Un{t) — > u{t) pointwise and qn{t) — > q{t) uniformly for t G / as n — > oo. 
Define w = Av(m“,m+), or more explicitly 

1 6 

w{t) = ^ ^ u~{t) = (1 — k)u~^{t) + ku~{t), 

so that w = u at continuity points and q{t) = qo + fg w(s) ds. 

Then Mabrouk [38] proceeded to prove that w is a solution of Problem P 
in the following steps. 

Step 1.) It is shown that f{qn{t)) < Cgh for some constant Cg, so that in the 
limit f {q(t)) < 0, i.e., q(t) G L. 

Step 2.) This immediately implies that 

q+{t)=w+{t)=u+{t) £V{q{t)), 
i.e., the right velocity is kinetically admissible. 
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Step 3.) Similarly to Lemma 15, one can show next, see [38, Lemma 6], that 
for / G and if ^ G V{q') for all q' in a neighbourhood of the range 

g([s,t]), then 

{z,u{t) -u{s)) > ^\u{t)\^ - {z - u{T),p{T,q{T))) dr. 

Step 4.) Now let dji = \du\ + dt. Then the required densities do exist, and 
the previous inequality implies that for d/<-almost every continuity point t of 
w (or equivalently, for d/<-almost every continuity point of u ) , 

{z,w'^{t)) > + {z - w{t),p{t,q{t))), 

from which it follows that 

G Nv{q{t)){u{t)). 

To obtain this result, one uses again the theorem of Jeffery, cf. the proof 
of Lemma 16 or [53], and the fact that w and u differ only at discontinuity 
points. 

Step 5.) To deal with the discontinuities, the assumption / G C^’°‘{E) for 
I < a < 1 is used in its full strength for the first time; observe that up 
to now / G was sufficient. The arguments refine those in [39]. 

First, one checks that any discontinuity instant ts must correspond to a left 
velocity that is not admissible as a right velocity, i.e., w~{ts) ^ V{q{ts))', this 
can be obtained similarly to Lemmas 13 and 14. Therefore one has to consider 
ds = q{ts) with f{qs) = 0 and w~ = w-{ts) ^ V{qs), i.e., (w“, V/(gs)) > 0; 
notice that w~ = u~{ts). It is then not difficult to see that the condition to 
be satisfied at ts is 

w{ts) = proj {w~{ts),V{q{ts))) = proj {w~,V{qs)); 

this may be compared with (123) with step h = 0 and m" standing for the 
left-limit w~. 

Step 6.) Since w~{ts) 7^ w~^{ts), i.e., u~{ts) 7^ M+(ts), we find p > 0 with 
\u{ts + p) — u{ts — p)\ > 26, whence from the pointwise convergence it follows 
that \un{ts +p)—Un{ts — p)\ > J > 0 for all large n G IN and some d > 0. If all 
the tf £]ts - p, ts +p[ were such that f{qn{tf)) = f{qf) < 0, then V{q^) = E 
and by (123) ,wf = m" -I- (1 — k)hpf. This would imply that the variation of 
or of Wn (with being defined through the wf) in the above subinterval is 
bounded by its length 2p multiplied by the bound M on the force p. With an 
appropriate choice of p and 6, this would lead to \un{ts+p)—Un{ts—p)\ < d, a 
contradiction. We conclude that, for large n, all the approximations must 
have fiqnit'i)) > 0 for some tf G]ts -p,ts + p[. 

Step 7.) Given the first such t", the above argument implies that the approx- 
imate velocities (hence also tn„) do not vary much before that instant. At 
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tf, the definition of wf from (123) means that the required law is satisfied by 
the approximate functions. The harder part of the proof consists in showing 
that in the remaining subinterval ]tf,ts +Tj[ the variations of and are 
small enough. This is done in [38, Lemma 9], where the stronger assumption 
on / is used. By taking limits as n — > oo and 7? — > 0, the desired impact law 
follows. □ 

The extension of this existence result to the case of several constraints is 
certainly difficult, because a discontinuous dependence on the data can occur. 
Consider e.g. only two constraints fi{q) < 0 and / 2 (?) < 0. In the situation 
described in the last Step 7.) above, one can show similarly that for some 
t" either fi{qf) > 0 or f 2 {qf) > 0. However, limit functions of (g„) may 
depend on which of the two constraints is satisfied or violated first. A simple 
example of this behaviour is that of a ball in a purely inelastic billiard, moving 
towards a corner with an opening angle larger than 7t/2: it can go either way 
or be stopped at the corner. Nevertheless, this theoretical handicap does 
not preclude the successful application of discretization procedures based on 
generalizations of the above algorithm, often with appropriate modifications 
for better convergence and practicality; see for instance [49, Sect. 15]. 

5.2 Unilateral contact with friction 

If friction is added to the dynamical model problem as described in the last 
section, then there is a vast literature (see e.g. [8]). In this final subsection 
we will give a very brief account on how the previous ideas apply to isotropic 
Coulomb friction. The formulation given here follows [42, p. 78-80]. It con- 
cerns only the simplest case considered already in the pioneering works of 
Moreau [49,50]; see also [30]. 

Let us assume that the classical isotropic Coulomb’s law of friction holds 
when there is contact with the boundary S = {q £ E : f{q) = 0}. The 
friction coefficient v may depend on the boundary point q £ S, i.e., v = viq). 
To each q £ S we associate the friction cone C{q), a (revolution) cone about 
the inward normal vector n = n{q) = — |V/(g)|“^V/(q'), with opening angle 
a = a{q) such that v{q) = tana(g). To be precise, 

C = C{q) = {n G U : (n, n{q)) > |n| cos a{q)}. 

In [42] it is assumed that a{q) g]0,7t/2[, i.e., that friction is finite in every 
direction, see Fig. 10. 

The reaction force r has to obey several restrictions: it belongs to the 
friction cone, 

r G U; 

it vanishes when there is no contact. 



f{q) < 0 ^ r = 0, 
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or when there is contact and the right velocity u points inward, that is 
[/(?) = 0, {u,n) > 0] ^ r = 0. 

Finally, in the nontrivial case where the right velocity u = q~^ is tangential, 
that is, when u belongs to the tangent hyperplane T = T{q), the classical 
form of the friction law can be equivalently expressed as 

[/(?) = 0, (u,n) = 0] -M G projy(^A^cW], 

cf. [49, (11.15), p. 75-76]. That is to say —u belongs to the orthogonal 
projection on T of the outward normal cone to the friction cone C at r. 
In the spirit of the previous subsection we introduce the reaction measure 
dR = du — p{t, q{t))dt, and we formulate the mathematical problem by re- 
placing r with the density 



r'^ = ^&L\l,dn-,E), 

where dji is any positive measure with respect to which dR is absolutely 
continuous. Then we have the following result. 

Theorem 13. Let the constraint function / G C^’^{E) satisfy ^f{q) 7 ^ 0 for 
all q £ E. Assume that the force field p = p{t, q) : I x E ^ E is continuous 
and bounded and that the angle of friction a{q) is a continuous function of 
q £ E with values in ]0,7t/2[. Then, given qo £ L = {q : f{q) < 0} and 
uo G V{qo), there exists a right continuous bv function u : I ^ E (the 
right-velocity) defining the motion q{t) = go + /q for t € I such that 

q{0) = qo, m(0) = uq, q{t) G L, and u{t) G V{qlf)) for all t £ I. Moreover, 
the following implications hold dp,-almost everywhere, where dp, and r'^ are 
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as above: 



f{q{t)) < =0; 

= 0 , {u{t),\7f{q{t))) < 0] ^ r'^{t) = 0; 

[f{q{t)) = 0, {u{t),\7f{q{t))) = 0] ^ -u{t) G projy(,(i))(Afc(9(t))(?-p(i)))- 

(127) 

This existence theorem was first given in [41], cf. also [42, Ch. 3]. It is based 
on a discretization technique similar to the one used above for frictionless 
contact problems. The algorithm is suggested by an equivalent form of (127) 
at a discontinuity point ts'. If M“(ts) ^ u{ts) = M+(ts), then ts is an atom of 
the measure dR, with dR{{ts}) = u{ts) — u~{ts) and, a fortiori, an atom of 
d/i. It follows that r'^{ts) = \{u{ts) — u~{ts)) for some A > 0 and thus the 
inclusion in (127) is equivalent to 

-u{U) G projT(g(t,))(A^c(9(t,))(M(is) -M“(fs)))- 
The latter was shown by Moreau [49, p. 78-79] to be equivalent to 

u(ts) = proj (^0, [u~(ts) + C{q(ts))] n T(g(ts))j; (128) 

see Fig. 11 below. 




(u +C)r^T 



In the algorithm, this is translated roughly as follows; see [42, (3.3.8)]: 
w[Vi = proj (o, [< -I- -I- (7(97+1)] n T(97 +i) j , 

using the previous notation. The proof of existence, although more involved, 
follows the general scheme as in the frictionless case. 

It should finally be mentioned that there is currently much interest in 
the study of nonsmooth dynamics with friction within the mathematical 
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framework of measure differential inclusions (that is, differential inclusions 
involving bv functions and their Stieltjes measures). A full description of all 
the recent developments exceeds the scope of these notes, hence we will only 
mention a few of them. 

Glocker [29] also used a measure equality to define the reaction. He con- 
sidered so-called hemivariational inequalities, developed by Panagiotopoulos 
[55], which allow to include nonconvex potentials. 

Fremond [28] invented a theory of rigid body collisions which may be 
formulated by means of a measure differential inclusion. The existence of 
solutions with bv velocities was shown by Cholet in [24]. 

Stewart [68] extended the existence theorem above, by combining the ap- 
proach of measure differential inclusions with that of complementarity prob- 
lems (for the latter see e.g. [56] or [69]). Stewart’s remarkable existence result 
for the one contact case allows for more general friction laws, for a varying 
mass matrix, and a relaxed restriction on the friction cone. This restriction 
is satisfied in the celebrated Painleve problem, which is thus shown to have 
a solution exhibiting shocks (impulsive contact forces without collisions); a 
numerical hint for that phenomenon can be found in [50, Sect. 15]. Stewart’s 
approach is also numerically efficient in the case of multiple contacts. How- 
ever, the corresponding existence theory is naturally not so complete. In that 
situation, even the formulation of the friction law is a matter of continuing 
research. 
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Abstract. The object of this work is to deal with frictional contact problems in the mechanisms. 
The classical approach consist in modelling the contact by using penalized methods. The 
contact forces are then considered as external forces defined by some regularized contact laws. 
The main problems of this approach are: 

■ stiff system of differential equations; 

■ oscillations of the contact forces and of the accelerations; 

■ sticking is not correctly modelled because a regularized Coulomb law is used. 

In order to avoid these problems, we have chosen to implement a frictional contact model based 
on unilateral contact theory. This work details the implementation of this approach, while 
trying to highlight its advantages and its drawbacks. 



1 Introduction 

The object of this chapter is to present the work accomplished in the Schneider 
Electric company in order to deal with frictional contact problems in mechanisms. By 
mechanism we mean, a set of perfectly rigid bodies which are in relation via classical 
joints (like pins or sliders) or via frictional contacts. The calculation of mechanisms is 
a tool which is extremely helpful in the design process, because it intervenes at all the 
stages of a project: 

■ At the beginning of a project, when we have a very simple idea of the 
principal functionalities of the mechanism we must design, we can run 
some kinematic studies starting from a skeleton mechanism. We just 
want to test at this stage the general principle of the mechanism and also 
to select the best solution among the various options of design which 
arise. Here, the shape of the parts can be outlined and one can already be 
interested in problems of interferences. 

■ A little later in the project, when the structure of the mechanism is 
defined, the model is enriched and we can start static calculations. We 
affect masses and inertias for each body and the characteristics of the 
actuators are coarsely defined (springs, drivers...). 

■ Lastly, we reach the dynamic analysis, the most complex analysis, which 
must give us an idea of the real behaviour of our mechanism. The masses 
and inertias of the bodies and the characteristics of the actuators are 
refined in order to optimize numerically the behaviour of the mechanism. 

The gains which we can draw from the use of this kind of tool are clear. The two 
principal objectives are: 

■ give to the designers an effective tool to simulate the behaviour of their 
mechanisms at the earliest stage of the project; 

■ postpone to a maximum the realization of prototypes. 
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We have started to do some mechanism simulations ten years ago at Schneider 
Electric. But the mechanisms which we design are very particular and very delicate to 
model, because we have to deal with a great number of contacts. Let us consider for 
example one of our circuit breakers, C60, which is a domestic circuit breaker low 
voltage that you can find in your electrical equipment box. The mechanical part of 
this system comprises only seven moving bodies, but all the difficulty is, that in the 
course of operation, twelve contacts come into play (for a complete description see 
paragraph 5). In addition, this circuit breaker, in closed position, is in equilibrium 
only thanks to the friction and thanks to the sticking of one of the contacts. 

The modelling of frictional contact (and especially phenomena of sticking) is thus an 
essential point for the applications we wish to treat. 

There exists commercial softwares of mechanism simulation which today are 
widely diffused. Let’s quote here for example the three principal actors of this market, 
Pro-Mechanica Motion (PTC), Adams (MDI) and Dads (LMS). These softwares are 
perfectly equivalent in continuous motions, and even if there are some differences in 
computing time, the results obtained are almost identical and perfectly satisfactory. 
On the other hand, when we have to deal with frictional contact problems, it becomes 
more delicate. All these softwares have adopted the same contact model, that we will 
call penalized model. Let us describe here briefly this model and underline its 
principal drawbacks. With this approach, the normal and tangential contact forces are 
calculated as follows: 

1.1 Normal Contact Force - Penalized Method 

The normal contact force is represented by a non-linear spring to which a damping 
term is added: 



^normal ^stiffness ^damping 



Classically, the term of stiffness is calculated using Hertz theory [1]: 

M2 



^stiffness 



4EiE2r‘ 



3(Ei(l-vi) + E2(l-v?)) 



y3/2=Ky3/2 



Where y represents the penetration of the contacting bodies, 

(El, E 2 , Vi_ V 2 ) the material properties of the contacting bodies, 
r is a function of the curvature radius of the contacting bodies. 



( 1 ) 



( 2 ) 



If everyone agrees on the definition of this term, one finds for the damping various 
definitions. We quote here two of them: 
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^damping 



^damping 



2e,mJ— y 

V m 



with 




( 3 ) 



Where y = dy / dt is the penetration velocity of the bodies in contact, 

Cr represents a restitution coefficient, 

m the equivalent mass of the contacting bodies (which is not an easy parameter 
to estimate). 

Note: The first formula is used in the Dads software (LMS) and the second in the 
Mechanica Motion software (PTC). 

The normal contact force can be represented as a function of the penetration by the 
following figure: 




Fig.l. Regularized normal contact law 

It is important to note that a light penetration is tolerated between the contacting 
bodies. We have to note that the calculation of the stiffness K has been defined by 
Hertz with the hypothesis of a quasistatic phenomenon and a central contact (the 
gravity centers of the contacting bodies are aligned with the contact point). The 
extensions of this theory to the problem of shocks, far from being quasistatic, and to 
the non-central contacts are strong assumptions which are seldom underlined and 
which do not appear easily justifiable to us. Nevertheless, we will not enlarge on this 
discussion, because we will further see that it is not the most disturbing point. 

1.2 Tangential Contact Force - Penalized Method 

The tangential contact force is calculated using a regularized Coulomb law, which can 
be represented in 2D by the following figure: 
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Fig.2. Tangential regularized contact law 



Where ja, is the friction coefficient, 

Vt represents the slip velocity, 

vel tol is a parameter fixed by the user. 

Thus, here is the “traditional” penalized method. This modelling of the 
frictional contact has the following advantages: 

■ simplicity of implementation (the contact forces are regarded as external 
forces); 

■ we can ensure the existence and the uniqueness of the solution calculated 
by this method; 

■ the contact does not influence the degree of hyperstaticity of the system. 
For these reasons, this approach is extremely widespread. However, we can raise the 
following objections: 

■ The introduction of stiffness, generally very large, in the dynamic 
equations leads to stiff differential equations difficult to integrate. 
Although implicit algorithms, extremely robust, are used (as Dassl [2], 
for example, that one finds in Mechanica Motion, Adams and Dads), the 
results remain very sensitive to the tuning of the algorithm. 

■ When we deal with contact problem, even without friction, we often 
observe some oscillations in the case of permanent contact. These 
oscillations are particularly visible on the efforts and the accelerations. 

■ The sticking does not respect the law of Coulomb, but a regularized law. 
Thus, if the sliding velocity is null, the tangential contact force is always 
null. 

The objective of this work is to develop a frictional contact model which 
makes possible to avoid all the problems that we have highlighted. Taking into 
account the importance of friction in the Schneider Electric mechanisms, we will 
particularly take care to respect the Coulomb law (and thus to model the sticking 
problems correctly). 

In order to do this, we have chosen an approach based on the concept of 
unilateral joints, that is to say non-permanent joints. In a very diagrammatic way, we 
will replace the preceding regularized problem by a strongly non-linear problem. We 
can represent this operation by the following figure (in 2D): 
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Fig.3. Regularized contact law versus non-linear contact laws 

The algorithms, which we have developed, have been implemented in the SDS 
software of the Solid Dynamics company. This software is widely used within 
Schneider Electric, it thus has been a privileged platform of development. When we 
have begun our collaboration, SDS treated only arborescent systems with a first order 
integration scheme (and a constant step of time). The aim of this article is to report 
how we have deeply modified the structure of this program in order to implement our 
frictional contact model. We will here present a certain number of principles, without 
going into all the details, in order to arouse the reader’s interest and to raise a certain 
number of important problems. We will thus approach all the aspects of the 
mechanisms simulation. 

This chapter is composed of four sections: 

In the first section, we will see how the dynamics equations are formulated for 
arborescent systems, then we will be interested in the closed-loop systems. We will 
see how to integrate these equations using Runge-Kutta methods. We will be 
interested particularly in methods of polynomial interpolation which make it possible 
to estimate certain variables on the step of time. Lastly, we will present constraints 
stabilization methods which guarantee that the constraints are verified at each step of 
time. The tools introduced here will find their utility in the treatment of frictional 
contact. 

In the second section, we will be interested in the frictional contact problem. 
We will start by giving a definition of the normal and tangential contact laws. We will 
then present a naive approach to highlight the difficulties of the problem we have to 
solve. We will examine how this problem is treated in the literature. We will justify 
the choice of the Moreau method [3] which we have adopted and we will discuss the 
advantages and the disadvantages of velocity and acceleration formulations. We will 
be concerned with the existence and uniqueness of the solution, and we will state 
some results of convergence. We will then see how we have modified the Moreau 
method to adapt it to our needs (formulation in acceleration, driven joints, bilateral or 
permanent joint). Lastly, we will examine two extremely important problems 
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(inconsistency and indeterminacy), of which it is advisable to be informed, and we 
will see how we can face them. 

The third section of this document will be devoted to the study of the shocks. 
We will start establishing the dynamic equations as a function of the velocity. We will 
be interested then in the definition of a shock law, for that, we will introduce the 
concept of restitution coefficient. We will see that there are several definitions of this 
parameter and how to implement a coefficient of restitution in our algorithms. We 
will then insist on certain problems which appear important to us, and speak 
successively about the propagation of the impulses, of the interpretation of the 
impulses in forces and of the problems of capture. To finish this chapter, we will 
outline the structure of our program. 

In order to illustrate our work, we will present an industrial example. That will 
be the subject of our fourth section. 

2 Continuous Motion 

The aim of this paragraph is to briefly describe the setting and the integration of the 
dynamic equations in the case of continuous motions. We just want here to give some 
basic elements to the reader and to raise certain important problems. 

2.1 Setting of the Dynamic Eqnations. 

Let us consider a mechanism (E) made up of (N) bodies (Si,...,Sn), perfectly rigid, 
connected by (N+P) perfect joints. To simplify, we will suppose that all these 
connections are pins or sliders. Subsequently to this document, we will work in 
relative coordinates. We will not discuss the choice of these parameters, because they 
are imposed by SDS. 

2.1.1 Open Systems 

For a system with a tree structure (P=0), we thus obtain a minimum number of 
independent parameters. The number of relative parameters then represents the 
number of degrees of freedom (N) of the system. Let us note q the set of these (N) 
generalized coordinates: 



q = 







si P = 0 



(4) 



The dynamic equations in relative coordinates are obtained using the algorithm of 
Newton-Euler [4]. We thus obtain a system of (N) equations in state space form: 

H(q)q-U(q,q,t) + C(q,q,t) = 0 (5) 



Where H is the mass matrix, symmetric definite positive, 

C represents the external efforts and the inertia forces, 

U the efforts applied by the user along the axes of the joints. 
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2.1.2 Closed loop systems 

To parameterize a mechanism containing (P) closed chains, we have recourse to a 
traditional artifice, which consists in «removing» (P) joints in order to obtain an 
associated open system. For this new system, we define a set of generalized 
coordinates q of dimension (N). We have then to take into account the constraints of 
(P) the connections which have been «removed». We will call these connections, 
closed loop joints or additional joints. The other connections will be called principal 
joints. For a system with closed chains, we then obtain a minimal set of dependent 
parameters q. The position and the orientation of the system (E) is entirely determined 
by the vector q of dimension (N) 



hT 



q = 



qp-.qN 



subjected to the (5P) geometrical constraints of the form 



0L(q) = 



ct>^l(q),...,ct.LP(q) 



= 0 , 



( 6 ) 



(7) 



where <1> 



Li - 






hT 



represents the five geometrical constraints 



associated to the connection (L|). 



The principle of the Lagrange multipliers enables us to write the (N) dynamic 
equations in the following form: 



H(q)q - U(q, q, t) + C(q, q, t) - (O ^ ^ = 0 



( 8 ) 



Where (<I>L),q is the matrix of kinematic constraints, 
are the Lagrange multipliers. 

The Lagrange multipliers represent the efforts in the closed loop joints. 

Note: The interested reader will find in classical text books (see for example [5] or 
[6]) the detailed calculation of the geometrical and kinematic constraints for a 
certain number of traditional connections and also a precise interpretation of the 
Lagrange multipliers. 

These (N) equations must be solved by taking account the (5P) geometrical 
constraints equations: 

ct.^(q)=0 



(9) 
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Here is briefly for the setting of the dynamic equations. Obviously other sets of 
parameters and other formulations of the dynamic equations exist, for a complete 
presentation, we return the reader interested in the work of [6]. Let us see now how to 
integrate this system of equations. 

2.2 Integration scheme 

We will quickly present here the basic principles of an integration scheme. We will 
give a general description of the Runge-Kutta methods we have chosen to use. We 
will then present a very interesting tool which will enable us to interpolate the results 
between two Runge-Kutta steps. 

2.2.1 Method of Integration 

Let us consider the resolution of the following differential problem: 

Problem : Let fbe a continuous function on RxR^ with values in R^ and yo 
an element q/ R^. It is necessary to find a function y, continuous and derivable 
on R, with values in R^, which satisfies: 

'vteR, y'=Ay(t) = f(t,y(t)) 

J dt (10) 

to^R, y(to) = Yo 

If the function f is continuous and locally lipschitzian, the existence and the 
uniqueness of the solution (y) are given by the Cauchy-Peano and Cauchy-Lipschitz 
theorems [7]. We will admit them here. 

In our particular case, the parameter t represents time. We will seek the 
solution of the problem (10) on an interval of time I=[to, tf] of R^. Let [t„, L+i] be a 
subinterval of I. We define the step of time by the following relation: 

hn=tn+i-tn h= max (h„) (11) 

o<n<f 

If we consider the interval [t„, L+i], our problem consists in finding an estimate of the 
exact solution: 



y(tn+l) = y(tn+hn) (12) 

that we note y„+i. Once this operation is carried out, as we know the function f, we are 
then able to calculate its derivative using equation (10). Thus, gradually, we solve a 
discretized problem. 

We can distinguish two types of methods which allow the estimate of the 
equation (12): 

■ One-step Methods (Runge-Kutta). 
yn+i = y„ + h„F(t„>hn>y„) 
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■ Multi-step Methods (Adams, Backward differentiation methods). 

yn+i = yn + h„G(t„,h„,y„,y„_j,...,y„_J 

The multi-step methods are particularly interesting, because we can obtain y„+i 
without additional evaluation of the function f However, we have chosen to use one- 
step methods for two essential reasons: 

■ In the multi-step methods the integration order and the step of time both 
vary. In the literature, their descriptions are usually given with a constant 
step of time [5], but in practice, these methods are very heavy to 
implement (see [7][2] for example). 

■ Moreover, although we considered here only continuous motions, we 
should not lose sight of the fact that our aim is to treat discontinuous 
movements. But after each discontinuity, the order of the multi-step 
methods falls to one, we then need several steps to be again effective. 

Considering these two remarks, we have naturally chosen to use one-step methods. 
We now will give a general description of the Runge-Kutta methods. 

2.2.2 Runge-Kutta Methods 

We will calculate an approximate value yn+i of y(tn+i) starting from the y„ estimation 
of y(tn). Our problem can be written: 

J *^n+1 

f(t,y)dt = y„ +h„F(t„,y„,hJ 
tn (13) 

yo = y(to) 

We consider a set of (s) real numbers (ci ,C 2 ,...,Cs) which satisfy : 0<C;<1 for i=l..s. 
Let us note T„i=tn-l-Cihn the intermediate instants between t„ and t„+i. A Runge-Kutta 
method with (s) stages can be written in the form: 

Yni = y„ + r°' f(k y)dt = y„ + h„ ^a-f(T„., Y„j) 

j=l..s 

yn +1 = yn + f (L y)dt = y„ + h„ ^bjf(T„j, Y„j) 

M..S 



i = l..s 

(14) 



The method is completely defined when the coefficients (a^), (b;) and (c;) for i,j=l..s 
are known. The following table is thus a characteristic of the method: 



Cl 


an 


ai2 


ajj, 


C2 
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a 22 


a2s 
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an 


as2 • 


•• a^3 




bi 


b2 • 


•• b, 
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Among all the available Runge-Kutta methods, we have chosen to implement the 
Dormand&Prince algorithm which is order 5. 

For reasons of clearness, we will not describe here the step of time 
management we have used, although it is a little particular since it relies on a PI 
control. We will not consider either the stability problems of the Runge-Kutta 
methods (stability domains, stiff problems, automatic stiffness detection...). The 
reader interested by these problems is invited to refer to the book [8] in which these 
principles are described. 

In the continuation of our work, we will deal with discontinuous problems. So 
that the Runge-Kutta methods are applicable, we have to locate the discontinuity 
instants. Once this operation is carried out, we treat a piecewise continuous problem. 
The determination of these transition instants is realized thanks to a polynomial 
interpolation which is described below. 

2.2.3 Interpolation of the Resnlts 

Let us consider that we have solved the problem (10) on the interval [t„, t„+i], we thus 
know y„, y'n, yn+i and y'„+i. Our aim is to calculate an approximate value of y on the 
whole interval [L, L+i]. We will use a polynomial interpolation. We consider again 
the formula (14), where the coefficients b are replaced by polynomials b(0), where 
0e [0,1]. We can then write: 

y(t„ + 0hJ=y„ + h„^bj(0)f(T„j,Y„j) (15) 

j=l..s' 

We consider here only the interpolation methods which check (s’=s), where (s) is the 
number of steps of the Runge-Kutta method. In this case, no additional evaluation of 
the function f is necessary. The calculation cost of this process is thus very small. 

The simplest approach consists in using an Hermite interpolation: 

y(tn-t0h„) = (l-0)y„-t0y„+i-t 

0(0 - 1)((1 - 20)(y„+i - Yn) + (1 - e)hny'n+0h„y'n+i ) 

If the order of the method is equal to three or higher, we thus obtain an interpolation 
of order three. But, if we wish an interpolation of order higher than three, calculations 
become extremely complex. The polynomials b(0) must then satisfy a certain number 
of relations, necessary and sufficient, in order to ensure the result order. Once again, 
the interested reader is returned to the work of [8] which presents this calculation 
using graphs. It is interesting to note, that for a given method of Runge-Kutta, there 
are several interpolations of the same order. 

Thereafter, we will use an algorithm of order 5. For this algorithm, it would be 
damaging to be limited to an interpolation of order 3. We will thus consider an 
interpolation of order 4, of which we will admit the form without calculation. 

This procedure of interpolation is a very important tool of our algorithm. Without this 
procedure, the research of the transition instants would be extremely expensive. 
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2.3 Application to the Dynamic Eqnations 

The application of the Runge-Kutta method to the movement equations is direct for 
arborescent systems. In this case, we just have to integrate a traditional differential 
system. For the closed loop systems, the things are more complicated. We must 
integrate a differential-algebraic system, that is to say a differential system subjected 
to equality constraints, which can be written: 



H(q)q - U(q, q, t) + C(q, q, t) - (O ^ ) T = Q 

<J)L =0 



(17) 



Let us see now why the direct integration of this differential-algebraic system is not 
possible with the Runge-Kutta methods and how to modify this system in order to 
treat this problem. 

2.3.1 Integration of the Differential-Algehraic Systems hy the Rnnge-Kntta 
Methods 



The differential-algebraic systems are characterized by their index: 

Definition [2] : The index of a differential-algebraic system represents the 
number of times that is necessary to derive the algebraic equations, in order to 
get a differential system of equations. 

The preceding problem, that we will call (P3) 



(P3) 



j H(q)q - U(q, q, t) + C(q, q, t) - (O ^ ^ = 0 

=0 



is of index 3. It is very delicate to show the convergence of a Runge-Kutta method for 
a differential-algebraic problem of index 3. This demonstration does not appear in the 
literature which deals with differential-algebraic systems [8] [2]. 

Taking into account this difficulty, which is for the moment insuperable, the 
only possibility we have is to decrease the index of the problem (P3). We are thus 
going to formulate a system of index 2. For that, we have to derive the geometrical 
constraint equations (9) to obtain velocity constraint equations: 

(®‘^),qq = 0 (18) 



As before, we will call (P2) the problem of index 2 constituted by the dynamic 
equations (16) and the velocity constraint equations (18): 
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|H(q)q - U(q, q, t) + C(q, q, t) - (O ^ = 0 

j(®''),qq = o 



The system (P2) ca be written in the form: 



|y'= f(t,y,z) 


y = 


q 


< avec i 

|0 = g(t,y) 


z = i 


A. 

l 



(19) 



We can find in [8] a convergence demonstration for the index 2 systems. But we have 
to note that for a method of Runge-Kutta of order (p), the variable z is calculated with 
an order lower than (p). This order reduction does not appear acceptable to us. 

Note : No phenomenon of this type exists for the multi-step methods of retrograde 
differentiation [9], 

For the reason which have been just evoked, we give up the formulations (P3) 
and (P2). This can be done without any regret, because even if we do not consider the 
convergence problems, it is easy to notice that the nature of the problem (P3) or (P2) 
equations is very different. We thus suspect that their numerical treatment leads to 
complex methods. 

Finally, we are going to formulate an index 1 problem, for which the 
convergence of the Runge-Kutta methods is ensured without any order reduction [8]. 
We then derive the geometrical constraint equations (9) twice to obtain acceleration 
constraint equations: 



(0L),,q+((0L)^qq)^qq = (0^)^,q + q‘^ (20) 



We thus obtain the problem (PI): 



H(q)q - U(q, q, t) -I- C(q, q, t) - (O^ )^ = 0 

(PI) \ 

[(®^),qq + il^ =0 



To obtain a problem of index 1, we write (PI) in the following form: 



(PI) 





U 




CO 



^ H(q) -(OAl 


CO 




U(q,u,t)-C(q,u,t) 


(®'^),q 0 









( 21 ) 



It is clear that this system is equivalent to: 
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jy'=f(t,y,z) 
1 0 = g(t,y) 



avec 




( 22 ) 



The system (PI) now presents a form which is integrable by the Runge-Kutta 
methods. The existence and the uniqueness of the solution of the problem (PI) can be 
shown simply [10]. The following traditional results are found: 

■ If rank(<I)^) q=5P and 5P<N. We can ensure that the solution of the 

problem (21) is unique if the rank of the kinematic constraint matrix is 
maximum, and if the number of constraints is lower or equal to the number 
of parameters. Our mechanism is then isostatic or hypostatic. 

■ If rank(<I)^)q<5P or 5P>N. We can show that the existence and the 

uniqueness of the acceleration vector co, but only the existence of the 
Lagrange multipliers X. We are then in a traditional case of a hyperstatic 
system. 

When we deal with hyperstatic systems, we have recourse to the same artifices in 
order to ensure the method convergence and to solve the system (21): 

■ If rank(<I>^)q<5P and 5P<N, when we solve the system (21) with a Gauss 

procedure, one at least of the pivots (ri)i=i.. 5 p is null. We force the value of 
the Lagrange multiplier associated to this (i)-th constraint to zero. So, in 
the course of the Gauss procedure, we set to the (i)-th line of the matrix and 
the result vector to zero, then we set the (i)-th matrix diagonal element to 
one. 

■ If 5P>N, (N) independent constraints are selected in the course of the 
Gauss procedure. The other constraints are ignored and the associated 
Lagrange multipliers are set to zero using the preceding method. 

In fact, in these two cases, we choose one set of Lagrange multipliers. This procedure 
is completely correct, but the user has to be informed that he must not trust the 
calculated efforts. Only the kinematic parameters (position, velocity, acceleration) of 
the mechanism are analysable. 

With such a procedure, the convergence of the Runge-Kutta methods can be 
demonstrated [10] even for a hyperstatic system. Subsequently, we thus suppose that 

rank (O*^ ) ^ =5P and 5P<N. We thus have all the necessary elements for the resolution 

of the problem (PI). 

But before going further, it is advisable to make the following remark: when 
we solve the problem (PI), we check only the acceleration constraints. But because of 
the integration errors, we then observe a drift of the geometrical and velocity 
constraints. The following result can be shown easily: 

Theorem [8J: If we use a method of order (p) in order to solve the problem 
(PI), and if at time to=0, the initial conditions check the geometrical and the 
velocity constraint equations, then at time t„, we have: 
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^ hP(At„ +Bt2) P‘^),qUn| ^ hP(Ct J 

avec h = max(hj) 

i=o..n 



In practice, this problem is very important, because it leads to aberrant results. We 
will see how to correct this phenomenon. 

2.3.2 Stabilization of the Constraints 



There are mainly two types of methods which make it possible to stabilize the 
geometrical and the velocity constraints: 

Limitation of the drift methods 

These methods just slow down the drift of the constraints, but we cannot guarantee 
that at the end of a certain number of steps the constraints are always checked with an 
acceptable precision. Among these methods, we will quote the Baumgarte method 
[11] and an original penalized method presented by Garcia de Jalon [6]. We can note 
that the parameters used in these methods are obtained in an empirical way and that 
the quality of the results is very sensitive to their adjustment. For certain applications, 
where the speed of treatment is an essential element (real time), these methods should 
be interesting. However, these methods must not be used if precise results are wanted. 



Methods of correction of the drift 

With these methods, we can check the geometrical and velocity constraints with a 
precision fixed by the user. Haug [5] proposes a method which consists in 
determining a set of independent parameters. This method is based on the analysis of 
the kinematic constraint matrix (0^)q of dimension (5P,N). Applying a Gauss 
procedure to this matrix, we obtain a matrix of the form: 



N 















^1 


5P N-5P 







(5P) 

dependent parameters 



(N-5P) 

independent parameters 



Fig.4. Decomposition of the kinematic constraint matrix 



The analysis of this matrix, enables us to define a set of independent and dependent 
parameters. We are going to use this partition in the following way: 
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1. Statement. 

Let us suppose that we solve the problem (PI) (21) on the interval [tn,tn+i]. We 
then know qn+i, and Un+i. The problem is that q^+i, and Un+i do not check the 
geometrical and velocity constraint equations: 

O^(q„,i)^0 (OL)^u„^i^O (23) 

The method principle consists in correcting the dependent parameters, by 
leaving the independent parameters invariant. 

2. Correction of the geometry. 

We solve the non-linear problem of (5xP) equations with (5xP) unknowns: 

®"(dq„.i)=0 (24) 

For that, we use a Newton or quasi-Newton method which can be written in 
the following form: 



(®^),q(Adq) = -®^(dqnq) 
d9=d q + Adq 



We thus obtain a vector q^^^j which verifies: 






n+1- 



< 8 



(25) 



(26) 



Where 8 is a parameter specified by the user. 

3. Correction of the velocity. 

In the same spirit, we correct the velocity u„+i by solving the linear system: 



(d®^),q(dUn+l)=-(i®^),q(.Un+l) 



(27) 



It is advisable to re-evaluate the matrix (O^) q with the geometry A new 
velocity u^q_j is thus obtained. 

4. Calculation of the acceleration and of the Lagrange multipliers. 

We then calculate the parameters COn+i and A,n+i with these new geometry and 
velocity, one solves: 



H(q„di) 




®n+l 




^U(q„ql , + l , t„ql ) - C(q„ + 1 , , t„ql ) 




0 






1 

r 

1 



( 28 ) 
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This method enables us to ensure that the geometrical constraints are checked with a 
precision 8. It is often said that the parameter 8 represents the assembly precision of 
the mechanism. This method is called the Global Coordinate Partitioning [5], and is 
used in the Dads software (LMS). 

We can note, that in continuous motion, we determine a set of dependent and 
independent parameters only once, at the beginning of movement. This partition 
remains valid as long as we do not reach singular positions. These positions are 
located very simply while controlling, at each step of time, the pivot values used 
during the decomposition of the matrix (O^) q. If a pivot becomes very small, a new 
partition is carried out. 

This method is applicable even in the case of hyperstatic systems. It enables us to 
determine the hyperstaticity degree DH of the mechanism by the following formula: 

DH=(5P)-dependent_parameter_number (29) 

It is a very powerful method which we have implemented in SDS (Solid Dynamics). 
As we said previously, our aim is to deal with discontinuous motions. So it is 
important to note that after each discontinuity, a new set of dependent and 
independent parameters will have to be evaluated. 

Of course other stabilization methods exist, we can quote for example the 
projection methods [8]. These methods avoid the determination of dependent and 
independent parameters. However, we have to note that the equation system which is 
solved is more important than with the preceding method. For this reason, we have 
chosen to keep the Global Coordinate Partitioning approach, without however being 
able to affirm that a method is superior to another. 

Note: One has the right to wonder whether these stabilization methods influence the 
method order. We will admit that they do not modify the order of the results. 

3 Modelling of Frictional Contact 

We are now going to see how to take into account frictional contacts. This section is 
composed of four principal paragraphs. We will be first interested in the definition of 
the unilateral constraints and specify the concept of contact law. We will see how to 
apply these principles through a «First Approach)), voluntarily naive, which will 
enable us to highlight the difficulties of the method. In a second paragraph, we will 
analyze how this problem is treated in the literature and justify the choice of the 
method we have adopted. In a third paragraph, we will examine existence and 
uniqueness of the solution, and state certain results of convergence. In order to end 
this chapter, we will give a pseudo code of the method. We will then describe the 
algorithm modifications we have made in order to take into account bilateral joints 
and to model driven joints. We will consider two cases, particularly interesting, of 
indeterminacy and inconsistency, and see how our algorithm is able to detect them. 

We consider here a system (E) made of (N) principal connections, (P) closed 
loop connections and (Q) potential frictional contacts. 
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3.1 Principle of the Method 

We chose a model of contact which is based on the concept of unilateral constraints. 
We will specify here this concept and will see how to define the contact between two 
solids (Si) and (Sj). We will propose then a first approach, very intuitive, which will 
enable us to emphasize the difficulties of the method. 

3.1.1 Definition of a Unilateral Connection 

Let (Si) and (Sj) be two solids of the system (E). Suppose that (Si) and (Sj) are in 
contact, we note (C) this contact. Let Ci and Cj be the points which move on the 
surface of (Si) and (Sj) and who coincide, at the moment t„ of our analysis, with the 
point of contact (C). One notes (91 i)=(Ci, Xi, yi, Zi), (91j)= (Cj, Xj, yj, Zj) two coordinate 
systems attached to the points Ci and Cj. Let (Ui) be the contact normal at the point Ci. 
It is supposed that (Zi= Ui) and (Zj= -Ui) and that the vectors (ti)=(xi, yi) define the 
tangent plan to the contact. The system can be represented by the following figure: 




body (Si) 



Fig-5. Bodies in contact 

Let us consider now two points Pi and Pj which have the same positions, at the 
moment tn of our analysis, than the points Ci and Cj. We will suppose that these 
points belong respectively to the solids (Si) and (Sj). 

Note : We do not discuss here the cases where the normal and the tangent plane to 
the contact cannot be defined. That can occur, for example, when two comers of the 
bodies (Sj) and (Sj) are in contact. 

We define the distance between the solids (Si) and (Sj) by: 

0"‘=PiPj.n; (30) 

We are going to associate to the contact (C) a set of three kinematic constraints. We 
thus define a normal constraint and two tangential constraints of the form: 
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ni 



V = 




q = 0 



■ V = 



■ V 







(31) 



Where the vector v/‘ v,"‘ v] represents the relative velocity of the point Pj with 
respect to Pi expressed in the coordinate system (91i). 

It is important to note that in the case of a three-dimensional contact, we cannot 
define the tangential geometric constraints, because the non-holonomic kinematic 
constraints (31) can not be integrated. This is not very important, because only the 
normal geometric constraints are necessary to our analysis. 

We are going to take into account the kinematics constraints (31) by means of 
Lagrange multipliers, exactly as we did in the paragraph (2.1.2.). For that reason, it is 
necessary to derive the equation (31), in order to obtain constraints in acceleration. 
Which gives us: 




Where the vector [’‘‘a,^‘a,”‘ a] represents the derivative of the vector [’‘‘v,^‘ v,"‘ v] . 
But the vector a,^‘ a,"‘ a] does not represent the relative acceleration of the point Pj 
with respect to Pj. However, and by a language abuse, we will speak about normal and 
tangential relative accelerations. 

We note [?i‘' , ^”‘ ] = , ?i”‘ ] the Lagrange multipliers associated with the 

acceleration constraints (32). These parameters respectively represent the contact 
forces (normal and tangential) which exerts the body (Si) on (Sj). These efforts are 
expressed in the coordinate system (91i). 

Very schematically, when we have to deal with a problem with bilateral joints 
and a frictional contact, we must solve a problem (PI) (see paragraph 2.3.1.) of the 
form (in the case of sticking contacts): 



H 


-( 0^)1 -(0"‘)T 


CO 




u-c" 




0 









( 33 ) 
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In fact, we have just added to the differential-algebraic system (21), defined for a 
system with closed loop joints, the acceleration constraint equations (32). But unlike 
the bilateral constraints, the unilateral constraints are not permanent. Thus, the 
principle of the method consists in adding or suppressing the constraints of our 
equations system according to certain principles. These principles are dictated by a 
contact law which we now will define. 

3.1.2 Contact Law 

We will make here the distinction between normal contact law and tangential contact 
law. It is just a convenience of presentation, but we should not lose sight of the fact 
that these two laws are dependent. 

Normal Contact Law 

It is first of all necessary to define a contact normal law, for that we adopt the 
Signorini conditions which are stated in the following way: 

Signorini conditions (see for example [12]): 

Let (S) and (S) be two bodies which may be in contact, the three following 
conditions must be checked: 

■ Impenetrability: 

0 ”‘ >0 

■ In the case of contact, the bodies do not present adhesion (no 
attraction): 

O "‘=0 ^ X ”‘>0 

■ If the contact is not active, the normal contact force is null: 

<!)”■> 0 ^ 

These three relations are equivalent to the complementarity conditions: 

O "'>0 X "‘>0 $"‘^‘=0 

This law is expressed as a function of the body positions. In order to be able to decide 
if a constraint of the problem (PI) must be added or released, it is necessary to 
express this law in terms of accelerations. We will then admit the two following 
proposals. 

Let I„ be the set of the active contacts defined by: 

I„ = { ie(l,2,..,Q) / O"‘=0 } 

Using this definition, it can be shown [13] that the Signorini conditions imply: 
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Proposal . 



if i G I„ "i V > 0 
else X"’ = 0 



A."’ >0 



("iv)(X"’) = 0 



Moreover, if we consider the Inn set, define as follows: 
I„n={ iGl„ / "‘V = 0 }, 

the preceding conditions imply: 



Proposal . 



if ieinn "ia>0 > 0 ("ia)(X"') = 0 

else A,"’ = 0 



A more compact formulation of these complementarity conditions can be 
obtained using the tools of convex analysis. We return the reader to [14] and [13] for 
more details on these formulations. 

The principles which we have just stated constitute a “complete” law of 
contact (see [15] for example), when there is no friction. We will now describe the 
tangential contact law. 

Tangential Contact Law 

We will adopt here the Coulomb law. In order to simplify this presentation, we do 
not consider rolling friction, nor swivelling friction. Moreover, we consider an 
isotropic friction and we do not make distinction between coefficients of static and 
dynamic friction. 

Let Is and fr be the two sets: 



Ir = {ie Inn / 



= 0 } 



sticking 



Is {I^Inn^ 



^0} 



sliding 



According to the hypotheses and the preceding notations, we state the following 
principle: 

Definition (see for example [16]): The Coulomb law is given by the relations: 
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if ieL 









if ie X*' = 






yi, 









(34) 






We still seek for expressing a law in acceleration. Contrary to the Signorini 
conditions, it is clear that the Coulomb law cannot be formulated directly in 
acceleration. Indeed, in the sliding phases, relative tangential velocity and 
acceleration do not have necessarily the same direction. We thus need to make the 
distinction between sliding and sticking contacts. 

Sliding 

The tangential contacts forces are perfectly defined as a function of the tangential 
relative velocities and of the normal contact force. No particular test on accelerations 
is necessary. The result is thus direct. 

Sticking 

The things are appreciably more complex. We must distinguish two cases: 



i G 




= 0 







sticking continues 
stick - slip transition 



We will suppose that the law of Coulomb can be written in the form: 



Proposal [16] : 



if i G 



<0 



(*ia)'^(X*i)<0 






) = 0 



(35) 



In fact, if we consider the two preceding cases: 

■ If the contact preserves a status of sticking: '‘a a, ^‘a]^ = 0 and the 

preceding conditions are verified. 
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■ If there is a transition to sliding: ||x.*‘ | = + (k^' and the 

third equality is automatically checked. The problem comes here from the 
second inequality. The Coulomb law imposes that the friction force is 
directly opposed to the sliding velocity, but nothing is specified about 
acceleration. Thus we just can say that the friction force and tangential 
relative acceleration must have opposite signs (One should not lose sight of 
the fact that here tangential relative velocity is null). In the case of 2D 
frictional contacts, this indeterminacy vanishes. For 3D frictional contacts, 
there are two manners to treat this problem: 

=> The first consists in completely prolonging the Coulomb law in 
acceleration, while advancing that the friction force and the relative 
tangential acceleration must be directly opposite [16]. 

=> The second consists in directing the effort of friction in the direction of 
the last sticking force [17] [18]. 

The first approach seems more coherent to us, in the sense that, just after 
the transition, relative tangential velocity and acceleration will have the 
same direction. We thus adopt the point of view of [16]. In fact, we extend 
the law Coulomb in acceleration if the tangential relative velocity is null. 
The Coulomb law is thus formulated in acceleration. 

Let us see now how we will use these contact laws to control the constraints 
addition/deletion of the differential-algebraic system (33). 

3.1.3 «A First Approach » 

At time tn_i, we suppose known the positions, velocities and accelerations of our 
mechanism, as well as the contact status. We understand by the term status, the fact of 
knowing if a contact is active or passive, and if its state is sliding or sticking. Let us 
admit that all the parameters of the system (E) are compatible with the law of contact 
at time t„.i. Our aim is to determine new parameters at time t„. For that, we will 
assume that the contact statuses do not vary until time t„. The unilateral constraints, 
associated with each contact, can then be regarded as locally bilateral constraints. We 
thus integrate, on the interval [L-i, tj, a system of differential-algebraic equations, 
whose form will be specified later. Once this calculation is carried out, it is necessary 
to check if the results obtained are compatible with the contact law. If it is not the 
case, we seek the first time t„*e [L.i, tj, where the contact law is violated. This 
operation is carried out using the interpolation methods described in the paragraph 
(2.2.3.). At this time, it is necessary to determine new initial conditions. For that, we 
need a decision procedure which is able to find new contact statuses. 

The object of this paragraph is to describe an excessively simple decision 
procedure, which we call «First Approach ». As we will see, this approach led to 
erroneous conclusions. However, it has seemed important to us to present this 
method, because its presentation will allow the not-informed reader to become 
familiar with certain important concepts: status tests, structure of the differential- 
algebraic systems, events finding... 

We will first consider a problem in which we have only one contact (C) and no 
friction. We will consider all the system states, and see how the structure of our 
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system of equations is modified as a function of the contact laws. This paragraph will 
enable us to describe the research of the various events which punctuate the 
simulation (lift-off, shock...). We will then consider the same procedure by adding 
friction and see to what point this approach can be prolonged to several contacts. 

We place ourselves at the time t„ of simulation, the unknown factors of the 
problem are the accelerations and the Lagrange multipliers (which represent the 
efforts in the closed loop joints and the contact forces). 

A Contact without Friction 

Only the normal contact law is to be considered. Two cases can occur: 

1. O"' < 0 

IfO°' =Qand ("‘v) = 0, 

the contact (C) is active, we then solve a problem (PI) which can be written in 
the form: 



^ H(q) 


_(0L)T 


CO 




u-c 




0 




= 













Following that, if the value of the normal contact force is positive, we will 
say that the contact (C) remains active. We preserve then the structure of the 
system (36) to continue the resolution until time L+i. On the other hand if is 
negative, the contact (C) is broken. Using the interpolation procedures, 
described in the paragraph (2.2.3.), we will seek the moment U* for which this 
value cancels. A this moment, we will remove the normal constraint, the 
problem (PI) will then be written in the form: 



^ H(q) 


CO 




u-c' 


1 

o 

cr 

J 

e 

1 









(37) 



The contact (C) cease and solids (S;) and (Sj) separate. We thus continue 
integration with a system of the form (37). 

IfO”' < Oand (”‘v)<0. 

There is an impact between bodies (S;) and (Sj). The problem cannot be dealt 
with any more in acceleration. Our first work consists in evaluating the time 

tn* for which <!>"' = 0 . At this moment, we determine the velocity jump: 
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A"‘v=("‘v)-'-("‘v)- (38) 

we return its calculation to the Chapter 4. We are only interested here in the 
value : 

If ("iy)+ =0, 

the contact (C) is maintained and we continue integration with a system 
of the form (36). 

If ("‘v)-^ >0, 

the contact (C) is broken, we continue the resolution with a system of 
the form (37). 



2. O”' >0 

The contact (C) is not active, the problem (PI) is then identical to problem 
(37). 

Let us now complicate the problem by adding friction. 

A Contact with Friction 

We consider again the various preceding stages. 

1. O"' < 0 

IfO°' =0and ("‘v) = 0, 

the contact (C) is active. The Coulomb law in acceleration requires that we 
make the distinction between sliding and sticking. We consider the two cases: 

If ||*‘ v||>e, 

where e is a parameter specified by the user (generally we set its value 
to the absolute integration precision Atol). 

In the case of sliding, the problem (PI) can be written in the form: 



H 


-(0^)1 -(0"‘)T 


CO 




U(q,u,t)-C(q,u,t) 




0 










0 


r- 






0 


-p I 






0 



‘ V 

Where p, = p . 

‘‘ V 
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Once this linear system is solved, we control the sign of and we then 

decide if the contact (C) must be maintained or released. The detection 
of a possible slip-stick transition is done before the resolution of this 
system. Consequently, one tests the sign of the scalar product between 
tangential relative velocity at times t^.i and t„. If this sign is positive, 
sliding continues. If it is negative, we seek the time t„* where the scalar 
product vanishes, we then consider that we have a possible slip-stick 
transition. When we have to deal with 3D contact problems, we add to 
this test the additional condition: 

||‘‘v(t„*)||<8 (40) 

In the case of a possible slip-stick transition, we move to the next step. 

If ||*‘ v|| < £ . 

the problem (PI) is written: 



H(q) -( 0^)1 -(0"‘)T -(0‘‘)T^ 


CO 




U(q,u,t)-C(q,u,t) 












r' 















(41) 



Once this linear system is solved, we control, once more, the sign of 
and we decide whether the contact (C) must be maintained or 
released. If this contact is maintained, it is advisable to test the value of 




2 

9 

We keep on working with a system of the 

2 

9 

we seek the moment t„* where these two quantities are equal, 
and we then solve a system of the form (39) with: 

P = -4^|I (42) 

' a 



If 



<fl 






Sticking continues 
form (41). 

If||?t‘'f > 






We have a stick-slip transition. 
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IfO”' < 0 and (”‘v)<0 , 

the course of operations is exactly the same. We consider again the following 
phase of tests: 

If ("iy)+ =0, 

the contact (C) is maintained. 

If ii(*‘v)i=Q. 

we continue integration with a system of the form (41). 

If ||(*‘v)'^||>Q, 

we continue integration with a system of the form (39). 

If ("‘v)-^ >0, 

the contact (C) is broken, we continue the resolution with a system of 
the form (38). 



2. O"' >0 

The contact (C) is not active, the problem (PI) is then identical to the problem 

(37). 

As a conclusion to this “First approach”, we have to deal here with four types 
of transition: lift-off, slip-stick, stick-slip, shock. 

All these problems can be treated with an acceleration formulation except the 
shocks, we return their study to the Chapter 4. In this chapter, we will consider only 
the first three types of transition. In this context, our problem can be written as 
follows: At time t„, we suppose known the positions and the velocities of our 
mechanism and we seek the accelerations, the Lagrange multipliers and the status of 
the contact points. 

In this paragraph, we have considered all the possible evolutions of our system 
for a single frictional contact. We now will try to extend our «First Approach » to the 
case of multiple contacts. 

Generalization 

We will show in this paragraph, that the approach that we have just introduced cannot 
be generalized to the case of multiple dependent contacts. Indeed, we will present a 
very simple example, without friction, for which the preceding method fails. 

We propose here an example [19] which is, according to us, even clearer than 
the traditional Delassus example [20]. We consider two identical blocks, (Si) and (S 2 ), 
of mass m, the position of which is pictured in the figure below. We suppose that the 
contacts are point-to-point contacts, and we apply forces Fi and F 2 on each of these 
blocks. We note X"' and , the normal contact forces (ground-bodyl) and (bodyl- 
body2) respectively. The system can evolve towards one of the four following states: 

■ Case n°l: The system stays in equilibrium. 

■ Case n°2: (Si) remains in contact with the ground and (S 2 ) takes off. 
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■ Casen°3: (S/) and (S 2 ) take off but remain in contact. 

■ Case n°4: (Si) and (S 2 ) take off separately. 

Let us suppose that (m=lkg), (Fi=12N), (F2=11N), and we fix the gravity along a 
downward vertical axis to (g=10m/s^). 




Fig-6. Two blocks example 

Let us suppose that at the time L, the two contacts are active. We must then solve a 
system of the form (36), which gives us: 

X"i=-3 X"2=-l 

In accordance with what was stated in the preceding paragraph, we conclude that the 
two contacts must be released. However it is obvious that the bodies (Si) and (S 2 ) will 
remain in contact because Fi>F 2 >mg. 

It is clear that the preceding strategy is not sufficient and leads, even in an 
excessively simple case, to erroneous results. The problem is that, when the contacts 
are dependant, a contact status modification has effects on the other contact status. 
Thus, the contacts which correspond to negative normal contact forces must not 
necessarily be released. 

How to solve this problem? A first approach consists in applying the preceding 
method until the contact laws are satisfied. If we take again the example of [19], we 
then have to consider the cases (1,2, 3,4) successively, until we obtain a valid solution. 
We have to deal with a combinative exercise which can become very heavy when the 
number of contacts becomes large (2^ possibilities for (N) active contacts). The things 
quickly become inextricable when, in addition, friction is considered. It has been the 
only method available for a long time. Indeed we find in [20] the following sentence: 
((Practically, a problem with unilateral connections is treated by 
successive tests of the various hypotheses, tests which finish when a 
satisfactory solution was obtained. » 

This method is still used for example by [18-21-22], [23] or more recently [24]. But, 
we have today at our disposal more effective tools. 

Moreau [25] [26] was the first to give to the Delassus objections a 
comprehensible mathematical form. His approach has consisted in formulating the 
contact problem, without friction, in the form of a Quadratic Programming problem 
(QP), subjected to constraint inequalities. This approach has been extended to the 
problem of 2D frictional contact by [27][28], then generalized in 3D by a great 
number of authors. 
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Following the Moreau idea, we will say that we have to formulate a problem of 
Optimization under Constraints in order to treat frictional contact problem. 
Furthermore, we will see that in certain cases the frictional contact problem can be 
written in a well defined mathematical form (LCP,QP,NCP,MCP). Let us now detail 
this approach, it is the object of the following paragraph. 

3.2 Formulation and Resolution of a Problem of Optimization under 
Constraints 

First, we will see how to write our problem in the form of a problem of Optimization 
under Constraints. This will enable us to stress certain modelling difficulties. We will 
examine how certain authors formulate this problem in the literature, we will 
underline their hypothesis, and we will mention the resolution methods they use. 
Lastly, we will present the approach we have adopted. 

3.2.1 Formulation of a Problem of Optimization under Constraints 

We consider the system (Z) with (N) principal joints, (P) closed loop joints and (Q) 
contacts (C;)i=i q active at time t„. We suppose moreover that these (Q) contacts 
(C;)i=i..Q verify: 

ie Inn = { je In / "'v = 0} 



Where = { je (1,...,Q) / = 0 } 



This hypothesis is fundamental, because it enables us to write the contact laws in 
acceleration. 



We note a„ and at the normal and tangential relative accelerations defined by: 



fa„ =[">a,...,"« a]T 

U =[‘-a,...,‘<5 a]T=[">a,...,’‘<3 a,>'> a,...,^« af 



(43) 



In the same manner, we define the contact forces: 



( 44 ) 



And matrices of kinematics constraints: 
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For the clearness of our presentation, we will first consider the contact without 
friction, then the contact with friction. Moreover, we suppose that we do not have any 
bilateral constraint (P=0), we will see, in the paragraph (3.4.2.), how to very simply 
take them into account. 

Contact without Friction 

Since we have (Q) active contacts at the time t„, the dynamics equations can be 
written in the following form: 

Hq-U + C-(0")J,r =0 (46) 

These (N) equations are subjected to (Q) the complementarity conditions, imposed by 
the contact law: 



a„>0 r>0 (ajT(r) = 0 (47) 



With a„=(0")qq + q" 

In order to formulate an optimization problem under constraints, we are going to 
express the normal relative acceleration a„ as a function of the normal contact forces 
Xn. We therefore multiply the equation (46) by H"', which gives us: 

q = H''(U-C) + H'‘(0")^qr (48) 

This operation is completely legitimate because H is definite positive, therefore 
invertible. If we defer this expression in the expression of a„ , we obtain: 

a„ =((0")qH“^(0")^)^"+(0")qH“'(U-C) + ri" =AX"+b (49) 



By convention, matrix A is called the Delassus operator [3]. 

Once this operation is carried out, our problem can be written in the three different 
forms. The equation (49) enables us to formulate a Linear Complementarity problem. 
We seek Xn such as: 



(Ar+b)^(r)=o A7i"+b>o r>o 



(LCP) 



(50) 
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Another manner of posing the problem consists in formulating a Quadratic 
Programming problem. For that, we seek Xn checking: 

min((r)^Ar+(r)^b) Ar+b>0 r>0 (QPI) (51) 

X" 

What we can also write: 



mm 






r 12 



(r)^Ar+(r)^b 



r >0 



(QP2) 



(52) 



The optimality conditions of Karush, Kuhn and Tucker (KKT) ensure equivalence 
between the problems (QPI) and (QP2) [29]. 

It is very important to make the difference between (LCP) and (QP) because these 
two formulations lead to different methods of resolution. 

Let us see now see how to write the problem when friction is introduced. 



Contact with Friction 



Once more, we will make the distinction between sliding and sticking. In these two 
cases, the dynamics equations are put in the form: 

Hq-U + C-(0")],r -(0‘)^qX‘ =0 (53) 



Sliding 

In the sliding case, we have seen that the tangential contact force can be expressed as 
a function of the normal contact force. We have the relation: 



X' = pr (54) 

The equations (53) and (54) enable us to write: 

nq-\J + C-((0%+m')iy=O (55) 

We thus have eliminated the tangential contact force and we then treat only the 
normal contact problem. Using the preceding procedure, we can write a Linear 
Complementarity problem of the form: 

(Agr+b)^(r) = o Agr+b>o r>o (LCPg) ( 56 ) 

Where Ag=(0"),qH-'((0")T+P(0‘)T)=A + (0")^,H-'(p(0');rJ is the 
modified Delassus operator. 

In the same manner, we can write two Quadratic Programming problems: 
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mm 

A.” 



in((r)^Agr+(r)^b) Agr+b>o r>o (QPig) 



minf-(r)^AA" +(r)^b 

A” I 2 



r >0 



(QP2J 



(57) 

(58) 



Sticking 

We are going to express normal and tangential relative accelerations as a function of 
contact forces. So, we proceed in the same way than previously and we thus obtain: 







A (®"),qH-l(0‘)T" 






b 






(0‘)qH-l(0")T (0‘)qH-l(0‘)T 




+ 


(0‘)qH-'(U-C) + il‘ 



(59) 

This relation is accompanied by the following complementarity conditions: 



a „>0 A .">0 (a„)'^(A,") = 0 



<fi 









a )<0 





2 / \2 


/ 


*ia 


2 ' 




o 

II 

ca 

< 


1 

■?= 

to 






o 

II 






V 




) 




J 



for i e Ij. 



(60) 



Note: In accordance with our choice of the paragraph (3.1.2.), we have added the 
equation ((^‘‘)aC ‘ a))= 0 to the Coulomb law. 

These constraints relations are non-linear, even when we have to deal with a 
2D frictional contact problem. We cannot thus formulate a Linear Complementarity 
problem in the case of sticking. In this precise case, we cannot either write a quadratic 
functional minimization (we cannot formulate a quadratic functional). It is thus 
impossible to deal with the problem in the form of Quadratic Programming problem. 

We will say, very generally, that we have to solve two coupled optimization 
problems under constraints, without more precise details. 

Let’s see know how this problem is treated in the literature, by examining only 
the formulation of the problem in the case of sticking, since sliding does not pose 
major problems. 
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3.2.2 Bibliographical Analysis 

Our aim here is to present different approaches of the frictional contact problem 
which were developed by a certain number of researchers. We will outline their 
approach while frying to emphasize the forces and the weaknesses of their 
formulation. We do not respect here a chronological order, but a logical order of 
increasing difficulty. We will finish this paragraph by drawing up an assessment of 
these various approaches. Thus we will justify the choice of the method we adopted. 

Different formulations of the sticking problem 

Pfeiffer, GLocker [19][13] 

The problem is formulated in acceleration and is limited to the study of 2D friction. 
However, we quote here these authors work, because it describes very well the 
necessary efforts to write the sticking problem in the form of a Linear 
Complementarity problem. Pfeiffer and Glocker use an artifice of calculation which, 
as we will see it, is rather heavy. 

For 2D sticking, the tangential contact law can be put in the form: 



(X‘i)(*ia)<0 






p,X"')(*'a) = 0 for ielj (61) 



The absolute value of the friction force is highly disturbing. The uneasy question is 
how to modify this relation in order to obtain a complementarity condition exploitable 
by a LCP. The answer is traditional in optimization, it is necessary to introduce new 
variables, that we call “signed variables”. In our case, the authors set: 



X*' = with 






1 ti "I" ti — ti 
1 I7 — = — 1 



tj 



for ie 



(62) 



With: 

(X*i ,x*i , ) > 0 (x‘i)(X*i) = 0 

(*ia + ,*ia“,‘iz+,‘iz“)>0 (*ia+*i)(z“) = 0 (‘i z+)(*i a“) = 0 



The Coulomb graph is thus broken up into four, as shown below: 
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Fig.7. Decomposition of the Coulomb law in 2D 

Once this decomposition is carried out, a LCP is formulated without any difficulty as 
if we have four comer laws (like Signorini law). We thus obtain a problem of the 
form: 






>0 



Hi 

1 a 
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>0 
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z~ 








z~ 



(63) 



We measure here all the heaviness of this method which obliges us to introduce eight 
variables and four complementarity conditions, for each 2D sticking contacts. 

This method thus makes it possible to formulate sliding and sticking in the form of a 
LCP. The authors solve this problem by using the Lemke algorithm, which is an 
alternative of the Simplex method. We will not give details of this algorithm, for more 
information the reader should consult for example the work of Ciarlet [29]. 

Let us see now what happens in the case of 3D sticking contacts. 

7’n«A:/e,/'a«^[16][30][31] 

Here again, the problem is formulated in acceleration. In 3D, we have to deal with the 
following sticking constraints: 
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an>0 A.">0 (an)'^(A.") = 0 
2 













*ia 


2 ' 
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II 
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J 



for i G 



(64) 



These authors also seek to write a Linear Complementarity problem. In order to 
simplify the sticking conditions, these authors put the problem in the form: 









for i G (65) 



Which is equivalent to transform 3D frictional problem into two problems of 2D 
friction. We can see that differently by noticing that quadratic Coulomb cone is 
replaced by a polyhedral cone. Indeed, this operation can be pictured as follows: 




Fig.8. Decomposition of the Coulomb law in 3D 

We can notice that the traditional Coulomb cone is completely included in the 
pyramid. Trinkle and Pang then use the same type of decomposition as Pfeiffer and 
docker to put the problem (65) in a LCP form. This operation is carried out in a 
slightly more elegant way, and led to the introduction of eight variables in three 
dimensions (the same number as Pfeiffer in two dimensions). These authors set: 



S^i = 

^ia=’‘ia+-’‘ia- 

yia=yia + -yia- 






S^i 



for i G I 



( 66 ) 
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The variable s represents the distance to the polyhedral Coulomb cone (s is often 
called saturation variable) as pictured in the following figure in two dimensions: 




We can then write a problem of the form: 
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>0 
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yia + 
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yia+ 
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s«_ 




«a- 



(67) 



This LCP is once again treated with the Lemke algorithm, but we can notice that these 
authors have also used Interior Point methods to solve this problem. 

This polyhedral approximation of the cone of Coulomb raises two remarks: 

■ First, in the case of persistent sticking, we cannot guarantee that the contact 
force is contained in the quadratic Coulomb cone. 

■ Secondly, in the case of a stick-slip transition, the friction force will be 
opposed to acceleration, but inevitably directed towards one of the comers 
of the pyramid: 




Fig.lO. Direction of the friction force 
in the case of a stick-slip transition 
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The second remark hardly sets a problem, because as we have mentioned it, we do not 
know, in this case, the direction of the friction force. The first remark is more 
disturbing. 

More recently, Glocker have generalized this approach by proposing the 
following formulation: 

Glocker [32] 

The principle proposed by Glocker consists in using a polyhedral Coulomb cone 
approximation, but without being limited to a pyramid. The equivalent cone can have 
here as many facets as the user wishes. Once more, the problem is formulated in 
acceleration. This author describes a cone, external to the Coulomb cone, which in 3D 
is perfectly equivalent to that of Pang and Trinkle, and which in 2D allows one to 
introduce only 4 variables (thus replacing the first model we have presented). The 
tangential contact law is written 

a = ^^ejkj O; = > 0 kj > 0 Ojk; = 0 ielf, (68) 

i=l..a 

for a cone of (a) facets, whose principal vectors (ei);=i a are represented in the 
following figure: 




Fig.ll. Exterior polyhedral approximation of the Coulomb cone 

Caring for clarity, we will not report the way in which the author modifies this 
tangential contact law to formulate a TCP of dimension (a+1) for a sticking contact. 
We simply leave to the reader the care to imagine the number and the complexity of 
the complementarity conditions which result from it. It is obvious that the more the 
number of facets increases, the more we approach the quadratic Coulomb cone, but 
there is then a dramatic increase of the number of the variables to treat. Moreover, as 
we noticed it for the model of Pang and Trinkle, certain directions are privileged in 
the case of a stick-slip transition. 

In order to avoid these problems, Glocker proposes (in the same article) a 
different approach which makes it possible to respect the quadratic Coulomb cone 
perfectly. This method consists in formulating a Non-linear Complementarity 
problem (NCP: x>0 F(x) > 0 x.F(x) = 0 ), by using the properties of convex sets 
intersections. Glocker indeed considers the intersection of the two following cones: 
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which is the cone of quadratic Coulomb cone. Using the same technique which is 
used to formulate a LCP, Glocker sets a NCP of dimension (5) for a sticking contact. 

It is important to note that it is one of the first times that the sticking problem 
is written in a standard mathematical form with no approximation of the Coulomb 
law. This new formulation is very promising, but it has unfortunately not yet been 
tested as these lines are written. The reader interested by resolution methods of NCP 
should refer to [33]. 

In the same spirit, Trinkle and Stewart were interested in a velocity 
formulation of the sticking contact problem [34][35][36]. Anitescu and Potra use 
exactly the same approach, we will describe it now. 

Anitescu, Potra, Stewart, Trinkle [34][35][36][37][38] 

These authors use a velocity formulation. The problem is set by discretizing the 
dynamics equations using a first order integration scheme. Their work is also based 
on a polyhedral approximation of the Coulomb cone, but this time it is about a cone 
interior to the Coulomb cone. We have to note that the maximum principle of 
dissipation is used here in order to formulate a tangential contact law. This principle 
simply states that the friction forces must be calculated in order to maximize the 
energy loss. Another time, these authors seek to write a LCP, whose size is slightly 
higher than the LCP of Glocker (size (a+2) for a contact). Just for information, here is 
a view of the polyhedral cone that these authors use: 




Fig.l3. Interior polyhedral approximation of the Coulomb cone 



Contrary to the preceding approaches, these authors use an approximation of the 
Coulomb cone, even for sliding contacts (because of the velocity formulation). Under 
these conditions, the friction force is not opposed any more to the tangential relative 
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velocity, even in the case of sliding, but it points towards one of the comers of the 
polyhedral cone. The principal directions are thus more privileged than with an 
acceleration formulation. 

Because of this approach disadvantages, Stewart and Pang [36] have proposed 
a formulation which makes it possible to take into account the quadratic Coulomb 
cone (see also [38]). Their approach can be outlined as follows. Always using a 
velocity formulation, these authors use the maximum principle of dissipation which is 
transformed, using an argument of Fritz John, in complementarity relations (the same 
type of argument is used in the case of a polyhedral cone). The problem is then 
written in the form of a highly non-linear mixed complementarity problem (MCP). 
This work constitutes another new approach to formulate the frictional contact 
problem in a standard mathematical form. These authors advise the use of homotopy 
methods to solve this problem, but unfortunately no numerical example is presented. 

WOSLE, PFEIFFER [3 9] [40] 

Wosle and Pfeiffer propose two formulations in acceleration in order to correctly 
model the Coulomb cone. The first approach [39] is inspired from concepts presented 
by Klarbring [41] for deformable bodies. These concepts are modified in order to 
apply to rigid bodies mechanisms. The normal and tangential contact laws are written 
in the form of variational inequalities, and then transformed into equality using the 
projection operator: 



= proJc„. - b„"'a) = n (X"Cq) 

111 1 

-bt‘'a) = nt.(A."i,A.b,q) 



(69) 



Where < 




< 




and 



(bn,bt) >0 



The normal and tangential contact forces are then replaced in the dynamics equations. 
A non-linear problem is thus obtained of which the principal unknowns are 

(q,X"‘ ) • The solution of this problem is obtained in two stages: 

1 . The contact forces are kept constant and we solve the non-linear problem 
as a function of q : 



H(q)q - (O" )T n„ (X" , q) - (0‘ )T n , (X" , , q) = U - C (70) 



using a method of Newton. 
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2. The contact forces are then corrected using the new accelerations: 



f n- f for Inn 

X*' =nt.(X"‘,X‘’,q) 



(71) 



These two stages are repeated until convergence of the method. This solving 
algorithm is in fact a Newton method encased in a fixed point algorithm. A second 
method of resolution of this problem is presented by Klarbring [41], but it is not 
presented by Wolse and Pfeiffer. 

A second approach suggested by Wosle and Pfeiffer consists in introducing 
additional parameters in order to formulate the tangential contact law. These authors 
write: 



X‘i = 


COStPi 


X‘i 





COStPi 




sinipi 






sinipi 






- 



for i G Ij. 



COStPi 

sincpi 



k. 



(72) 



can be seen as the saturation variable of the tangential contact force. This 
decomposition allows Wosle and Pfeiffer to formulate complementarity conditions 

between (kj, X*'® ). These complementarity conditions are then transformed into 
equalities by using a Mangasarian argument. The problem thus reduces to the 
resolution of a non-linear system of the form: 



F("a,X",k,(p,Xfo,X‘,q) = 0 



(73) 



This system is then solved using a homotopy method which seems to give good 
results in a 3D example. 

Moreau [3][14][42][43] 

Moreau has been the first one to use a velocity formulation in order to solve frictional 
contact problem. For reasons of clearness, we place ourselves within the framework 
of the standard inelastic shocks (null restitution coefficients). Moreau’s approach can 
be summarized as follows. It is still supposed that we have Q active contacts. 

The equations of dynamics are discretized with an algorithm of order «l-l/2 »: 

’A _4n“ fin-1 

ifil/2 - fin-1 +— fin-1 fil/2- fin-1 fil/2 “ ; 

L 2 hn 



( 74 ) 
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A system of the form is obtained: 

H(q„-q„_i)=h„(U-C) + h„(0")T^"+h„(0‘)T^‘ (75) 

Where all the vectors and matrices are calculated as a function of qi /2 and qj^j- 
This system can be written: 



S" 

s‘ 

= h„H-HU-C) + H-^0)Ts 

Where the vector S represents the contact impulses. 

Finally, we obtains: 



qn-qn-i=hnH-'(u-c) + H-i[(o") 






(0)q (q„ - q„_i ) = h„ (0)^q H-‘ (U - C) + (O)^, H-‘ S 

That we note: 









“l“ A y 


s" 
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s* 



(76) 



(77) 



(78) 



Where ("vp,*Vp) represent respectively the normal and tangential relative velocities 
at time tn (F for final). 

(”vp,*Vp) are the normal and tangential relative velocities obtained when no 
contact is active (L for Libre=Free in French, i.e. free-motion here). 

Ar is the Delassus operator. 

The system (78) is subject to the conditions imposed by the contact law: 



Signorini(”vp,S”) 
Coulomb(*Vp,S* ) 



(79) 



To deal with this problem, Moreau uses a relaxation method which is similar to the 
Gauss-Siedel method for the linear systems. This method consists in solving the 
problem contact by contact, that is to say to treat a set of Q simple contacts. Let us 
consider the (i)-th contact (Cj). It is supposed here that the problem is solved for all 
the contacts (Cj)j^i, we can thus write: 
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A 



‘ Vp + - 



r(i+2Q,i+2Q) 



A 



r(i+2Q,i+2Q) 



_yi 



Vr + 



SA.„J|S' 



j=1..3Q 

j>i+2Q 



Note : If the contact (Ci) is active, the terms Ar(u), A^^+qj+q) and Ar(i+2Qj+2Q) are 
strictly positive, because the A^ operator is semi-definite positive. 

We can write these relations in the form of three linear equations: 



S ‘ = c ‘vp + b 



S‘=c ‘vp + b i = l..Q 



S^-=c,/-Vp + b,_ 



(81) 



These three relations are subjected to the constraints: 



Signorini("‘ Vp,S"‘ ) 

Coulomb (’‘^ Vp Vp , ) 



i = l..Q 



(82) 



Let us see how to solve this problem. 



Signorini( "‘Vp ,S"‘ ) 

We are brought to study the intersection between the Signorini graph and the line: 



S =c -Vp + b^ 



(83) 



Taking into account the preceding remark, we can ensure that the slope of this line is 
strictly positive. We thus obtain two cases (figure 14) : 
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Fig.l4. Normal contact problem for the i-th contact 



Coulomb( Vp/' Vp,S"‘' ,S ) 
We have: 



^ if = 0 then = 0 
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(85) 



This operation corresponds to a projection on the cone of quadratic Coulomb cone. 
We can represent this process in 2D by the following figure: 
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Sliding 



We reiterates this process until a certain criterion of convergence is checked. 
The algorithm is presented in the following way: 

{ Procedure J.J. Moreau } 

{ Estimation of the invariant vectors and matrix } 

calcul_qi /2 

calculvL 

calculAr 

{ Initiaiization of the contact impuises } 

for i=1 to Q 
S"=0 
S’‘=0 
S''=0 
endfor 

{ Reiaxation method } 

while a==0 
k=k+1 
for i=1 to Q 

{ Geometric detection of the contacts } 

if O"'<0 
calcul_bi 
calcul_Ci 

if bni>0 

{ Normal contact } 

S"'=bni 

{ Tangential contact } 

if (bxi^+byi^)<p^(S"'f 
{ Sticking } 

S"'=bxi 

S'''=byi 

else 

{ Sliding } 

S"' =p S"' bxi /(bxi^+byi^)"'" 

S''' =p S^'byi /(bxi^+byi^)''" 

endif 

else 
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{ Lift-off } 

S"'=0 

S’‘'=0 

s'''=o 

endif 

endif 

endfor 

{ Convergence test } 

if norm(0(k,k+1 ,S"',S’‘',S'''))<e 
a=1 
endif 
endwhile 

This method proposes an implicit treatment of the relative velocities and of the 
contact impulses. No freedom is taken with respect to the Coulomb law. But the most 
interesting with this approach is that the velocity formulation makes it possible to 
treat, at the same time, all the transitions, slip-stick, stick-slip, separation and even the 
shocks. This type of method is called “time-stepping”. Moreau has applied this 
algorithm to the modelling of granular mediums (simulating the behaviour of samples 
containing several thousands of grains (balls and polygons) of different sizes) and 
also to the modelling of monumental buildings. 

to#[17][44][45] 

The work of this author is also particularly interesting. The problem is formulated in 
acceleration. After having used during a long time the traditional method (TCP 
formulation, Lemke algorithm) [44] [45], we can find in [17] the description of a new 
algorithm inspired from the Dantzig method. It is a pivotation method which is used 
to solve linear complementarity and quadratic programming problems. The advantage 
of this method is that, as in the case of the Moreau algorithm, the problem is treated 
contact by contact. This algorithm makes it possible to handle friction correctly, 
without polyhedral approximation of the Coulomb cone. We return the reader to the 
article [17] for a complete description of the Dantzig algorithm. 

Note : This author has used the Lemke algorithm for a long time, whereas he was 
perfectly conscious of the existence of the relaxation methods. Indeed, he presented a 
Jacobi method [45], very close to the Moreau algorithm. But this author didn’t 
judged the convergence of the method good enough to be used as principal method. 
Consequently, the role of this algorithm was simply to predict the sign of the 
tangential contact forces. This operation made possible the removal of the absolute 
values of the expressions (61) or (65). Then, the problem was formulated on a TCP 
form and its resolution was entrusted to the algorithm of Lemke. 

This ends our literature survey. We do not claim that this bibliographical 
review is exhaustive, but we think that the principal proceedings were presented. Let 
us see now the strategy we have chosen. 
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3.2.3 Determination of our Strategy 

First of all, it seems clear that the treatment of the frictional contact problem in the 
form of a linear complementarity problem is not satisfactory for two essential reasons: 

■ The polyhedral approximation of the Coulomb cone which is necessary in 
the sticking case. 

■ The introduction of new variables. 

We will not give our opinion on the formulations NCP of Glocker and MCP of 
Pang and Stewart, because these approaches are still too recent to allow a sound 
judgement of their effectiveness on examples. If the resolution algorithms of these 
problems are not too complex and if they present interesting convergence properties, 
it will be necessary in the future to be interested in these approaches. 

At the moment, we prefer to limit our choices to the methods of Wosle, 
Moreau and Baraff: 

Wosle treats all the contacts at the same time, i.e. all the contact status are 
modified during the same iteration. The first method of Wosle proposes a tempting 
formulation, but the resolution algorithm appears rather heavy (with each iteration of 
the fixed point, one solves a non-linear system with a method of Newton). In his 
second formulation, he introduces additional variables which increase unpleasantly 
the size of the problem (12 variables for a sticking contact in 3D). Moreover, the 
homotopy method which is used for the resolution appears, once again, quite heavy to 
implement. 

For reasons of simplicity, we prefer here to adopt Moreau and Baraff attitude, 
which consists in using algorithms which deal with the problem contact by contact. 
Between these two algorithms, we have naturally adopted Moreau’s and that for 
various reasons. It is clear that the fact that we have worked in the same laboratory 
was an important factor, for we did benefit from weel-advised counsels. But, there are 
also more scientific reasons for this choice. First, the Gauss-Seidel method rests on a 
simple principle. The clearness of this algorithm enables very simple modification in 
order, for example, to take into account permanent constraints, to define joint drivers 
or to introduce a restitution coefficient. This method is much easier to implement and 
to handle than the Dantzig algorithm or than all the other algorithms which we have 
quoted. Admittedly, the convergence of the Gauss-Seidel method is probably lower 
than that of the Dantzig method, but the calculations carried out in the Gauss-Seidel 
procedure are much less heavy. With this method, we avoid the resolution of linear 
systems in the course of iterations, whereas at each step of the Dantzig method such a 
calculation is necessary. Furthermore, Moreau has extensively used his algorithm for 
at least ten years, so we can really rely on the robustness of this procedure. 

So, for reasons of simplicity and of robustness, we have chosen to adopt the decision 
procedure of Moreau. 

Note : Whichever method is adopted, it is necessary to check if this method is able to 
treat hyperstatic systems (see remark in [32] for example). 

A second point which seems important is: should we formulate the problem in 
velocity or in acceleration? To answer that, we deliver to the reader the following 
reflections: 

The acceleration formulation raises some remarks: 




1 06 Michel Abadie 



■ It is necessary to seek an approximation of each transition time (where an 
event occurs). We will say that we have a method of the type «Event 
Driven ». It is important to note that this research of the events is perfectly 
obligatory, because the contact laws which we have formulated are only 
valid under certain velocity conditions. This aspect is very seldom 
approached, for example [39] does not evoke this subject at all. As a 
consequence, every transition times can be reported to the user. That allows 
a precise analysis of the results and guarantees that no important event will 
be neglected. 

■ Before running the decision procedure in acceleration, we must be able to 
carry out a first classification of our contacts. This classification is 
necessary because, as we have seen, the Coulomb law can’t be expressed 
directly in acceleration. We proceed in the following way: 



> 8 



< 8 



sliding 

sticking 



for i = l,...,Q 



The danger here is to make a mistake in the classification because of the 
rounding errors. If we give a sticking status to a sliding contact, it is not a 
problem because the decision procedure can carry out a stick-slip 
transition. On the other hand, if a contact, whose real status is sticking, is 
classified as sliding contact, the algorithm will not be able to catch up with 
that. It is thus advisable to stabilize the constraints with the greatest care in 
order to avoid errors due to simple drifts (see paragraph 2.3.2.). 

■ The shocks are treated with an additional algorithm (see chapter 4). 

From this point of view, the velocity formulation of Moreau presents obvious 
advantages: 

■ No status classifying. 

■ The shocks are treated in the same footing than the other events. 

■ No research procedure of the transition times is necessary. 

On the other hand, the Moreau algorithm uses an integration scheme of order «l-l/2» 
with a constant step of time. It is conceived to face several thousands of simultaneous 
contacts. Our objective is much more modest, and we can estimate that forty contacts 
is a reasonable limit for the applications which we intend to treat. Furthermore, we 
will make the hypothesis that the number of events, which punctuate simulations, is 
not too large. With this assumption, we can then use high order integration scheme, in 
order to move as fast as possible between two consecutive events. We could be 
tempted to use a velocity formulation with high integration scheme, but, that would 
probably give a process of integration slower than if we worked in acceleration 
(because of the discretization errors of the dynamic equations), with all the same the 
obligation to locate all the events. For these reasons, we have chosen to formulate the 
problem in acceleration. 

We will now focus on the existence and the uniqueness of the results as well as 
on the convergence of the Gauss-Seidel algorithm. 
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3.3 Existence, Uniqueness, Convergence 

Let us see the results of existence and uniqueness which are at our disposal. 

3.3.1 Existence, Uniqueness 

Once again, we will make the distinction between contact with and without friction. 
We still consider that we do not have bilateral constraints (P=0). We can note that all 
the results we will state remain valid when (P^O), because a bilateral constraint can 
always be expressed in the form of two unilateral constraints. In this paragraph, we 
will state several theorems and return the reader to the references quoted for their 
demonstration. All the results we will present, are valid for the quadratic and 
polyhedral Coulomb. 

We still consider a system (E) with (N) principal joints and (Q) contacts (Ci)i=i..Q with 



Contact without Friction 

We must deal with a complementarity problem of the form: 

a„>0 r>0 (ajT(r) = 0 (86) 

With a„ +(0")qH'‘(U-C) + ri" =AX" +b 

The following theorem is stated: 

Theorem [27] : 

There is always a single solution |^a„, (o" jto the problem (86). 

If moreover, rang=min(N,Q), then the solution w unique. 

We can note that Moreau [25] has already proposed an equivalent theorem. 

It shows that we always have the existence and uniqueness of accelerations and of the 
contact forces, when the Delassus operator A is definite positive, but only the 
existence of the contact forces when A is semi-definite positive. This theorem is valid 
for the three formulations (LCP), (QPl) and (QP2). 

We find the same result as in the case of the bilateral constraints. Remember that we 
had been brought, paragraph (2.3.1.), to modify the kinematic constraint matrix, for a 
hyperstatic system, in order to ensure the convergence of the Runge-Kutta method. 
No operation of this kind is necessary here, because the optimization problem is 
solved only at the end of the step of time. 

Let us now add friction to our problem. 
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Contact with friction 

The distinction between sticking and sliding contacts has to be made. 
Sticking 

We must solve the problem: 

an>0 X">0 (an)'^(X") = 0 

‘ia^ =0 ((X‘i)A(‘ia))=0 
V / 

With: 

A r b 




[16] shows the following theorem: 

Theorem : 

In the case of sticking, if ra«g(<I>”)q =min(N,Q), we can ensure the existence 
of a solution. 

If rang i^^^^<min(N,Q) and if b^Glm(<I>") q, we can still ensure the 

existence of a solution. Furthermore, taking into account the definition of hr , 
this condition is always verified. 

No uniqueness demonstration of the solution can be done in the general case, but it is 
important to note that no example of sticking contact, with several solutions, has ever 
been published in the literature. 

Sliding 

We must deal with a complementarity problem of the form: 
a„>0 r>0 (ajT(r) = 0 

With a„ = (A + )X„ + b = AgX„ + b 





( 88 ) 
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We could be tempted to apply here the preceding theorem results. The problem is that 
the modified Delassus operator Ag is no more semi-definite positive in general. We 
can thus state no results of existence nor uniqueness. Worse than that: contrary to 
sticking, there exists in the literature examples of sliding contacts which do not have a 
solution (inconsistency), or have several solutions (indeterminacy) [46] [45] [47] [19]. 
We return the study of these two cases to paragraph (3.4.3.). 

Under certain conditions, we can however show the existence and uniqueness of the 
solution in the case of sliding, but for that, the friction coefficient must not be «too 
large ». To illustrate our matter, we will state a theorem which is valid in case of 
sliding, but also in the case of sticking. 

Sticking-Sliding 



Theorem [16] : If it is supposed that ra«g(0” ^min(N,Q), then 

(1) There is a positive scalar p such that ;/ [t g [0,pi]ybr any contact (C] 
with ie Ij, the 3D frictional contact problem admits a solution. 

(2) There is a positive scalar jj, such that [t e [0,pi] for any contact (C] 
with iG (1..Q), the 3D frictional contact problem admits a single solution. 

When all the friction coefficients are bounded, we can thus ensure the existence and 
the uniqueness of the solution. All the difficulty lies in the evaluation of the term pi. 
Trinkle proposes in the same article, a calculation of this parameter. But according to 
this author, this estimate is too pessimistic to be truly usable. 

We will not summarize the existence and uniqueness results which are given 
by [37], because these results are only valid in the case of a polyhedral approximation 
of the Coulomb cone. However, one finds in [37] a quadratic modelling of the cone 
Coulomb. In this article, the author states existence results for sliding contacts. It is 
interesting to notice that Anitescu also imposes bounded friction coefficients, but this 
restriction is expressed less rigorously (ft sufficient small) than Trinkle’s. 

More recently. Pang and Stewart [36] have proposed an existence 
demonstration for the frictional contact problem. Their demonstration is based on 
homotopy arguments and thus makes it possible to focus on the results existence 
without being concerned with their uniqueness. Unfortunately these results are stated 
within the framework of a velocity formulation (time-stepping formulation). Because 
of our preceding choices, this demonstration could not be useful to us. However, we 
will reconsider the problems of results existence for time-stepping formulations when 
we discuss the problems of inconsistency and indeterminacy. 

Let us now report the convergence results which are at our disposal. 

3.3.2 Convergence 

We have chosen to solve an optimization problem under constraints with an Gauss- 
Seidel relaxation algorithm. We will see in which conditions we are assured that this 
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algorithm converges. As before, let us make the distinction between contact with and 
without friction. 



Contact without Friction 



We must deal with a problem of the form: 



min J(X.")= min 

(\° 



AX" + (X"/b 



X" > 0 (QP2) (89) 



The following result is stated: 



Theorem [29]: If the functional J is elliptic, then the Gauss-Seidel relaxation 
method converges for problem (QP2). 



In our study, the functional J is quadratic, but we know that if the Delassus operator A 
is definite positive, then the functional J is elliptic and the preceding theorem applies. 
That is to say that convergence can only be proven for hypostatic systems. 



Contact with Friction 



No results of convergence are available. 

We can draw from this paragraph the following conclusions: 

■ There does not exist in the literature theorem which ensures, in general, the 
existence and the uniqueness of a solution to the frictional contact problem. 
The theorems which we have stated are too restrictive to be exploitable. 

■ The results of convergence are quite thin. But, it is important to note that 
the choices we made (quadratic cone of Coulomb, Gauss-Seidel relaxation 
method) are not in question. A formulation (LCP, algorithm of Lemke) 
does not lead to better results. 

We have to note here, that, it is not because we do not know how to demonstrate a 
result, that this result is not true in general. As a matter of fact, the Gauss-Seidel 
method has converged perfectly and has given a unique solution for all the examples 
we have treated. Even without convergence, existence or uniqueness results, our point 
of view consists in applying our approach directly, but with a certain number of 
precautions. Thus at each calculation step we check the results validity. 

In practice, it is very easy to control the existence of the solutions and the 
convergence of the method. In fact, if one of these results is not checked, the 
algorithm stops and, the user is automatically informed of the situation. We will see 
however, paragraph (3.4.3.), how to detect the cases where no solution exists 
(inconsistency) and we will propose a manner of treating them. The problem of the 
uniqueness of the solution is much more alarming because, when the problem has 
several solutions, the algorithm generally converges towards one of them (local 
minimum) and the simulation continues without the user suspecting anything. The 
results obtained by this way are not reliable and can lead to erroneous conclusions. It 
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is thus very important to be able to detect the multiple solution cases (indeterminacy); 
this study is also returned in paragraph (3.4.3.). 

We now will specify more precisely our algorithm structure. 

3.4 Our Approach 

This paragraph is composed of three parts. First, we will give a pseudo code of the 
Gauss-Seidel method written in acceleration. We will see, then, how we have 
modified our code in order to treat bilateral constraints and to allow driven joints. We 
will conlude by the study of two indeterminacy and inconsistency examples. 

We always consider a system (E) with (N) principal joints, (P) closed loop joints and 
(Q) contacts (Ci)i=i..Q with ie 

3.4.1 Structure of the Gauss-Seidel Procedure iu Acceleratiou 

Given the pseudo code of the Gauss-Seidel method in acceleration, we must solve a 
problem of the form: 



= Cy, ^‘ap -Fby, 



i = l..Q 



i £ Ij 



(90) 



Subject to the conditions: 

Signorini("‘ap,A.”‘) i = l..Q 

Coulomb(’‘‘ Up,^‘ ap,X’^‘ 



(91) 



For each contact (Ci), we define the parameters: 

■ status[i]=l if the contact is active, zero if not, 

■ rolling[i]=l if the contact is a sticking contact, zero if it is a sliding contact. 

{ Gauss-Seidel procedure in acceleration } 

{ Status classifying } 

tri_contact(status, rolling) 

{ Estimation of the invariant vectors and matrix } 

calculaL 

calculAr 

{ Initialization of the contact impulses } 

for i=1 to Q 

r=o 

^'''=0 

endfor 
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{ Relaxation method } 

while a==0 
k=k+1 

{ Unilateral constraints } 

for i=1 to Q 

{ Active contact } 

if statut[i]==1 
calcul_bi 
calcul_Ci 

{ Normal contact } 

if bni>0 

{ Sticking } 

if roulement[i]==1 

r =bni 

{ Sticking continue } 

if (bxi^+byi^)<|i^(r'r 
X" =bxi 

r =byi 

{ Stick-slip transition } 

else 

r =|irbxi /(bxi^+byi^)"'" 
r =^r'byi /(bxi^+byi^)"'" 

endif 

{ Sliding } 

else 

jlxi =-dVxi /(Vxi^+Vyi^)^'^ 
ftyi =-fiVyi /(Vxi"+Vyi")^'2 
A, =f(bni,|i^;,|iy;,Cni) 

=fry.r 

endif 
{ lift-off } 

else 

A"'=0 

^”'=0 

A'''=0 

endif 

endif 

endfor 

{ Bilateral constraints } 

(see paragraph 3.4.2.) 

{ Driven joints } 

(see paragraph 3.4.2.) 

{ Convergence test } 

if norm(0(k,k+1 X'X\X''))<£ 
a=1 
endif 
endwhile 
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Before going further, we are going to specify an important point. The Gauss- 
Seidel method is an iterative method, it is thus appropriate to adopt a convergence 
criterion which ensures a sufficient precision to the results. As it is a delicate 
business, one could be tempted to impose a draconian criterion which strongly 
increases the iteration count. This strategy is, according to us, too expensive. To solve 
this problem, the surest manner to proceed is to adopt a convergence criterion which 
guarantees the status convergence of the contacts. Once this criterion is validated, we 
solve a differential-algebraic system, the form of which is dictated by the contact 
status. We thus obtain an acceleration field, with a maximum precision, that allows us 
to continue integration in full safety. 

Note : Concerning the contact efforts, we do not use the values of the Lagrange 
multipliers which are obtained by the resolution of the differential-algebraic system. 
We proceed in this manner for two reasons. First is that, in the case of a hyperstatic 
system, the resolution of the differential-algebraic system would lead to contact 
efforts incompatible with the status obtained at the end of the iterative process. The 
second reason is that in the case of our explicit D&P algorithm, the efforts are not 
necessary to integration; their precision imports little. We are thus satisfied to 
provide to the user the contact efforts values obtained at the end of the Gauss-Seidel 
procedure. 

Let us see now, how to introduce bilateral constraints and how to define joint 
drivers. 

3.4.2 Modifications 
Bilateral Constraints 

Let us suppose that the system (Z) has (P) closed loop joints (pin or slider). The 
dynamics equations are written: 

Hq = (U - C) + (O ^ + (O " ) r + (O ‘ X' (92) 



Where the matrix (o'^) q represents the matrix of kinematics constraints associated to 
the closed loop joints. 

As in the case of unilateral constraints, we can define a system of the form of (78): 











I 

1 




= 


"ap 


+ Aj. 




‘ap 




‘ap 







Where (^a) represents the relative acceleration associated with the permanent 
constraints. 

Let us apply the Gauss-Seidel method to solve the system (93). The calculation of the 
(5xP) lagrangian multipliers, associated to the closed loop joints, can be written in the 
form of (5xP) simple problems: 
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— ’^‘ap+ — — 



ap+ X ^r(ij)^ 
j=l..P+3Q 

}*i 



-CLi 



for i = 1..5xP 



(94) 



This (i-th) equation is subjected to the constraint a^ = 0, which implies?i^‘ = bp . 

Thus, to treat the bilateral constraints, it is only necessary to add to the preceding 
pseudo code the few following lines: 

{ bilateral constraints } 

for i=l to 5P 
calcul_bLi 

endf or 



Joint drivers 



Let us consider that the user wants to control the (i)-th joint (L;) of the system (E). He 
must specify the position, velocity and acceleration of this joint. The unknown of the 
problem is then the Ui effort which we must apply on the joint (Li) to obtain the 
desired movement. The (i)-th line of the dynamic equations is written, after inversion 
of the matrix H: 



q. = Hj;; (U - C) + H(-.; ((O^ )^q + (O" )^q r + (0‘ )^q ) (95) 

Where represents the (i)-th line of the matrix H*. 

A simple calculation gives us: 

U. =:^fc-H(i')(U-C)-H(i')((0^),,X^+(0"),,r +(0‘)^,X')) (96) 



Where the vector U is equal to the vector U whose (i)-th component is set to zero. 

The equation (96) enables us to calculate Ui at each iteration of our decision 
procedure. After this calculation, it is advisable to update the variable ap which 
depends on U. We define, for the joint (Li), the pilot variable: pilote[i]=l if the joint is 
controlled, zero if not. 

We then add the following lines to the preceding pseudo code: 

{ Driven joint } 

for i=l to N 

if pilote [i] ==1 
calcul_Up 
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endif 
endf or 
calcul_aL 

We can see with which facility these modifications have been carried out. We 
now will study the cases of indeterminacy and inconsistency. 

3.4.3 Particular Cases 

We saw, paragraph (3.3.1.), that in the sliding case, we are unable to ensure the 
existence and the uniqueness of the results. To illustrate this, we will consider a 
simple example. It is a very classic example, suggested by Painleve [46], which can 
be found in [19], [45], [47], [14], and whose detailed analysis is proposed in [48]. 

Let us consider (E), a homogeneous rod of length (21), mass m and inertia J=l/3mP. 
This rod is in contact with the plan (TI) at the point C. We note ("v,’v) the relative 
contact velocities represented figure 16. The position and the orientation of the rod 
are completely defined by the vector q=[x,y,(p]^. 




The dynamics equations are written: 



mx = X,* 

■ my = X” - mg 

1 2- t 

— ml (p = -Xlsiu(p-X Icostp 
_3 

Where (X", X‘) are the contact forces. 

The constraints in acceleration are given by: 



(97) 



( "a = y-lipcostp+ltp^ sin(p 
*a = X - lip sin 9 - 1(f) ^ cos(p 



( 98 ) 



Let us suppose that the sliding velocity is strictly positive, then: 
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X' = (99) 

The equations (97), (98) and (99), allow us to express the normal contact force as a 
function of the relative normal acceleration: 

r=c„/a + b„g (100) 



With 



"ng 



^ng 



m 



(1 + 3 cos tp(cos 9 - p, sin tp)) 

(-l(p^sin(p + g)Cng 



Note : We adopt here the index (ng) in order to specify that in this «normal 
equation}}, we consider also tangential parameters. Since we have only one contact, 
Cng represents the inverse of the modified Delassus operator Ag defined by: 



Ag=(®"),qH-'((0")T +p(0‘)T)=A + (0"),qH-ltl(0‘)T) 



We will study the behavior of this system according to the coefficient of friction p. 

2 

l + 3cos 9 , ... 

■ It p < , the c„„ term is strictly positive. 

3cos9sin9 ® 

The intersection of the Signorini graph with the line of equation (100) can 
be pictured as in figure 14. We can thus ensure in this case the existence 
and the uniqueness of the solution. 

We will see that when the c„g term is strictly negative, complexity 
increases. 



■ It is supposed subsequently that p > . 

3 cos 9 sin 9 

Note: We can notice that we are within the framework of the theorem of existence 
and uniqueness ofTrinkle, paragraph (3.3.1.), with: 






1 + 3cos^9 
3 cos 9 sin 9 



Indeterminacy 

Let us suppose that b„g is strictly positive. The problem can be represented by the 
following figure: 
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Maintained 

contact 



Lift-off 



Fig.l7. Indeterminacy case 

We can see clearly that the line (100) cuts the Signorini graph in two points. Under 
these conditions, the problem has two solutions. We are thus in a characterized case 
of indeterminacy. 

Inconsistency 

If bng is strictly negative, we are then in the following situation: 




We do not have any intersection between the line (100) and the Signorini graph. The 
problem thus does not have any solution. 

These problems raise two questions: 

■ First, can we detect such situations simply? It is clear that yes, since we 
have just to control the signs of the variables c„g and b„g after the 
convergence test of the decision procedure. 

■ The second question which arises, is what are we going to do once the 
problem is identified? It is necessary to be well aware that the problems of 
indeterminacy and inconsistency occur when we are in extreme cases, 
where the hypothesis (friction of Coulomb and rigid bodies) is no more 
valid. To come out of this bad step, it is thus necessary to release one of 
these two conditions. The simplest solution consists in requiring the user to 
decrease the friction coefficient (we can even say which one and suggest a 
value). If the user refuses this option, it is necessary to allow system 
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deformation. This solution is more or less simple to carry out, because it 
requires some modifications of the mechanism structure. 

In practice, we can reach cases of indeterminacy or inconsistency in the course of 
simulation. It is thus advisable to be vigilant, and each time we detect a problem, we 
stop the simulation by informing the user of the situation and of the measures to be 
taken. 

However, we can find in the literature certain methods which make it possible to deal 
with these problems. Among them we will recall here the Principle of Constraints of 
Kilmister&Reeve, which is stated in the following way: 

Proposal [45]: The constraints must be checked by forces each time it is 
possible, if not we will have recourse to impulses. 

Is this code of conduct sufficient to solve our problems? The application of this 
principle to the case of inconsistency is direct. In this situation, the forces diverge and 
do not allow any more to verify the contact constraints. In accordance with the 
preceding proposal, we thus apply an impulse to the system. The jump which results 
from this operation is often called «the catastrophe of Lecomu », in honour of the 
author who first proposed to solve the paradox of Painleve by means of impulses. 

It appears clearly that this principle cannot solve a problem of indeterminacy, because 
it simply indicates to choose a force solution without however specifying which of 
these solutions must be chosen. 

In order to deal with indeterminacy Painleve has stated the following principle: 

Proposal [48]: If two rigid bodies in contact without friction separate, then 
under the same conditions, but with friction, they will separate too. 

These principles are in fact recipes which allow to continue simulation at all cost, 
without any mechanical considerations. So as a conclusion, it appears reasonable to 
stop the simulation when we face such problems. The user will be informed, by a 
message of the situation and of the measures to be taken (to decrease the coefficient 
of friction or to introduce deformation). In this objective, we place tests at the end of 
the Gauss-Seidel procedures in velocity and in acceleration. These tests consist in 
controlling the sign of c„g and b„g for each sliding contact. We thus consider that we 
have an effective protection against the problems of inconsistency and indeterminacy. 

Before ending this discussion, let us just say a word about the “time-stepping” 
method. When using such a method, a problem of indeterminacy or inconsistancy will 
always find a solution. The case of inconsistancy is particularly interesting because as 
a “time-stepping” method is working with impulses, it can thus verify the principle of 
Kilmister&Reeve without any external intervention. So the Painleve paradox can be 
solved directly with this approach. But, it is really important to note that the solution 
then depends on the step of time. You will thus find different solutions as a function 
of the step of time. This phenomenon has been highlighted by Moreau in [14]. So 
even if a “time-stepping” method always finds a solution in the case of indeterminacy, 
as this solution is not unique, we are not interested by this property. 

Let us now study the problem of impacts, this will be the subject of the next 
section. 
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4 Treatment of the Shocks 

The object of this chapter is the treatment of the shocks. We again use the notations of 
the preceding chapter, and we place ourselves at the time tn* where a shock occurs. 
At this instant, we suppose that the contact (Ci) is established with: 



l “‘ v ( t „*)<0 



( 101 ) 



We admit here that the shock is an instantaneous phenomenon, which leaves the 
geometry invariant, but which involves a velocity discontinuity. This hypothesis of 
invariant geometry is justified in [49]. It is admitted that the velocity has bounded 
variations, we can thus define a velocity jump. Our objective is to calculate the 
velocity after the shock, therefore, we are interested in the jump of this variable: 

A"‘v="W'-"‘v’ (102) 



Where ("‘v ,"‘v^j represent respectively the normal relative velocities before and 
after the shock. 

This chapter is composed of three paragraphs. First, we will establish the 
dynamic equations for an inelastic shock and we will again formulate an optimization 
problem under constraints. We will then study the definition of an impact law, elastic 
or partially plastic, and we will justify the choice of the coefficient of restitution 
which we have adopted. In a third paragraph, we will introduce a certain number of 
concepts which appear important to us. We will consider the problem of impulse 
propagation. We will then propose a procedure which makes it possible to interpret 
the impulsive forces in forces and to conclude we will be interested in the problem of 
the contact capture. 

4.1 Formulation of the problem 

We will see here how we can formulate an optimization problem under constraints. 
We will first establish the dynamic equations for an inelastic shock. 

4.1.1 Formulation of the Dynamic Equations 

We place ourselves on the time interval [tn_i, tj. Let us consider the most general 
case of a system (Z) with (P) closed loop joints and (Q) active frictional contacts. 
Under these conditions, the dynamic equations can be written: 



Hq - U + C - (O^)^qX^ - (0")^qr - (0‘ )^qX‘ = 0 



(103) 
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At time t„* the system undergoes a shock. Let us see how the equations (103) behave. 
We will be interested in the limit of the following equation when L-i and t„ tend 
towards L*: 












(104) 



Successively let us consider each term of this equation. This procedure is borrowed 
from [18]. 

term 1: The operator H is a continuous function of time. The Average Value theorem 
thus enables us to ensure the existence of an instant t^ such as: 



= H(q(tk))f;_^ (q)dt = [q];;;_ 



with tke[tn_i,tn] (105) 



If we consider the limit of this equation, we obtain: 



lim 



(Hq)dt j= H,^.(q" -q-),^. = H.^,(Aq),^, 



(106) 



term 2: U and C are functions of the position and velocity (which has bounded 
variations), consequently we have: 



lim f (-U + C)dtl=0 



(107) 



terms 3, 4, 5: The kinematic constraint matrices are continuous functions of time. We 
give here the principle of calculation for the closed loop joints. The Average Value 
theorem gives us: 

= With tkG[t„_i,tJ (108) 



While passing to the limit, we have: 



lim f" ((OL)>")dt = ((0")M . lim f" (X")dt 

= ((®")"qLs" 



( 109 ) 
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Where the vector represents the impulsive efforts associated to the closed loop 
efforts. In the same manner, we define the impulsive forces (S", S‘) associated with 
the contact forces (X", X'). 

According to these results, the dynamics equation (103) are written after 
passage to the limit: 



HAq-(0^)^qS^ -(0‘)^qS* =0 (110) 

Where we voluntarily omitted the index (t„*), for it is understood that all these 
quantities are calculated at time (tn*). 

As you can see the inertia forces and the external efforts have been eliminated from 
equation (1 10). The principal unknowns of our problem are now, the velocity after the 
shock and the closed loop and contact impulses. 

Let us see now how to formulate a contact law as a function of these variables. 

4.1.2 Contact Law 

We suppose here that all the contacts (C;)i=i q are active at time L*. 

Inelastic Normal Contact Law 

The normal contact forces are subjected to the complementarity conditions in 
acceleration: 



if ielnn "ia>0 > 0 ("ia)(X"’) = 0 

else X"' = 0 



for i = l,...,Q 



( 111 ) 



The condition X."' >0 implies: 

= lim (x"i)dt>0 for i = l,...,Q (112) 

Note : The reciprocal is not true in general. 

According to this relation, we formulate complementarity conditions as a function of 
the velocity and of the impulses: 

Proposal [13]: In the case of a shock, the following complementarity 
conditions must be checked: 

[if iein "iv+>0 S"‘>0 ("W+)(S"‘) = 0 



else X"’ = 0 



for i = l..Q (113) 
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In this form, this relation constitutes an inelastic normal contact law. 

Note : For only one contact, this law is equivalent to the following condition: 

Cn^) = q. 

Tangential Contact Law 

The things are appreciably more complex here. At the time of impact, we must face 
several situations, in which the impulses will not always check the same inequalities 
as the forces. To illustrate our matter, we will suppose that the shock is not 
instantaneous, but that it is held on a very small interval of time [tn*-5, t„*+5 ]. We 
will see up to what point we can connect the forces, at time (t„*+5), with the impulses 
calculated on the interval [tn*-5,tn*+ 5]. Five cases arise: 

The contact slips at the beginning and at the end of the time interval (no transition) 

It is clear that one has the following relation: 

=> s‘j=ps"j (114) 

The contact sticks at the beginning and at the end of the time interval (no transition) 
It is shown easily that: 

=> S‘J <|iS“' (115) 

The contact slips initially and then sftcfa (slip-stick transition) 

Here still, it is easy to show that: 

^ S‘J <|iS"i (116) 

The contact sticks initially and then s/ips (stick-slip transition) 

The following relation is not always checked: 

X‘i=prJ => s‘J=pS"J (117) 

The contact slips initially and then reverse sliding occurs (reverse sliding transition) 
Once again, the following relation is not true: 

= pX"j => S‘J = pS"J 

The following figure illustrates these two last problematic cases: 
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Fig.l9. Variation of the contact impulses during a shock 

The formulation of the Coulomb law as a function of impulses is thus not direct. 
Though it is, we prolong this law in impulse, it is an hypothesis which is important to 
note, here is its statement: 

Proposal [ 13] : In the case of a shock, we adopt a tangential contact law of the 
form: 



if iel„ 



|S*i 






if i G Ig S ' = 
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(^iv+) 









(5''V+) 






flS" 
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flS"' = jIS"i 



The graph of this relation is given, in two dimensions, on the following figure: 




Fig.20. Tangential shock law, Coulomb law as a function of impulses 



Let us see now how to use these laws to solve our problem. 
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4.1.3 Formulation and Resolution of an Optimization Problem under 
Constraints 

Setting of the problem 

The problem is very similar to the one of the preceding chapter and the procedure we 
are going to use, in order to solve it, is exactly that of Moreau (paragraph 3.2.2.). We 
will write an optimization problem under constraints (equalities and inequalities) of 
the form: 



~L +~ 
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Where (^v~,^v'^) are the relative velocities associated to the closed loop joints before 
and after the shock. 

("v^,‘v^) represent respectively normal and tangential relative velocities after 
the shock. 

("v~,'v~) are normal and tangential relative velocities before the shock. 

Ar is the Delassus operator. 



It is clear that we have (^v ,^v''^) = 0 , so the system (119) can thus be written: 
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This system is subjected to the conditions imposed by the contact law: 

|signorini("v'^,S") 

|coulomb(*v'^,S') 



( 121 ) 



Resolution of the problem 

The problem is formulated here as a function of the velocities, we thus adopt the 
Gauss-Seidel method of which the pseudo code was given at the paragraph (3.2.2.). 
We make to this procedure the necessary modifications to take into account bilateral 
constraints and driven joints (see paragraph 3.4.2.). 

The results of existence and unicity of the solution, and convergence of the 
method, are exactly the same than in the paragraph (3.3.). 
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Up to now, we have made the hypothesis of an inelastic shock, let us see now 
how to model elastic or partially plastic shocks. 

4.2 Taking into Acconnt of a Normal Restitntion Coefficient 



In order to model an elastic shock or a partially plastic shock, we will introduce a 
restitution coefficient. We make here the hypothesis that the materials in contact 
don’t undergo deformations in the tangent plane of contact. We thus do not consider 
tangential restitution coefficient, although experimental [50] and numerical studies 
(modelling by finite elements method) [51] allow to highlight this phenomenon. 
However, it seems that, in a first approximation, we can consider only a normal 
restitution coefficient, even if, with this hypothesis, we won’t be able to simulate 
magic ball bounces [13]. We return the reader, who may be interested by this subject, 
to the work of Pfeiffer [19] for the modelling of a tangential restitution coefficient. 

This paragraph is divided into three parts. First, we will point out the principal 
definitions of the restitution coefficient which can be found in the literature. Among 
these approaches, we will select the Poisson restitution coefficients. We will 
formulate a normal contact law using this coefficient. To finish, we will see how our 
algorithm have been modified to take into account the Poisson restitution coefficient. 

4.2.1 Definitions 

We consider here only one contact, we will see further how to prolong these laws in 
the case of multiple contacts. There are three different definitions of the restitution 
coefficient: 



The Newton coefficient (kinematic definition) (see for example [52]). 
This coefficient is defined very simply by the following relation: 






ro 

("v-) 



( 122 ) 



The coefficient of Poisson (dynamic definition) (see for example [53]). 

The shock, although instantaneous, is divided into two phases, a phase of 
compression and a phase of restitution. We respectively associate with each of these 
phases the indices (c) and (r). The Poisson restitution coefficient is defined by the 
impulse at the end of the phase of restitution divided by the impulse at the end of the 
phase of compression. Which can be written: 



ep = 




(123) 



The coefficient of Stronge (energy definition) [54][55]. 

This author proposes a definition of the restitution coefficient which is based 
on energy considerations. For that, once again the shock is divided into two phases of 
compression and of restitution and we have: 
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r'r("v+)dt p;("v+)dr 

•'tc 



(124) 



Where (tc, tr) represent the instants of end of compression and restitution 
respectively. These instants are completely abstract since we consider that the shock 
is an instantaneous phenomenon. It simply makes it possible to express the work of 
the normal impulse. Peres [20] gives a definition of the coefficient of restitution 
which is completely similar. 

All these coefficients are by definition ranging between zero and one. Zero 
value corresponds to an inelastic shock and the value one means an elastic shock. 

The Stronge restitution coefficient is the most rigorous and it is from a 
mechanical point of view the most satisfactory. But, on the other hand, its use leads 
to a system of non-linear equations very difficult to solve, this is why we have not 
chosen this approach. 

Before eliminating this solution completely, it is advisable to be ensured of the 
validity of the other approaches. The Newton and Poisson coefficients lead to the 
resolution of a linear system, but they present certain defects about which we now 
will speak. 

Note: let us see at which conditions the Newton and Poisson restitution coefficients 
are equivalent. We have equivalence [47] when: 

■ jd^O - No friction. 

■ e=0 - Inelastic shock. 

■ The final contact status is the sliding. 

■ - The initial tangential velocity is null, we say that we have a direct 
shock. 

■ The gravity centers of the two impacting bodies and the point of contact 
are in the same line. It is said that we have a generalized central impact. 

Apart from these five cases, we will obtain different results. Rigorously, it should be 
noted that these results are only true for one contact, in the event of multiple contacts, 
we obtain different results (see for example [19]). 

It is now well known that the Newton restitution coefficient can lead to an 
increase of the total energy in the case of a non-central impact with friction (see for 
example [47] where the case of a rod impacting a plane is analysed using Routh 
method). As a consequence, we will never use the Newton restitution coefficient. 

What about the Poisson restitution coefficient? It can be shown [56], in the case of a 
non-central impact with friction, that the work done by the normal contact impulse is 
negative even for restitution coefficient equal to one. It should be zero if the shock 
model was perfect. Here is thus the only weakness of the coefficient of restitution of 
Poisson, it dissipates a little too much energy. Is this a sufficient reason not to use it? 
From a practical point of view, the behaviour of the Poisson restitution coefficient 
appears completely satisfactory to us. We thus adopt this coefficient, like 
[53][37][19], because it seems the best compromise between the simplicity of 
calculations and the quality of the results. We can find in [53] experimental 
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validations of this approach on three simple examples, which confirm that our choice 
is a good one. 

It is important to note that there does not exist in the literature any demonstration 
which proves that the association “coefficient of restitution of Poisson, Coulomb law” 
leads systematically to a dissipative phenomenon. Some authors have tried to 
demonstrate this principle but without success, either because their demonstration 
comprised an error [19], or because their hypotheses were too strong (equal 
coefficients) [37]. Nevertheless, we can note that there does not exist in the literature 
examples which contradict this principle and it is quite hazardous to advance the 
opposite like [34]. 

There exists obviously other approaches of which we voluntarily have not 
spoken until now. We report here two of them. 

The first consists in using the Newton restitution coefficient, but because of the 
energy gain problem, it is clear that it cannot be done without taking certain freedoms 
with respect to the law of Coulomb. Brach [57][52] and Smith [58] have chosen this 
approach. Brach proposes to control the total energy variation after each shock. This 
author derives some bounds for the friction coefficient, which is thus modified so that 
we always have a loss of energy. We can note that the calculus of the total energy 
variation requires an additional work. The interested reader will find in [56] a 
criticism of this model. In a way even more abrupt. Smith proposes to replace the 
Coulomb law by the following expression: 
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You will find a detailed presentation of these methods in [49] and [59]. You will also 
find in [59] a description of «new contact laws» whose style is very close to Smith 
laws. 

A second approach consists in discretizing the solids in contact locally in order to 
model their deformations. This method is described in [56]. The principle of the 
method consists in connecting the displacement of the contact nodes to the normal 
and tangential contact forces, using Green functions of influence. This is a regularized 
approach, the shocks are modelled without velocity discontinuity. The problem is 
again formulated as an optimization problem under constraints, whose principal 
unknown are the relative accelerations and the contact efforts. 

Each of these formulations has its own advantages and drawbacks, nevertheless none 
seems to us as compact and rigorous as the approach we have adopted. 

We will see now, how to formulate a normal contact law using the Poisson 
restitution coefficient. 
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4.2.2 Normal Contact Law 
Definition 

According to the Poisson restitution coefficient definition, the shock will be separated 
in two phases, the compression and the restitution phases. The compression phase 
corresponds to an inelastic shock. The proposal, stated paragraph (4.1.2.), thus 
provided all the necessary elements to its treatment. We will reuse exactly the same 
contact law. As previously, the indices (c) and (r) mean that a quantity is calculated at 
the end of the compression phase or at the end of the restitution phase. 

Proposal [13] : During the compression phase, the following complementarity 
conditions must be checked: 



if iel„ ">ve>0 S"‘>0 ("ivJ(S^') = 0 
1 else X"’ = 0 



for i = l..Q 



(126) 



For the restitution phase, we state the following principle: 

Proposal [13]: During the restitution phase, the following complementarity 
conditions must be checked: 



if iel„ ">v+>0 (S;?'-ep^S^')^0 ("W+)(S;?' -ep^S"') = 0 
else X"' = 0 for i = l..Q 



(127) 



The following figure illustrates these two relations: 



A Se- 






Compression phase 




epi Sc 






Restitution phase 



Fig.21. Normal shock law 

We will say, by a language abuse, that we have obtained the «modified Signorini 
conditions)). 

Let us see now how our algorithm was modified in order to take into account 
the Poisson restitution coefficient. 
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4.2.3 Implementation 

The compression phase is very simple to model, since it corresponds to an inelastic 
shock, i.e. a shock with a Newton restitution coefficient equal to zero. The system 
(120) can thus be written: 
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This system is subject to the conditions imposed by the contact law: 



|signorini("v^.,S”) 
[coulomb('vj.,S‘ ) 

For the restitution phase, the system (120) is written: 
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With the conditions: 



Signorinimodified (" v'*' , S" ) 
Coulomb(*v''',S*) 
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(130) 



(131) 



Note : The Coulomb law is prolonged in impulse (see paragraph 4.1.2.). As we have 
supposed it, we do not introduce a tangential restitution coefficient. However, it is 
interesting to note that the introduction of this parameter will lead to modifications of 
the Coulomb law during the restitution phase [ 13]. 

These two problems are solved using the Gauss-Seidel projection method, formulated 
at the velocity level, described in the paragraphs (3.3.2.) and (4.1.3.). Once again, 
when the Gauss-Seidel method has converged, we assemble a differential-algebraic 
system, which form is dictated by the new contact status. We thus calculate the 
velocity jump with a maximum precision. 

Our algorithm modifications are thus extremely simple and can be summarized 
by the fact that we solve two successive contacts problems (compression and then 
restitution). At the end of this process, our algorithm gives the velocity after the 
shock, as well as the impulses and the contact status. We thus obtain new initial 
conditions which enable us to continue integration. The problem of the shocks is thus 
completely solved. 
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We now will insist on some problems which appear important to us. 

4.3 Important Concepts 

We will tackle successively here the problems of impulse propagations, of the 
interpretation of impulses in forces and finally of capture, which is a big problem to 
deal with when an acceleration formulation is chosen. 

4.3.1 Propagation of the Impnlses 

This problem is seldom mentioned in the literature, however it is characteristic of the 
contact model we use. We will highlight it on the famous example of «the Newton 
cradle» (figure 22 below). Let us consider a set of three spheres (1), (2) and (3). The 
spheres (2) and (3) are initially in contact and at rest, the sphere (1) is unstuck and 
dropped without initial speed. 




Fig.22. The Newton cradle in initial position 

The restitution coefficients between the spheres are fixed to one and we do not 
consider friction. When the sphere (1) comes into contact with the sphere (2), a shock 
occurs. We then calculate the velocity after the shock by using the procedure 
described in the paragraph (4.2.3.). We obtain the following results: 




]_ 

3 




Which corresponds to the following situation: 



(132) 




Fig.23. The Newton cradle after the first shock using 
unilateral contact theory 

It is clear that it is not the result which we expected. In fact, we note that the contact 
impulse is not propagated in the system. [53] presents a detailed analysis of this 
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example and proposes to solve this problem by considering sequences of shocks. 
Therefore, they introduce the concept of external and internal contacts. An external 
contact is a new contact, which creates a shock. An internal contact is an active 
contact at the time of the shock. The principle of the method consists in numbering 
the internal contacts as a function of the number of bodies which separate them from 
an external contact. To illustrate this principle, we give the following figure: 




Once this operation carried out, we deal first with a problem where only the external 
contact is active. Then, we solve a second problem in which all the contacts are 
released, except the internal contacts with the number (1). We continue this operation 
until all the internal contacts are reviewed. We thus artificially propagate the impulses 
through system. 

If we apply this principle to our problem, we obtain two successive shocks (external 
contact, then internal contact (1)). What gives us the following solutions: 

(q^=0 qj=l qj=0) then (q+ = 0 q| = 0 q^ = l) (133) 

We thus obtain a solution which is fully satisfactory. Nevertheless, this method has 
three essential drawbacks : 

■ It is clear that this method quickly becomes very heavy when the number 
of internal contacts (I) becomes large. We are then obliged to deal with (I) 
successive problems. 

■ Simple examples (such as 3-ball Newton’s cradle) prove that it may not 
converge to any outcome, or that it may provide the user with two solutions 
[49]. 

■ This method is not applicable to the systems which contain closed chains, 
formed indifferently by bilateral connections or internal contacts. To 
explain this, we represent the following figure: 
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In the light of these remarks, it appears clearly that the method of [53] is not 
usable in the general case. Thus, we do not have any tool at our disposal to face the 
problem of the impulse propagations. It is a major defect of the analytical contact 
model, it is important to be informed of it. There has been recently an increase of 
interest on that subject and new contact laws are studied in order to overcome this 
problem. Here again, the only way to avoid this difficulty is to introduce a certain 
amount of deformation. Nevertheless, we refuse this solution and we take the party to 
accept this defect. 

4.3.2 Interpretation of the Impnlses in Forces 

At the time of a shock, our algorithm calculates a set of contact impulses which does 
not have obvious mechanical significance. However, it can be interesting to have at 
our disposal an estimate of the contact forces, to carry out various types of analyses 
(FEM, fatigue analysis). It would be thus desirable to find a method which makes it 
possible to translate the impulses into efforts. To our knowledge, this problem has not 
yet been treated in the literature. We thus have developed our own approach. The 
principle of the method consists in interpreting a normal impulse of an “external” 
contact (see preceding paragraph for the definition of an external contact) in a normal 
force. For that, we will consider a problem with only one contact without friction. Let 
us see how to proceed. 

We consider the system (E) made up of (N) principal joints, (P) closed loop joints and 
(Q) active contacts. We place ourselves at the time t„*, just after the shock resolution 
by the Gauss-Seidel procedure. At this time, the relative velocities ("v^, V^) and the 
contact impulses (S“, S‘) are known parameters. 

Among the (Q) active contacts, we select the (i)-th external contact (Ci) such that : 
v^ = max (°W^) . Just remember that, at the time of a shock, we have to solve a 

system of the form: 
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We will be interested in the (5xP+i)-th line of this equations system, which we write: 
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Or: 



A7(‘,)("‘v^-"‘v-) = G(S"‘) 



(136) 



We can consider that this equation corresponds to the problem of a particle which 
impacts a plane. From this observation, we will make a parallel between this equation 
and the equivalent equation which is given when we use a penalization method. With 
this approach, we set: 



my + Ty + Ky^^^ =0 with 



|m = A,(i i) 

Ti: 

ly=- ‘V 



(137) 



The (y) variable represents the penetration between the bodies (positive in the event 
of contact). So that the equation (47) is complete, we have to define the parameters 
(K,T). The term of stiffness K is classically calculated very simply using the Hertz 
theory (see definition in introduction). 

Note: The calculation of the term of stiffness K implies that one at least of the bodies 
in contact has a circular form. We will take into account this remark for the choice of 
contact (Cj). If no contact of this type exists, we ask the user to enter a radius of 
curvature. 

The choice of the term of damping T is more delicate, because its form determines the 
existence of an analytical solution. Marhefka [60] proposes to use a term of damping 
of the form: 



T = -QKy^'^ 
2 



( 138 ) 



With this definition, the equation has an analytical solution of the form: 
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Where y^ =-”‘v 

With the help of this expression, we can calculate the term Q. Indeed, it is enough to 
notice that at the end of the shock the penetration (y) is null. The parameter Q. must 
thus satisfy the relation: 
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This relation makes it possible to connect the term of damping T an the normal 
relative velocity after the shock. 

All the problem (137) parameters are now determined. By analogy between the 
equations (136) and (137), we have: 



G(X."‘ ) = max(Ty + Ky ) = max 

y>0 y>0 



Ky'^2(|Qy + l) 



(141) 



We thus deduce from this equation an equivalent normal contact force. A 
proportionality factor A is defined by the relation: 




(142) 



To translate all the other impulses into efforts, we generalize this relation in the 
following way: 
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The calculation of A is carried out each time a shock occurs. 

We compared the results obtained by this procedure with those given by 
MECHANICA and DADS on some simple examples. In all the cases, the results 
obtained are of the same order of magnitude. But, it is important to note that this 
procedure will fail if (E) external contacts are activated at exactly the same time with 
very different materials (consider for example a steel ball and a rubber ball dropped 
on a plane from the same height). In this case, if the (E) external contacts are 
independent the procedure should be run for the (E) independent problems. In the 
case of dependent contacts, we have no solution. But we have to say here that, in the 
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case of an acceleration formulation with a high accuracy event detection, external 
contacts will very seldom occur at the same time. 

This approach is our first trial to answer this difficult question. But despite all 
our efforts and to be perfectly honest, we have to notice that contact force values 
during a shock must be considered as a rough idea and not exact values. This remark 
is not only valid for SDS (Solid Dynamics), but also for ADAMS (MDI), DADS 
(LMS) and Mechanica Motion (PTC). Indeed, even for a simple ball dropped on a 
plane, you have some differences on the maximum normal contact force greater than 
30% (for the same movement: same velocity before and after the shock) depending on 
the software you use. All what we can say today is that our procedure gives normal 
contact forces very close to Mechanica Motion (PTC), not worse, not better. 

4.3.3 Problem of Capture 

We have made the choice to work in acceleration for reasons of treatment speed. This 
method imposes that one systematically seeks all the events which occur during the 
simulation. However, in certain cases, this strategy can be dangerous. Let us consider 
the example of a sphere which bounces on a plane with a restitution coefficient 
(ep<l). After a certain number of shocks, the amplitude of the rebounds becomes very 
small, it is then impossible to detect each event. It is thus advisable to define a 
criterion which enables us to decide when the rebounds must cease. For that, we place 
ourselves at the end of the shock procedure, and we systematically test the relative 
normal velocities of the released contacts. If these velocities are significant, we accept 
that the corresponding contacts are released, otherwise their restitution coefficients 
are set to zero and the restitution phase is done again. Here is the pseudo code of our 
capture procedure : 

{ Procedure of shock } 

{ Storage of the restitution coefficient} 

for i=1 to Q 
e_temppi= epi 
endfor 

{ Phase of compression } 

Gauss-Seidel procedure in velocity 
Differential-algebraic system 
capture_number=0 
while capture_number<=1 
label 1 

{ Phase of restitution } 

Gauss-Seidel procedure in velocity 
Differential-algebraic system 
{ Capture procedure} 
capture_number=capture_number+1 
capture=0 
for i=1 to Q 

{ Modification of the restitution coefficient } 

if (status'[i]==1 ) & (status^[i]==0) & C'V<z\) & (epi>0) 

epi=0 

capture=capture+1 
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endif 

endfor 

if capture==0 
capture_number=2 
endif 
endwhile 

{ Update of the restitution coefficient} 

for i=1 to Q 
epi=e_temppi 
endfor 

{ End shock } 

Where £ is a vector specified by the user. 

Status' and status^ are respectively the contact status before and after the 
shock. 

You can notice that the variable capture number can not exceed one, 
otherwise the shock ends. That is to say that we just have a restitution phase, some 
capture tests and eventually another restitution phase, but no more. In fact we should 
have done many successive procedures “capture tests & restitution phase” until no 
capture problem is detected. But this process can be time consuming. Furthermore, we 
have to say that this procedure is really difficult to implement because of the round- 
off errors. We are working here on very small quantities, close to the integration 
precision, so we must be careful. 

Today, this procedure gives very good results and it seems that it is sufficient 
to stabilize the system in the case of capture problems. 

5 Industrial Example - C60 Circuit Breaker 

The C60 is a low voltage circuit breaker (domestic circuit breaker) which has been 
developed by the Schneider Electric company in Grenoble, France. This example is 
especially interesting because it is really relevant of the problems we have to treat. 

The structure of this mechanism is as follows: 



Percuteur 



Manett 




Porte 

contact 



Crochet 



Barre de 
declenchement 



Fig.26. The C60 circuit breaker 
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The C60 circuit breaker looks like a simple mechanism with only eight bodies 
and eight joints (one closed loop joint). But the complexity of this mechanism relies 
in the number of contacts which occur during the movement. Indeed, we have to 
define twelve contacts to model correctly the behaviour of this mechanism. All these 
contacts are 2D contacts, and they are defined as point-line, point-segment or point- 
curve contacts, circle-line, circle-segment or circle-curve contacts. 

We have to note that this mechanism is in equilibrium only because we have a 
contact between the “crochet” and the “barre de declenchement” (see figure below). 
Without friction the equilibrium position of this mechanism changes. 




Fig.27. Equilibrium of the C60 circuit breaker 

So this mechanism is both interesting because we have a lot of contacts but also 
because it is very sensitive to friction. 

The simulation model has been built using STL geometry imported from Pro- 
Engineer (PTC) in SDS (Solid Dynamics). It takes approximately ten hours to import 
parts, define mass properties, define joints, contacts and apply loads. For the contact 
parameters, we have used an approximation of the restitution coefficients measured 
by one of our specialists (on a very simple system ball-plane), and the friction 
coefficients have been estimated using values found in the literature. 

In order to validate our approach we have made some measurements on a 
prototype when the currant intensity grows abnormally. When such an event occurs, 
the “percuteur” is submitted to an electrodynamic force which can be measured or 
calculated (using E-mag software). We then obtain a force which is defined as a 
function of the current intensity and of the “percuteur” displacement. We are going to 
apply this force on the “percuteur” in order to simulate the movement of the C60, and 
we will then compare the simulation results with the experimental results. 

We have made two kinds of experimental measures which we are now going to 
describe. 
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5.1 First Experiment 

A X-ray analysis has been performed in order to record the distance OD between the 
“bati” and the “porte-contact” where the electrical contact is realized: 




Distance 
OD ■ 



Electrical contact 
which must he broken 
in the case of an intensity defaul 



Fig.28. Electrical contact of the C60 circuit breaker 
Here are the results we have obtained: 



Simulation measures Experimental measures 


Time Impact (ti) 


0.944 ms 


0.912 ms 


I Impact 


4012 A 


3833 A 


OD=0.9 mm 


h -f 67 |fs 


h + 73 |J,s 


OD=2.9 mm 


h -f 223 jfs 


ti -f 220 |fs 


OD=3.6 mm 


h -f 279 |fs 


h -f 288 |is 



Where the time of impact is the time when the “percuteur” bumps into the “porte- 
contact”. 

This experiment validates both the electrodynamic force model we have used, 
and also, of course our frictional contact model. 

5.2 Second Experiment 

In order to get a better idea of the behaviour of the C60, we have also realized a 
movie with a high speed camera (4400 images per second, 225|fs between each 
image). We have thus obtained the distance OD as a function of time. Here are the 
results we have obtained : 
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Porte-contact Displacement (m) 




Fig.29. Comparison of the numerical and experimental results 

We obtain a very good correlation between the simulation and the 
experimental results. 

Today, we have tested our approach on two other industrial examples and we 
have validated the results of the simulation using experimental measures. One of these 
mechanism was especially complicated, with 20 bodies and up to 35 frictional 
contacts. Each time, we have been able to predict the opening velocity of the 
electrical contacts as a function of time with an error inferior to 15%. 

Of course, we have also treated many academic examples (most of them where 
found in [19]), such as the rocking problem [15], the woodpecker toy [19] or other 
industrial examples like emergency stop button or medium and high voltage circuit 
breakers. Each time it was possible, we have made some comparizon with the Moreau 
algorithm. 



6 Conclusion 

This document describes a frictional contact model based on unilateral constraint 
theory. To our mind, this approach has some very interesting properties. 

Our algorithm has been implemented in the SDS software (Solid Dynamics), and a 
commercial version is available since may 1999. This version only treats 2D frictional 
contacts, but a version with 3D contacts should be available during the spring 2000. 
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The main characteristics of the method we have implemented are as follows: 

■ We use a high order integration scheme (RK5 Dormand&Prince) with a 
variable step size. This high accuracy integration scheme guarantees the 
validity of the results. Furthermore, we have implemented some very 
useful tools like dense output for event finding, automatic stiffness 
detection and also a PI control of the step size [8]. 

■ We have been able to couple this high order integration scheme with a 
rigorous frictional contact model. The structure of our program is 
interesting, because the frictional contact treatment is independent of the 
integration scheme. We can thus change the integration scheme or plug this 
contact module on another program very easily. 

■ We have chosen to write the frictional contact problem as two coupled 
optimization under constraints, which are solved simultaneously using a 
Gauss-Seidel method. This method is extremely robust and allows to model 
the quadratic Coulomb cone without any approximation (polyhedral 
Coulomb cone). We have modified this method in order to use an 
acceleration formulation, to take into account bilateral joints and driven 
joints, and also to introduce a Poisson restitution coefficient. 

■ We have considered the important cases of inconsistency and 
indeterminacy. We have implemented some tests to detect these situations, 
the validity of the results is thus guaranteed. 

■ The numerical results we have obtained with our approach are perfectly 
satisfactory, they are both stable and precise. We have no more oscillations 
(unlike penalization methods) and the contact forces or the accelerations 
are only perturbed by the events which occurred during the simulation. 
Furthermore, we have been able to validate our approach on industrial 
examples. 

■ All the events are perfectly defined and reported to the user. Each event can 
be located accurately, so the results analysis is really easier. You will no 
more miss an event because of the step size (as in the classical result 
reports where all the results are pictured with a constant step size). 

Of course our approach has some drawbacks: 

■ We can only treat a limited contact number. In fact, this is not really the 
number of contacts which is limited, it is the number of events which 
occurred during a step of time. If this number is to big, our strategy, which 
consists in finding systematically all the events, won’t be effective. 

■ As we model frictional contacts by the addition of constraints, the system 
may become hyperstatic in the course of the simulation. In order to deal 
with this problem, the hyperstatism index is reported to the user at each 
step of time. 

These two points have to be well understood by the user. 
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Abstract. Periodic motions in multibody systems with colliding elements are con- 
sidered. Such motions arise in various technical devices as an essential condition of 
their work or, on the contrary, as undesirable and dangerous effect. Anyway, the 
stability problem is of great practical importance. In the present chapter various 
approaches to stability analysis are discussed. The simplest class of impact motions 
form those with non-degenerate collisions. The usual linearization technique can 
be adopted for the analysis of such motion. Conditions of asymptotic stability and 
structural stability are given in terms of eigenvalues of monodromy matrix. There 
exist several types of singularities, which cannot be treated by this method, such 
as grazing incidence, multiple collision, and motions including intermittent contact 
phases. General features of these singularities are described and some examples of 
stability analysis presented. 



1 Introduction 

In multibody dynamics, rigid bodies can move under applied forces separate- 
ly or contacting one another. Moreover, if two bodies move simultaneously 
towards the same region, they collide. From a physical point of view, the 
collision is associated with the appearance of large shortcoming forces which 
prevent mutual penetration of the bodies. In mathematical formulation, such 
collision is treated as instantaneous action of an impulsive force. After it, the 
bodies continue separate motion. We discuss formal description of impact 
motions in Sect. 2. 

In some technical devices, such as percussion machines, typewriter carri- 
ages, vibratory feeders, etc. repeated collisions are used for practical needs. 
On the contrary, the collisions of pipes in heat exchangers with walls or 
with one another is very undesirable. This is the reason why the problem of 
stability of periodic impact motions are of big practical value. 

An intensive study of impact oscillations began in 1940. A number of 
works were issued devoted to periodic motions of one-degree of freedom forced 
impact oscillator. In spite of apparent simplicity of such system, it possesses 
very complicated dynamics and may have along with periodic motions of ar- 
bitrary large period non-periodic, or chaotic trajectories (cf. [1]). The mono- 
graph [2] is devoted to the impact oscillations in systems with two degrees of 
freedom. More details and references may be found in [3]. We present general 
results on periodic motions with non-degenerate impacts in Sect. 3. 
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In the last three decades, the studies of degenerate cases started. One of 
such singularities is related to grazing incidence of two rigid bodies. From a 
physical point of view, such phenomena accompanies the transition from free 
oscillation to the impact ones. It leads in general to instability of periodic 
motions or their disappearance (cf. [4-17]. We discuss grazing singularity in 
Sect. 4. 

The next type of singularity, considered in Sect. 5, is connected with 
multiple collisions. Such collisions are observed in multibody systems with 
several impact pairs. For instance, a string with concentrated masses which is 
forced to oscillate near a wall hits the wall with several masses simultaneously 
[18, 19]. As was shown in [20], standard analytical techniques are inapplicable 
to the analysis of such motion, and new approaches are to be developed. 

2 System Formulation 

In this section, we show how to describe the motion of given multibody system 
with impacts. 

2.1 Unilateral Constraints 

We consider a multibody system with n degrees of freedom and generalized 
co-ordinates q = {qi,q 2 , ■ ■ ■ ,qn), he. some independent parameters which 
determine uniquely the system configuration. It is supposed usually that the 
values qi are arbitrary. However, one should account that different bodies can 
not penetrate one into another. This condition implies certain restrictions on 
the values qi, known as one-sided or unilateral constraints. They are expressed 
by the inequalities 

j = l,2,...k. (2.1) 

Examples. 1. In the system of two balls the distance between their centers 
can not be less than the sum of radii: 

V (a:i - X 2 )^ + {vi - y 2 Y + {zi - Z 2 )^ ~ Ri ~ R 2 > 0, (2.2) 

where {xi, yi, Zi) are cartesian co-ordinates of the center of t - th ball (i = 1,2). 

2. If the system consists of I > 2 balls, then it is subject to fc = l{l — l)/2 
unilateral constraints similar to (2.2), with one constraint for each pair of 
balls. If the balls can occupy any position in 3D or 2D, all these constraints 
are mutually independent. However, if we have a collinear system of I balls, 
each of them may contact its neighbours (or neighbour) only. Hence, in this 
case there is only I — 1 independent constraints. 

3. A heavy particle, moving inside two-dimentional convex region D, is 
known as Birkhoff billiard (Fig. 1). In polar co-ordinates p,4> the unilateral 
constraint has form 



/(</>) - P > 0, 



(2.3) 
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Fig. 2. A bouncing ball. 



where equality corresponds to the boundary of D. 

4. Let a ball move upon a horizontal table, oscillating along the vertical 
(Fig. 2). Then 

z — i? — Asinwt > 0, (2.4) 

where A and oj are the amplitude and frequence of table oscillations. 

5. Consider two bodies connected with a tether (Fig. 3). Then the dis- 
tance between the points Mi(xi, yi, Zi) and M 2 (a; 2 , j/ 2 , ^ 2 ) where the tether 
is attached can not exceed its length L-. 

L - \/ {xi - X2Y + ( 2/1 - V2Y + {z\ - Z2Y > 0 . 



2.2 Equations of Smooth Motion 

Suppose that all unilateral constraints are relaxed, i.e. all relations (2.1) are 
satisfied as inequalities. Then the motion is ’’free” in the sense that it is 
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Fig. 3. Tethered bodies. 



unaffected by the presence of the constraints. The equations of such smooth 
motion may be presented in Lagrangian form 



d 

dt 




dT 

dqi 



i — 1, 2, . . . 7z, 



(2.5) 



where T is kinetic energy, Qi - generalized forces. 

Another type of smooth motion corresponds to such cases where one (or 
more) relations (2.1) turn to be equalities while other relations are satisfied 
as inequalities. Let, for examlpe, /i = 0, /2 > 0, . . . /fc > 0. Then system (2.5) 
includes additional reaction force R : 

1 ( 1 ) (“) 



In particular, if the constraint is ideal (there is no friction between contacting 
bodies), then Ri = Xdfi/dqi with Lagrangian multiplier A > 0. This multipl- 
ier can be determined from the system (2.6) in account of the identity /i = 0. 



2.3 Impacts 

When two bodies collide at a moment t = t' , they come into contact with 
non-zero approach velocity, i.e. 

A = 0, f < 0, (2.7) 

Obviously, the preservation of conditions (2.1) for t > t' is possible provided 
the generalized velocity q{t) is discontinuous at t = t'. The general equations 
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of impact have the following form: 

q+ = q”, q+ = q" +I(q",q"), (2.8) 

where superscripts ’’minus” and ’’plus” denote one-side limits at t = t' . 

It is important to note that the impact rule (2.8) cannot be derived from 
equations of smooth motion (2.5) or (2.6). The impact phenomenon depends 
significantly on physical properties of colliding solids, while these dynami- 
cal equations are independent of them. Consider, for example, a ball which 
drops to a concrete base. As was shown by Galileo, laws of falling down for 
different bodies are similar, and we can calculate velocity before collision. 
On the contrary, the result of such a collision cannot be predicted without 
specifying material properties of the ball since cannon-ball, tennis ball, and 
glass decanter will response differently. 

Generally speaking, proper determination of the impulse / in (2.8) is a self- 
standing important scientific problem. Moreover, it is far more complicated 
than solution of equations (2.5) since impact phenomena involve stress waves, 
expanding in colliding solids and reflecting from their boundaries. To describe 
these waves one is to use partial differential equations. One can And furter 
details in the monographs [21, 22] where collision on free solids is discussed. 
Note that the impact rule (2.8) depends not upon the physical properties of 
colliding bodies only, but on their connections with other bodies (if any) as 
well (cf. [23, 24]). 

In practice, one often uses simplified impact rules. The most popular one 
is a rule based on Newtonian coefficient of restitution e € [0, 1]. Being an ideal 
constraint expressed by the inequality qi > 0, the impulse has components 
7i = —(l + e)q^,l 2 = ... = In = 0. One should realize that such rule is rather 
inadequate in many cases and this can cause apart from other additional 
difficulties in qualitative analysis (cf. [25]). 

2.4 Multiple Impacts 

In the previous subsection, we discussed ’’simple” impacts, where only one 
of constraints (2.1) takes part. In general, there exist such situations where 
three or more bodies collide simultaneously, i.e. two or more constraints have 
non-zero reaction. There exist a traditional approach to the solution of mul- 
tiple impact problem: the impulsive reaction of the constraints are treated 
independently (cf. [26]). A subtle analysis shows that such treatment is cor- 
rect only in the case where certain orthogonality conditions are satisfied. 
Such conditions mean that the impulsive reaction of each consrtaint depends 
on the corresponding approach velocity only: see Sect. 5. They are sufficient 
for the correctness of multiple impact. Besides, there exist other exceptional 
cases of such correctness, which are realised for specially constructed both 
system configuration and impact rule (cf. [20, 23]). 
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Example. Consider a ball of unit mass which strikes two walls simult- 
aneously (Fig. 4). Both walls are smooth, and impulsive reactions are collinear 
to the normal vectors rii, n 2 - We can try to calculate the impulses Ii, I 2 sim- 
ilar to the case of simple collision by means of the coefficients of restitution 
Cl, 62 : 



Ii = 1° =(1 -I- 6 i)Eni sina, I 2 = =(1 + e 2 )Cn 2 sin a, (2.9) 

where a is a half of the angle between the planes. The total impulse is usually 
understood as the sum of the quantities in (2.9): 

I = I?-kIS- (2.10) 

In particular, if ei = 62 then formula (2.10) implies that the ball rebounds 
in the direction which is opposite to the initial one. Suppose now that the 
initial position of the ball is slightly moved to the left. In such a case, the ball 
hits initially the left wall and rebounds from it with the velocity V*, where 

V*= V-kni(l-kei)Esina (2.11) 

After that, the ball hits the right wall provided its velocity is forwarded 
towards it, i.e. 



(V*, n 2 ) = —[1 + (1 + 6 i) cos 2 a]E sin a < 0 . ( 2 - 12 ) 

The inequality (2.12) is true if a < 7 t/3 , otherwise it might be broken. In 
particular, if ei = 1 (the collision is absolutely elastic) then for any a > tt/ 3 
the ball will not collide with the right wall. In the case (2.12) is satisfied, the 
second impulse has the form 



l 2 =-(l + 62 )(V*,n 2 )n 2 . 
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Now formula (2.10) leads to the following result: 

I = 1° + I2+(l + ei)(l + C 2 )n 2 sin a cos 2a (2-13) 

The comparison of (2.10) and (2.13) shows that small changes in initial 
position of the ball imply significant changes in the resulting impulse unless 
a = 7 t/ 4, i.e. the walls are orthogonal. Therefore, correct definition of multiple 
collision in this example is possible only in that case. 

In the remainder of this paper, we shall suppose that equations (2.5), 
(2.6), and (2.8) are given. 



3 Stability of Regular Periodic Impact Motions 

In this section, we discuss a wide class of periodic motions with impacts. In 
fact, most of practical examples of impact systems are relative to the class. 
However, certain restriction should be made to ensure the applicability of 
analytical techiques, presented below. We shall suggest in Sect. 3.3 that 

(i) the solution include only a finite number of impacts (2.8) per period; 

(ii) each impacts is non-degenerate, i.e. if fj{t') = 0, then fj{t' — 0) yf 0 

and -I- 0) 0; 

(iii) none of the impact is multiple, i.e. no more that one of inequalities 
(2.1) turn to equality at the same time; 

(iv) there is no sliding intervals where one (or more) of the inequalities (2.1) 
turns to equality. 

In the Sects 3. 1-3.2 no restriction is made, and they have general nature. 



3.1 Concepts of Stability of Motion with Impacts 

The classical definitions of stability of certain kind (Lyapunov, asymptotic, 
orbital, structural) were formulated initially for smooth motions (cf. [27]). 
Let the system be described by the equations 

x = F(t,x), X € (3.1) 

with a continuously differentiable function F. Let x*(t) be a solution of (3.1) 
existing for all t > to- 



Definition 1. A solution x*(t) is called stable (in the Lyapunov sence) if for 
any value e > 0 there exist a (5 > 0 such that for any solution x(t) of (3.1), 
the inequality ||x(to) — x*(to)|| < 5 implies that 

||x(t)-x*(t)||<s (3.2) 



for any t > to. Otherwise, x*(t) is called unstable. 
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Definition 2. A solution x*(t) is called asymptotically stable if it is stable 
and for any solution x(t) to system (3.1) the inequality ||x(to) — x*(to)|| < S 
implies that ||x(t) — x*(t)|| — >• 0 for t — >• oo. 

Definition 3. A solution x*(t) to the autonomous system (3.1) (i.e. the 
function F does not depend on t) is called orbital stable if for any value 
e > 0 there exist such 5 > 0 that for any solution x(t) of system (3.1) the 
inequality ||x(to) — x*(to)|| < ^ implies that 

Jnf ||x(t) — x*(t')|| < £T. (3.3) 

The last definition means that the disturbed trajectory x(t) is close to 
the undisturbed one if time is disregarded. 

A straightforward attempt to apply the Def.l to impact motion would 
fail since the solutions x*(t) and x(t) experience impacts at different instants 
t' and t' + At. During short imterval t G {t' ,t' + At) the difference between 
these two motions is of order /, which indicates instability in the sense of 
Def.l. Obviously, such conclusion does not agree with our intuitive idea of 
stability. 



Example. Consider the example 4 of previous section once more. There 
exist simple periodic motions of the ball where it bounces from the table at 
the same oscillation phase t' and with the same velocity v [28] . Under certain 
conditions, such motions are stable in the sense that the ball, under small 
initial perturbations, will bounce from the table at instants t' + Atj with 
velocities v + Avj {j = 1,2, . . .) where the values Atj and Avj vanish with 
the perturbations. 

To adopt the Definitions 1, 2 to impact motions, it was proposed in [29] 
to require the correctness of the ineq.(3.2) for all time except e - vicinities 
of those instants when impacts occur. In other words, if x*(t) experiences an 
impact at t = t', then on the interval t G {f — £, t' + e) the ineq. (3.2) is not 
to be satisfied. 

Another approach to the concept of stability [30] is based on Def.3. The 
uderlying idea is the independence of orbital stability of non-simultaneity of 
impacts for two motions x*(t) and x(t) which is caused by the autonomy. 
General case where F depends on t can be treated similarly after inclusion of 
independent variable t to the set of variables x by means of formula Xk+i = t. 
We obtain the following definition of stability which is equivalent to the 
orbital stability in the extended phase space. 



Definition 4. A solution q*(t) to the impact system (2.6)-(2.8) will be 
called stable if the orbit T = {t , q* (t) , q* (t)) is a stable set in the extended 
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phase space. In other words, for any value e > 0 there exist such S > 0 that 
for any solution q(t) of this system inequality d{x{to),T) < 6 implies that 

d{{t, x(t)) —T)<e 

for any t > to. Here d denotes euclidean metrics in the extended phase space. 
In a similar way the definition of asymptotic stability can be adopted. 
Another concept is the structural stability which is related not to a 
particular solution to system (3.1), but to the phase portrait as a whole (cf. 
[1]). Suppose that the right-hand side of this system depends on some pa- 
rameter /i. Structural stability in a region D G means that small changes 
of fj, do not cause qualitative changes in the phase portrait within D. The 
lack of structural stability for certain values ^ is called bifurcation. 

For instance, if the system possesses for /r G (^ 1 ,^ 2 ) a periodic solution 
which is asymptotically stable, then it is structurally stable in a vicinity of 
the closed orbit which corresponds to this solution. 

The structural stability in impact systems can be introduced similarly to 
the smooth case. 

3.2 Poincare Maps 

A convenient tool for the analysis of periodic motions is the Poincare map. 
We start with basics of theory in smooth (no impact) systems, while impact 
systems will be discussed later. To construct the map, one has to choose a 
surface of section tt in the extended phase space R x and consider the 
points of successive intersections of a given trajectory with this surface. Let 
X, X be such two subsequent points. Then the map P : tt 1 — >■ tt is defined as 

P{x) = X- 

Given a r-periodic motion x*{t), the classical approach is based on the 
stroboscopic section 

tTt : t = to(modr). (3.4) 

This means that the image P{x) of any x G R^ \s the point that the trajectory 
of system (3.1), starting at a: at t = 0, attains at t = r. In particular, 

P(x*(0)) = x*(r) = a;*(0), (3.5) 

i.e. the periodic orbit x*{t) yields a fixed point of the map P. 

Such an approach is relevant to the stability analysis since the stability 
of the periodic orbit is equivalent (provided the trajectory depends on initial 
point a: in a continuous way, which is always true in smooth systems but may 
be not true in impact systems: cf. Sect. 2.4 and Sect. 5) to the stability of 
fixed point which corresponds to it. In fact, there is no need to determine 
the map P in explicit form: most often its Jacobian DP governs the local 
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behaviour and stability [1]. To calculate this Jacobian, the system (3.1) is to 
be linearized around the orbit x*{t) : 



y = A(t)y + o(y), y = x-x*, A{t) 



5F(t,x*) 

dx 



(3.6) 



After omitting nonlinear terms, the system (3.6) can be extended to the 
matrix equation 

Y(0,t)= A(t)Y(0,t), Y(0,0)=E, (3.7) 

where E is the unit matrix of order k. The matrix Y in formula (3.7) is 
called the general solution matrix, and Z = Y(t) is called the monodromy 
matrix. The difference between the periodic solution and a nearby one can 
be evaluated by means of the following statement. 



Theorem 3.1. For any t > 0 the following formula is valid 



y(t) = Y(0,t)y(0) +o(||y(0)||). 



(3.8) 



Theorem 3.2. 1. If all the eigenvalues of the monodromy matrix Z lie 
inside the unit circle in the complex plane, then the periodic solution x* is 
asymptotically stable. 

2. If at least one of these eigenvalues lies outside the unit circle, the 
periodic solution is unstable. 

These two results belong to Poincare. In the following subsection, they 
will be used for the analysis of impact motions. 

Another possible type of section is 

TTa; : /(x) = 0. (3.9) 

It is applied usualy in autonomous systems where periodic solutions may 
have continuum of periods. Besides, it is often used in system subjected to 
the unilateral constraint /(x) > 0, (cf. [7-9]). It should be noted that this 
seemingly natural section need to be used with care since it does not satisfy, in 
general, to the definition of Poincare map. This means that some trajectories 
do not intersect the surface (3.9) or are tangent to it. This may cause artificial 
bifurcations as a periodic orbit may change the number of intersections with 
the section (3.9) without actual changes in qualitative behaviour. 



Example. The motion of a ball, bouncing elastically (i.e. without energy 
losses) from an immovable table, is described by the equation (cf. (2.4), where 
A = 0) 

z = —g, z — R>Q. 

If we choose the section of type (3.9): z = R then Za = —Zr-, where the super- 
scripts a and r indicate approach and rebound velocities. After the collision. 
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new rebound velocity will be the same as the previous one. Therefore, the 
associated map is indentical, and its Jacobian (in fact, derivative) is unity. 

We next construct for the system a section of type (3.4) in a vicinity of 
periodic trajectory z*(t) with period r. We choose the initial moment to so 
that z*{to) = 0, therefore, z*{to) = R+gr‘^/8. A nearby trajectory z{t) (such 
that it includes just one collision within interval t G (to,t)) includes an impact 
at a moment t' being determined from the following quadratic equation: 

Zo + zo{t* - to) - ^g{t* - to)^ = R, 

hence, 

t* = to + (^0 + + 2(/(zo — A)^ /g. (3.10) 

The approach velocity is 

z{t* - 0) = ig - g{t* - to) = zl + 2g{zo - R), 
while rebound velocity has opposite sign: 

z{t* + Q) = -z{t* -Q). (3.11) 

After the collision, the disturbed trajectory is described so: 

z{t) = z{t* + Q){t-e)-]^g{t-t*)\ z{t) = z{t* + Q)-g{t-t*) (3.12) 

Subsituting (3.10), (3.11) into (3.12) and supposing there t = tg+r, we obtain 
explicit form of the map P: 

P{zo, Zo) = {R+ S{t - (ig + S)/g) - g{r - (ig + S)/g)'^/2, ig + 2A - gr) , 

(3.13) 

where S = i/ig + 2g{zo — R)- To calculate the Jacobian DP, we set Zo = 
Zq + .^0 = V') where ^,'tp are small increments, and neglect in (3.13) the 

terms of second and higher orders: 

P{zo + ^,zo + 'tp) = ( 2 : 0 +C,4^/r + V”) ■ (3.14) 



Therefore, 



DP = 



1 0 
4/r 1 



Note that the first map has the single multiplier which is equal to unity, 
while (3.14) has two unit multipliers. In both cases the Theorem 3.2 does 
not solve question of stability. In fact, in this simple example the Definitions 
1-3 can be verified directly: the periodic motion turned to be unstable, 
but orbitally stable. We will consider more complicated example of a ball, 
bouncing from an oscillating table, in the Sect. 3.3.3. 

Any solution to system (3.5) corresponds to a periodic solution to (3.1). 
Such solutions usually cannot be constructed analytically, and numerical or 
approximate methods are to be implemented. We restrict ourselves to the 
following result and refer to [31] for more details. 
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Theorem 3.3 (Banach). Let {M,d) be a metric space, P : M — >■ M be such 
a map that for some q £ (0, 1) and any x', x" G M 

d{P{x'), P{x")) < qd{x',x") (3.15) 

(in this call P is called contraction). Then the map P has unique fixed point 
X*, and for any xq £ M the sequence xi = P(xq),X 2 = P(xi), . . . converges 
to X*. 



3.3 Non-degenerate Periodic Motions 

3.3.1 Definition 

Let q*(t) be a periodic solution to impact system (2.5), (2.6), (2.8). We call 
it regular, or non-degenerate, provided all the following conditions are met: 

(i) the solution include only a finite number of impacts (2.8) per period; 

(ii) each impact is non-degenerate, i.e. if fj{t') = 0, then fj{t' — 0) yf 0 and 
_^_/,(t' + 0)y^0; 

(iii) none of the impact is multiple, i.e. no more that one of inequalities (2.1) 
turn to equality at the same time; 

(iv) there is no sliding intervals where one (or more) of the inequalities (2.1) 
turns to equality. 

3.3.2 Linearization 

Let q*(t) be a non-degenerate periodic solution to system (2.6), (2.8) with 
s impacts per period which occur at instants 0 < t[ < t '2 < ■ ■ ■ < < t. 

We denote for simplicity x = (q,q) and rewrite (2.6) in the form (3.1) with 
k = 2n. Our aim is to extend the above presented linearization technique to 
such discontinuous orbit. 

First of all, note that the Theorem 3.1 can be applied on any interval of 
impactless motion. Therefore, formula (3.8) is valid for t £ (0,t^). An obstacle 
for further prolongation of this formula is the asynchronism of impacts: while 
the periodic trajectory experiences it at t the disturbed trajectory x(t) 
comes to impact at t = t'l + At\. If the impact is caused by an attempt to 
violate the unilateral constraint fj > 0, then the value Ati can be determined 
from the equation 



fj (^*(^1 + Ati) + y{t'i + Ati)) — 0. (3.16) 

In account with non-degeneracy condition (ii), /j(x*(t( — 0)) = —Vi < 0. 
Hence, the left-hand side in (3.16) can be extracted in Taylor formula as 
follows: 



+ Ati)) + {y{t'i + Z\ti),grad/jy(x(t'i -h Ati))) + o(||y||). (3.17) 
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Here the first term can be considered as a function of t, since fj{x{t[)) = 0, 
/i(x*(ti - 0)) = -Vi, we get 

+ Ati)) = -ViAti + o{Ati). 

The second term in (3.17) can be simplified by omitting of Ati in x{t[ + Ati), 
the error is o(||y|l), since / is continuously differentiable. Thus, the equations 
(3.16) gets form 

-V Ati + {y~ ,gra,d fj^{x{t[)))+o{Ati)+o{\\y\\) = 0, = y(t'i±0). (3.18) 

The relation (3.18) implies that 

= (y",grad/j(x*(t;))) /Vi + o(||y(0)||). (3.19) 

We see that the interval between impacts in two close trajectories has durat- 
ion of the first order with respect to initial disturbances. However, this in- 
terval is very important in the calculations of the monodromy matrix since 
within it the two trajectories differ by non-small value. Indeed, we can assume 
without loss of generality that Ati > 0. For t G + Ati) we have 

x = Fr + ..., x*=F+ + ..., Ff = F(t;,x*(t;±o)), 

where F is the vector field in (3.1) and omitted terms vanish as Ati 1- 
Therefore, 

y(t( -|- Ati -l- 0) = x(t( -|- Ati TO) — ^*(^i T Ati) 

= x{t[) + Atix{t') + 1 (x(t() -b Ati±{t[)) j-g 20) 

-x*(t; - 0)-I (x*(t;), ) - Ati±*{t[) + o{y~). 

The formula (3.20) implies that the vector of disturbances y experiences 
a jump close to the impact instant t'l- In matrix form, this jump can be 
described by the relation 

y'’ = Jy” T o{y~), 

J =E + IxTFfi(Fi-F+) xgrad/,+yf%(Fixgrad/,), 

where E is the unit matrix of order k, Ix = ||9I/9x||, and x denotes the 
external vector product: 

axh=\\a,bj\\ (i, j = 1, 2, . . . , fc). 

We would like to stress that the jump formula (3.21) is more complex than 
impact law (2.8) because it involves not only system geometry, pre-impact 
velocity, and impact rule, but vector field F as well. This is the reason why 
we refer to the matrix J as to the jump matrix but not restitution one. 

We arrive at the following conclusion. 
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Theorem 3.4. For motion with non-degenerate impacts, the formula (3.8) 
is valid where Y is piecewise-continuous solution to (3.7). The breakpoints 
of J coincide with impact instants for the motion in discussion, by that 

Y+=JY~, Y± = Y(F±0), (3.22) 

where matrix J is defined in (3.21). 



Examples. 

1. Consider one-degree-of freedom system with unilateral constraint q > 0 

and Newton impact rule q~^ = —eq~. In this case 

x=((?,g)^, /(x)=xi, F=(x 2 ,E 2 )^, I =( 0 ,-( 1 -k e)x 2 )'^, 

grad/ = (1,0)^, Ix = 

Calculations by formula (3.21) give 

^^{{F+ + eF^-)/x^ -e) 

2. In more general case of one-degree-of-freedom systems with impacts q~^ = 

q~ + I{q~) we have similar calculations as before with 



Ix 




/' = 



dl 

dq~ ’ 



and the formula (3.23) transfers to 



f I + I/X2 

\{F} -{i + i')F2)/x 2 i + r) 



(3.24) 



3. In a system with n degrees of freedom and an ideal (frictionless) unilateral 
constraint q\ > 0, the impacts are described by relations (cf. [32]) 

dT 

qt = ^i + ). Pt = Pj • Pj = ^ (j = 2, . . . , n), 

where pj - s are the generalized momentum entries. Denote x ={qi, qi, q 2 , 
. . . ,qn,p 2 , ■ ■ ■ ,Pn)^ ■ By analogy with the first example, we have 



grad/ = (1,0, ...,0)"^, Ix 



/O 0 

0 r 

\0 0 



0 ' 



0 / 
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Therefore, 



( 1-1- I jx2 


0 


0 








{Ft -(\ + V)F2) 1X2 


1 + /' 


0 




0 




~ ^3 )l^2 


0 


1 




0 


(3.25) 


K ~ ^2n)l^2 


0 


0 




V 





3.3.3 Stability Conditions 

Consider once more non-degenerate periodic impact motion q*(t). We use 
Theorem 3.4 to construct the general solution matrix within the interval 
t € (0, r). As a result, we derive the monodromy matrix in the form 

Z = Y(t'„ r)J,Y(Ci, • • • JiY(0, t\) (3.26) 



Now the Theorem 3.2 allows to formulate conditions of asymptotic sta- 
bility and instability in terms of the eigenvalues of matrix (3.18). 

Example. The motion of a ball, bouncing from an oscillating table, is de- 
scribed by the equation (see (2.4)) 



z = —g, z — R — h{t) > 0, h{t) = Asinojt > 0. 



Let x\ = z — R — h{t),X 2 = ii, then the system transfers to the following 
form: 

ii = X2, X2 = —g — h{t), xi > 0. (3.27) 

Consider the simplest periodic motion with one impact per period r = 
where I is an integer. The matrix A(t) in system (3.6) and the solution 
to that system are given by: 

o) ’ Y(ti,t 2 ) =expA(t 2 -ti) = (3.28) 

The impact matrix J is expressed by (3.24) with = —g — We 
set the impact instant t = t' as the initial one. Then the matrix (3.26) is 



Z = Y{t',t' + t)3 



1 + {I + tuI')/x2 t(H-/')^ 
ul' /x 2 1 + I' y ’ 



u = g + h{t'). 



The characteristic equation has the form 



— aip -I- 02 = 0, 



(3.29) 



ai = Ty X = 2 + I' + {I + tuI')/x 2 , 02 = det Z = (l-|-/y(l-l- I /x 2 )■ 

The conditions of asymptotic stability |pi, 2 | < 1 are satisfied in two cases: 
either both roots are real and belong to the interval (—1,1), or they are 
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conjugate complex numbers and their product (i.e. 02) is less than unity. 
Simple calculations show that both cases can be described by the following 
double inequality: 

|ni| < 1 -t“ (J 2 ^2. (3.30) 

In particular, for Newton impact rule we obtain 

oi = — 2e — (1 + e)TM/x^, 02 = e^, (3.31) 

and the conditions (3.30) transfer to the single inequality 

|2e + (1 + e)Tu/x^ I < 1 + e^. (3.32) 

Furthemore, the conditions of existence of the periodic motion under 
study have the form 

> 0 for any t G {t' , t' + t), z{t' + 0) = —z{t' — 0) — rg/2. (3.33) 

Here the inequality means that between the collisions, the ball moves above 
the table and the equality indicates that the duration of flight equals r. As 
z{t' — 0) = + h{t'), z{t' + 0) = — + h{t'), we obtain 

X 2 = —Tg/{1 + e), /i(t') = 0.5 t(/(1 — e)/(l + e). (3.34) 

The second equation (3.34) can be used for determination of impact instant 
t'. 

Substituting (3.34) to the stability condition (3.32), we arrive Anally at 
the following result: 

-25(1 + e2)/(l + e)2 < /i(t') < (3.35) 



3.3.4 Bifurcations 

We have seen in Sect. 3.2 how the periodic orbits correspond to fixed points 
of Poincare maps. An important property of non- degenerate impact motions 
is the differentiability of the Poincare map in a vicinity of the fixed point (see 
Theorem 3.4). Moreover, as was shown in [33], the higher order derivatives 
exist too, provided the functions F,I are smooth enough. Therefore, typical 
bifurcations of regular periodic impact orbits are similar to that of of fixed 
points of smooth maps: saddle-node, period doubling, pitchfork, exchange of 
stability, etc (cf. [1]). All bifurcations are related to the existence of Floquet 
multipliers (e.g. eigenvalues of monodromy matrix) which lie exactly at the 
unit circle. On the contrary, if all the multipliers are inside or outside the unit 
circle (so called hyperbolic case), the system is locally structurally stable. 
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Example. Consider again the ball bouncing from the oscillating table and 
let us discuss the behaviour on the boundary of the stability region (3.35). 
We shall study two basic cases. 



1. Let h = 0,d^h/dt^ yf 0 for t = t' . Introducing (3.34) into (3.31) one 
obtains: Oi = 1 + e ^,02 = e^. Thus, the characteristic equation has a 
root, equal to unity. Suppose that the parameter e gets a small alteration 
Z\e, then the right-hand side of second equality (3.34) gets an alteration 
of opposite sign. Since 

h{t' + At) = h{t') + - — ^^3 ^ (^f)^ + o{At)^, 



2 . 



the equations (3.34) have two solutions in case where d?h{t') / dt^ Ae < 0 
and no solution in the opposite case. Such behaviour is typical for the 
saddle-node bifurcation. 

In the case where h{t') = —2g{l + e^)/(l -I- e)^, the coefficients of the 
characteristic equation are ai = — 1 — e^, 02 = e^. Thus, the characteristic 
equation has a root equal to —1, which indicates a flip bifurcation. The 
detailed analysis of such a case was carried out in [34]. It was shown that 
if 



w 



* 




> 0 , 

6 



where 



1 

W) 




4 

TK 






K = 



1 — e 
1-be’ 



the bifurcation is subcritical. In the opposite case w* < 0 the bifurcation 
is supercritical, i.e. for Ae < 0 we have one stable solution of period r 
while for Ae > 0 appear two stable solutions of period 2r and the former 
solution loses stability. 



4 Grazing Incidence 

4.1 Appearance of Grazing 

To understand better the nature of grazing phenomena, consider at first two 
examples. 

1. Forced oscillations of system with clearance are represented schematically 
in Fig. 5. The mass M can move in the horizontal direction under external 
force P(t) = A sin cot, it is connected from the left side with a wall by 
means of a spring and a dashpot. If the amplitude A is small, the mass 
experiences free oscillations without collisions upon the rigid stop S on 
the right. On the contrary, for large values of A, the free motion will be 
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interrupted for sure by collisions. Obviously, there exist a critical value 
Aq, such that the collisions start at it. In fact, for A = Aq the mass 
periodically touches the stop with zero approach velocity. By that 1 = 0, 
and no collision occurs. Such soft touch will be called grazing later on. 
2. A pendulum in a regular flow exhibits non-linear self-oscillations [35] 
(Fig. 6). The amplitude of such oscillations increases as the speed u of the 
flow grows, and at certain critical value uq the pendulum will experience 
grazing incidences with both walls. 

We can conclude that the grazing appears as transitional behaviour which 
is intermediate between free motion and impact one. In the case of constraint 
./■(q) > 0, the grazing is described by the relations 

/(q(t')) = 0, /(q(t')) = 0, /(q(t')) > 0. (4.1) 



, P(t) 

k ^ — 




Fig. 5. Linear vibro-impactor. 

U 




Fig. 6. Pendulum in a flow. 
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4.2 An Autonomous One-Degree of Freedom System 
4.2.1 One Unilateral Constraint 

The simplest system where the grazing might occur is one with single degree 
of freedom where neither active forces, nor the unilateral constraint depend 
on time explicitly. Such system may be presented in the form 

Q = F 2 {q,q), q>0. (4.2) 

The phase space of system (4.2) is the half-plane (q,q) with q > 0. The 
trajectories can not have self-intersections; they are continuous for q > 0 and 
have jumps at vertical line g = 0. As far as the impulse function I{q~) is 
monotone, any periodic orbit includes either no impacts at all, or one such 
impact per period. The grazing orbit is an intermediate case where the orbit 
goes through the origin (Fig. 7). 




A specific property of any automous system is that at least one of its 
multipliers equals to unity. If all the other multipliers lie inside the unit circle, 
the orbit is orbitally asymptotically stable, and if there exist a multiplier 
outside the circle, it is unstable. In the case under discussion we have p\ = I, 
and p 2 = det Z. If the orbit is impactless, the value det Z can be calculated 
with the help of the Liouville formula: 

} dFo 

det Z = exp j) (t) dt, 



0 



(4.3) 
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where the integral is taken along the periodic orbit. We can see from the 
formula (4.3) that p 2 > 0, therefore, stability takes place provided G (0, 1). 

Consider now discontinuous orbit. According to Theorem 3.4 and formula 
(3.24), 

det Z = (1 + /')(! + .^/<Z~) exp^ 

0 

For usual impact rules the values (! + /') and (1 + //()“) belong to the interval 
(0, 1), e.g. for Newton impact rule they both are equal to — e. 

At last, for the grazing orbit (line 3 in Fig. 7) the disturbed trajectory 
lies either inside given orbit, or outside it. In the first case, the motion is 
impactless, and formula (4.3) is to be used. In the second case, the formula 
(4.4) should be applied with q~ 0. Since /(O) = 0, we have 



lim 



m~) 

q~ 



J'(0). 



Therefore, from the impacting side of the grazing trajectory the second Flo- 
quet multiplier has form 



/?2 = (l + /'(0))^expy* (4.5) 

0 

Note that from physical restrictions I'(0) G [—2, —1], and the right-hand side 
in (4.5) is less than that in (4.3). 

We are in a position now to formulate the stability conditions for grazing 
orbit. Denote U the curvilinear integral being situated at the right-hand side 
of formula (4.5) (the integral is calculated along this orbit). 



Proposition 4.1. The grazing orbit is orbitally asymptotically stable if 
[/ < 0, unstable if exp{[/} > (1 -I- /'(0))“^, and half-stable if 1 < exp{[/} < 
(1 -I- /'(0))“^. (Half-stability means that such trajectories which start within 
the grazing orbit, wander from it for t — >■ oo, while outside trajectories tend 
to the grazing orbit.) 



Example. Consider oscillator with nonlinear damping 

q + z[e + {q-lf-l]q + q-l = 0, q > 0, (4.6) 

where 2 = ±1. The impacts are described by Newton rule where e G (0, 1]. 
The equation (4.6) has a periodic solution 



< 7=1 — cos t, q = sin t, 



(4.7) 
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since the term in the square brackets vanishes. The orbit (4.7) comes to the 
origin at t = 0, 2tt, 47t, .... In given example, 

F = -z[q‘^ + {q-lf-l]q-q+l, dF/dq = -z[q‘^ + {q-lf-l]-2zq‘^. (4.8) 
Substituting (4.7) into (4.8), we obtain 

27T 

U = —2z J tdt = —2 ttz (4.9) 

0 

According to the Proposition 4.1, the orbit is stable if z = 1, unstable if 
z = —1, exp(27r) > 1, and half-stable if z = —1, exp(27r) < 1. 

We discuss now the grazing bifurcation. Suppose that system (4.2) de- 
pends on certain parameter ^ : 

9 = ^2(g,g,M), g>0. (4.10) 

For /i < 0 there exist impactless periodic orbit (line 1 in Fig. 7), and for 
/i = 0 it transfers to grazing orbit (line 2). The problem is: if there exist 
motion with impact for small /r? To answer this question, one is to make 
rather cumbersome calculations (cf. [34]). We give here the final result only. 



Proposition 4.2. If [/ < 0, then there exists asymptotically stable periodic 
impact motion for small /i > 0. If exp([7) > (1 -|- J'(0))“^, then there exist 
unstable periodic impact motion for small /x > 0. If 1 < exp([/) <(1-|- 
/'(0))“^, then there exist asimptotically stable periodic impact motion for 
small /X < 0 and no periodic motion exist for /x > 0. 



Example. Include the parameter /x in formula (4.6): 

q + z[<f + {q-lf-{l + ^l)^]q + q-l=0, q>0, (4.11) 

The equation (4.11) has a periodic solution 

g = 1 — (1 -I- ix) cost, q = {1 + 

which is impactless for /x € (—2,0). Similar to (4.9) we obtain the value 
U. The three variants of Proposition 4.2 correspond to the cases z = 1, 
z = —1, exp{27r} > 1, and z = —1, exp{27r} < 1. 



4.2.2 Double Unilateral Constraint 

Consider now a modification of the system (4.2) with double unilateral constr- 
aint: 

—a < q < a. 



q = F2{q,q), 



(4.12) 
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The phase space of system (4.12) is the vertical unbounded stripe (Fig. 8). 
An example of such system is presented in Fig. 6. Along with the impactless 
periodic motions, which are represented by closed curves (line 1 on Fig. 8), 
such system may possess the periodic motions with impact upon one of the 
constraints (line 2) or both of them (line 3). Besides, in general such orbits 
might exist which graze one of the constraints (line 4) or both of them (line 
5). The orbits of type 4 were considered previously, and the propositions 4.1 
and 4.2 may be used for their analysis. The new case is the orbit of type 5 
which is typical to systems with symmetry similar to that shown on Fig. 6. 




Fig. 8. Periodic orbits in double-constrained system: 1) Non-impact, 2) Impact, 3) 
Double-impact, 4) Grazing, 5) Double-grazing. 

Note that all the nearby orbits to the grazing orbit 5 belong either to 
type 1, or to type 3, since different trajectories can not have common points. 
In the first case, the multiplier p 2 is expressed by the formula (4.3), while in 
the second case we have the motion with two impacts per period. In view of 
the Theorem 3.4 and formula (3.17), we can generalize the equlity (4.5) in a 
such way: 

T 

P2 = (l-b/((0))^(l-b/2(0))^exp^ (4.13) 

0 
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where the subscripts 1 and 2 indicate the impact laws for the constraints. 
The Proposition 4.1 should be modified in the following way: 



Proposition 4.1’. The double-grazing orbit (line 5 on Fig. 8) is orbitally 
asymptotically stable if [/ < 0, unstable if exp(t/) > (H-/((0))“^(1 -|-/2(0))~^) 
and half-stable if 1 < exp([/) < (1 -I- I((0))“^(1 -I- /^(O))”^. 

The bifurcations of double-grazing orbits may in general case lead to the 
appearance of orbits of types 2 (or similar orbit with impacts on the right 
only) or 3. We restrict ourselves by symmetrical systems, supposing that 

F 2 {-q,-q,^i) = F 2 {q,q,fi), Ii{q) = -hi-q), 

i.e. for any solution q{t) to system (4.12) —q{t) is a solution too. Due to 
such symmetry, the orbits of type 2 can not exist in a vicinity of the double- 
grazing orbit (otherwise two conjugate orbits of such type would have com- 
mon points). Therefore, only two types of periodic orbits may appear: 1 or 
3. Proposition 4.2 is to be changed as follows. 

Proposition 4.2’. If [/ < 0, then in a vicinity of double-grazing orbit there 
exist asimptoticaly stable double-impact orbit for small /i > 0. If exp([/) 
> (I -I- I((0))“^, then there exist unstable periodic impact motion for small 
^ > 0. If 1 < exp(C/) < (I -I- /((0))“^, then there exist asimptoticaly stable 
periodic impact motion for small /r < 0 and no periodic motion exist for 
^ > 0 . 



Example. Consider the system presented on Fig. 6. It is symmetrical pro- 
vided the suspension point lies in the axe of symmetry and the impact laws 
are similar for both walls. It is understood that impactless self-oscillations 
which exist for u < uq, are stable. Therefore, the impact oscillations exist 
for u > Uq and are stable at least if the difference u — Uq is small. (To study 
further bifurcation one should apply techniques presented in Sect. 3.) 

4.3 One-Degree-of-Freedom System with Periodic Forcing 

Consider now non-autonomous system 

q = F 2 {q,q,t), q>0, (4.14) 

where the right-hand side is a 27 t - periodic function with respect to time 
t. The behaviour of such system even in absence of impacts might be very 
complicated and is not fully understood yet (cf. [1]). However, stability and 
local bifurcations of periodic orbits can be studied by elaborated techniques, 
which can be applied to non-degenerate impact motions too (see Sect. 3). As 
concern to grazing orbits, the nearby dynamics is very complicated as a rule. 
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We refer to papers [4-17, 36-43] and others which are devoted to grazing 
in specific systems and to attempts to obtain general properties of grazing 
orbits. 

From a mathematical point of view, the source of difficulties in stabil- 
ity and bifurcation analysis is that in formulas (3.16)-(3.18) the approach 
velocity is situated in denominator. Therefore, if such velocity is arbi- 
trary small, some of elements of impact matrix J are infinitely large. In fact, 
this behaviour does not ensure instability, it just indicates that the lineriza- 
tion technique can not be used. Indeed, the Propositions 4.1, 4.1’ show that 
in some cases the impacts lead to the stabilization of periodic orbits. The 
following proposition was stated in [9]. 

Proposition 4.3. Let x*(f) = (q*(t), q*(t)) be a periodic solution to system 
(4.14) which includes one grazing per period. Let Z be the monodromy matrix 
which is calculated disregarding the possibility of impacts near grazing point, 
and pi, P 2 be its eigenvalues. If both numbers pi ^2 are real and belong to the 
interval (0,1), the grazing orbit is asymptotically stable. Otherwise, it is 
unstable. 

Note that the stability here is ensured by the absence of repeated collisions 
with small approach velocity: any disturbed orbit experiences such collisions 
no more than two times. 

To clarify the multiformness of grazing bifurcation consider the system 
in Fig. 5. Such system (with M = 1) is a particular example of linear vibro- 
impactor 

q + 2bq + cq = P{t), q>0- (4-15) 

We denote p{t) a periodic solution of system (4.15) (the inequality p{t) < 0 
is possible here) and denote Y(t) the fundamental solution matrix of the 
homogeneous system (cf.(3.7)): 

= {cos St sin St) exp{—bt), (p 2 {t) = \ sin St exp{—bt), S = \/c—b‘^. 

6 S 

We look for simplest periodic impact solutions to the system (4.15) with 
one impact per period t = 2ttN. Such solution is described within the interval 
of impactless motion {t',t' + t) by the following relations: 

q{t) = p{t) + {q{t') - p{t'))pi{t - t') + {q{t') - p{t'))(p 2 {t ~ t'), 

q{t) = p{t) + {q{t') - p{t'))Lpi{t - t') + {q{t') - p{t'))(p 2 {t - t'), 



We have the following periodicity conditions (Newton impact rule is used): 
q{t' + t) = q{t') = 0, q{t' + 0) = eV, V = -q{t' + t - 0). (4.18) 
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Introducing formulas (4.17) into conditions (4.18) leads to the following 
rGSult* 

- ipi{T)) + (eV - p(t'))(p2(T) = 0, 
p(t')(pi(T) + (eV - p(t'))(l - (P 2 (t)) = (1 + e)v. 

The system (4.19) is linear with respect to p{t'),p{t'), and its solution can be 
expressed in the appropriate matrix form: 

(»')) = (er)-(i + '>''<’=-YWr‘(?)- (“■2C) 

The (4.20) can be solved geometrically. For that purpose we represent 
on the phase plane the closed orbit {p{t'),p{t')) as well as straight half-line 
which is the graph of the right-hand side. (The last graph is only half-line 
because the approach velocity V is positive with necessity.) Any solution of 
period r corresponds to a common point of these two lines (we can determine 
the impact moment t' from the position of the point of intersection on the 
closed orbit and the value V from its position on the half-line) . Note that such 
correspondence is not reversible because any point of intersection determines 
the periodic orbit q{t), but the property q{t) > 0 is not guaranteed and is to 
be checked additionally. 

A governing role in the position of the half-line with respect to the vertical 
axes is played by the element yi 2 of matrix Y(r), i.e. j /12 = 7 ’ 2 (t). If j /12 > 0, 
the half-line issues for Y = 0 from the origin and goes to the left half-plane. In 
fact, this direction is determined uniquely by the element in the first row and 
the second column of the matrix (E — Y(r))“^. This element has the same 
sign as yi2, and the total in the right-hand side in (4.20) has the opposite 
sign. Similarly, if j /12 < 0, the half- line issues from the origin to the right 
half-plane. At last, in case where yi 2 = 0 the half-line coincides with the 
vertical axis. 

If the half-line belongs to the right half-plane, it can intersect the impact- 
less orbit {p{t),p{t)) at two points (if the orbit is non-convex, the number 
of possible intersections increases). That indicates the coexistence of impact 
motions of given period with the impactless motion. On the contrary, if the 
half-line belongs to the left half-plane, it can not intersect the impactless 
orbit {p{t),p{t)), and impact motions of the corresponding period do not 
exist. As can be seen from (4.16), the sign of j /12 = ‘P 2 {t) depends first of all 
on the value 5. If the damping is large, so that c < b^, S will be imaginary 
complex number. In such a case we have <p 2 {t) > 0 for any t. Thus, the half- 
line corresponding to any period r = 2ttN belongs to the left half-plane (see 
draft on Fig. 9a). If the damping is not too large and c > b^, then d is a real 
number, and 1 ^ 2 (f) may have both signs. In fact, if sin<5r > 0, the half-line 
is situated in the left half-plane, and if sin<5r < 0, it is situated in the right 
half-plane (a possible portrait is depicted on Fig. 9b). 
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Suppose now that the excitation force P{t) depends on certain parame 
ter /i, then the periodic solution depends on /x too. Say, 

P{t) = ^sint + B, 

then 

p{t) = Bc~^ + asint + P cost, (4-21) 

a = p{c — 1)[4&^ + (1 — P = —2pb[Ab'^ + (1 ~ 

The orbit (4.22) is a circle with the center at the point {Bc~^,0) and of 
radius R = (a^ + = /x[46^ + (1 — (see Fig. 9). For small values 

of /i this circle belongs to the right half-plane, i.e. the orbit is impactless. If 
Ai = Mo = Bc~^[ib'^ + (1 ~ the orbit includes the origin, and if /x > po, 

it encircles the origin (Fig. 9). 

We can see what happens as the parameter /x is increased from zero. 
There are two different cases: large and small damping. If damping is large, 
no periodic impact motion exist for /x < /xq. However, for /x > /xq a large 
number of such motions (maybe, infinite number) appears at once (Fig. 9a). 
Such situation is typical for chaotic dynamics. In case where damping is not 
too large, the grazing is preceeded by a number of saddle-node bifurcations, 
at which the periodic impact motions of different periods appear by pairs. 
Namely, these are such motions for which sin St < 0. At grazing bifurcations 
half of these orbits disappear (those with vanishing approach velocity) while 
a number of impact motions with sin^r > 0 appear (Fig. 9b). Clearly, the 
picture may change considerably as the value S is altered. 

We conclude from this simplest (but non-trivial) example that there exist 
an infinite number of possible scenarios of grazing bifurcation. Only small 
number of general conclusion can be made concerning the post-bifurcation 
dynamics. First of all, we can see that if c < 6^ or c > b^, sin St > 0, then 
the motion of period 27 t does not disappear for /x > /xq. In general, it gets 
instability. In case where sin St < 0, given periodic orbit experiences the 
saddle-node bifurcation and disappears for /x > /xq. At last, if sinJr = 0, 
stable impact motion exist for /x > /xq (such situation takes place in the 
autonomous case, considered above). 

The similar concusions can be made with respect to general nonlinear 
system (4.14) with impact rule (2.8). Note that a comprehensive consideration 
of low-speed collisions shows [42] that in account of non-zero impact duration 
and the presence of usual (non-impulsive) forces, the following estimation 
holds 

l = 0(lrl^)- (4.22) 

(To compare: in the case of Newton impact rule I = —(l+e)g~ = 0(|g“|).) In 
view the formula (4.22), the trajectories on Fig. 9 are not straight half-lines, 
but certain curves which issue from the origin and tangent to the q - axis. The 
grazing bifurcation comes to a sequence of typical simple bifurcations, such 
as flips, saddle-nodes and so on. The following conclusion can be made [42]: 
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Fig. 9. Grazing bifurcation of vibro-impactor: a) Large damping, b) Small damping. 
1) Impactless orbit, 2) Impactless motion impossible. 
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Proposition 4.4. The evolution of a stable periodic orbit which undergoes 

grazing bifurcation depends first of all on the element y\2 of the monodromy 
matrix Y (f, t' + t): 

(i) if 2/12 > 0, then the orbit survives but loses stability; 

(ii) if 2/12 < 0, then the orbit disappears; 

(iii) if yi 2 = 0, then the orbit survives and preserves stability. 

Note that in papers [11, 40-41] global consequences of grazing were stud- 
ied. It was shown that in case (i) where both multipliers pi and p2 are real 
numbers, several kinds of chaotic attractors exist due to the maximal value 
of these multipliers. 

4.4 Multiple Degrees of Freedom 

Similar to one-degree-of-freedom case, linear analysis is insuffucient to investi- 
gate stability of motions with grazing, since the jump matrix (3.25) includes 
infinitely large elements. This does not, however, imply instability: as was 
shown in [16], periodic motions with grazing can be stable. They derived 
sufficient conditions of stability. Unfortunately, such conditions include an 
infinite number of requirements, and one would got a headache trying to 
apply them to a specific problem. 

We turn now to bifurcations and start our discussion with smooth sys- 
tems. It is known that typical bifurcations, such as folds, flips, and Hopf bi- 
furcations, are essentially one- or two-dimentional (cf. [1]). This means that 
there exist a low-dimensional center manifold which contains all qualitative 
changes, while in the transversal direction the system behaviours in a reg- 
ular way. Unfortunately, such simplification seems to be impossible in case 
of grazing bifurcations, since the matrix (3.25) contains too many singulari- 
ties. This multidimentioness is a serious obstacle for classification of grazing 
bifurcation, and not much can be said about it. 

Note that in account of non-zero impact duration the grazing bifurcation 
can be reduced to a sequence (infinite in general) of standard bifurcations (cf. 
previous subsection). In comparison with one-degree-of-freedom case, such 
sequence may contain additionally Hopf bifurcations. Such approach allows 
to obtain the following statement, similar to Proposition 4.4 (cf. [34]): 

Proposition 4.5. The evolution of a stable periodic orbit which under- 
goes grazing bifurcation depends on the elements of the characteristic matrix 
H{p) = + t) — pid as follows. Let xi = det iJ(l)M 2 i(l) with M21 

being the cofactor. 

(i) if xi < O 7 then the orbit survives but loses stability; 

(ii) if xi > Oj then the orbit disappears; 

(iii) if xi = Oj then the orbit survives and preserves stability. 
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Examples of multidimensional grazing bifurcations can be found in [15, 
17, 44], 

5 Multiple Collisions 

5.1 Orthogonality Conditions 

Another type of degeneracy is related to violation of condition (iii) presented 
in Sect. 3.3. As was mentioned in Sect. 2.4, the first thing to be done is to 
check the multiple collision correctly defined for the periodic motion under 
study. Such check-up is connected with verification of so called orthogonality 
conditions. To explain the meaning of such conditions, discuss at first the case 
where two ideal constraints /i(q) > 0 and /2(q) > 0 are involved (Fig. 10). 
The unperturbed trajectory hits the vertice of the angle between two surfaces 
/i(q) = 0 and /2(q) = 0 and undergoes an impulse I* = I(q~). A perturbed 
trajectory can experience two impacts: at first upon one of the constraints, 
then upon another constraint. The first impact is described by relation 

q+- = q- + Aq + I(q^ -f- Aiq,q- -f Aq), (5.1) 

where q+“ is post-impact velocity and Aiq is such perturbation that /i(q-b 
Aiq) = 0, / 2 (q+ Aiq) > 0. Similarly, the second impact matches the for- 
mula 

q++ = q+-+I(q- + A2q,q+-), (5.2) 

where Z\2q is a perturbation such that /i(q 4- A2q) > 0, /2(q + Aiq) = 0. 




Now we tend the perturbations to zero, then 

q^^ = q" + ii(q”, q") + i2(q~, q“ 



+ ii(q ,q )) 



(5.3) 
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where subscripts indicate that only corresponding constraint is involved in 
the collision. To ensure continuous dependence of solution curve upon initial 
conditions, the equality 

i(q~,q") = ii(q",q") + i 2 (q~,q~ +ii(q",q")) (5.4) 



must hold; otherwise, arbitrary small initial perturbations will lead to consi- 
derable post-impact alterations. Similarly, in case there the trajectory q(t) 
hits at first the second constraint and then the first one, we obtain the fol- 
lowing condition: 

i(q~.q") = i 2 (q",q”) + ii(q~,q" + i 2 (q~,q"))- (5.5) 



The relations (5.4), (5.5) express well-posedness of multiple collision prob- 
lem. In the considered case of ideal constraints the reactions Ri in (2.6) are 
collinear to grad fi{i = 1,2). Thus, the impulses 1^ are collinear to C“^grad fi, 
where 



C = 



d^T 

dqidqj 






(5.6) 



is the Hessian of the kinetic energy. Moreover, li depends on q and on ap- 
proach velocity f~ only: 



Ii(q-,r)=Ii(q^,/r), (*=1,2) 



We can see that to ensure conditions (5.4)-(5.5), the single equality must be 
valid: 

grad/iC-i(grad/2)^ = 0, (5.7) 

which is known as the orthogonality in the kinetic Jacobi metrix. 

The orthogonality condition (5.7) at given point q~ implies that 

I(q”,q") = Ii(q~,(q",grad /i))-kl 2 (q”,(q”,grad / 2 )). (5.8) 



To make this more clear, consider once more the example from Sect. 2.4. 
There 

Ii(q-,q-)=I?,^ 

I 2 (q ,q +Ii(q ,q )) =I2-f (l-kei)(l-ke 2 )n 2 sinacos 2 o:, 

i2(q-,r) = i^,_ _ ^ 

Ii(q ,q +l 2 (q ,q )) =I?-l-(l-l-ei)(l-|-e2)nisinQ:cos2Q;, 

where the values I?,!^ are defined in (2.9). Since the vectors rii and n 2 are 
not equal, the conditions (5.4) and (5.5) are satisfied in single case where 
a = 7 t /4 (then the total impulse is expressed by (2.10)) which means the 
orthogonality of two planes. In given case C is a scalar matrix, hence, (5.7) 
is equivalent to the orthogonality of the planes too. 
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Note that a perturbed motion might experience three or more subsequent 
simple collisions, and in such cases the multiple collision could not be defined 
correctly (not to say of very few exceptions, cf. [20, 23]). 

Similar concept of orthogonality can be applied to collision which involves 
three or more constraints: in that case each pair of constraints involved must 
be orthogonal. 

5.2 Variation of Periodic Orbit 

The first step in the stability and bifurcation analysis is the study of variati- 
ons y(t). The Theorems 3.1 and 3.4 show how to do it in the cases where the 
observed trajectory x*(t) is either continuous or experiences non-degenerate 
discontinuities. Now we discuss the motion with multiple impacts. It is sup- 
posed that above considered orthogonality condition (5.7) is valid. 

Consider a trajectory q*(<) which hits at t = t' the vortex between two 
surfaces /i(q) = 0 and / 2 (q) = 0. We try to perform analysis of close 
trajectories by analogy to Sect. 3.2. Let x* = (q*, q*), x = {q, q), y = x* — x. 
A perturbed orbit x(t) may behave in three ways: it can collide with the 
surfaces /i = 0 and /2 = 0 in turn (two different possibilities, see Fig. 6) or 
simultaneously. 

We start with the case where x(t) hits at first the surface /i = 0 and then 
the surface /2 = 0 (orbit q{t) on Fig. 6). We denote Ati time delay of the 
first collision, i.e. /i(x(F -|- At\) = 0. Much similar to (3.16) - (3.21), we can 
conclude that after the first collision, the vector of disturbances y changes in 
the following way: 

= Jiy"+o(y") 

Ji = E + Iix+Vfi(F- -F+-) X grad/i + Vfilix(F- x grad/i), 

(5.10) 

where Vi = -(grad A, x*(C - 0)), Ax = ||5Ii(x*(t' - 0)/ax||, F+~ = 

F(F, x*(t' — 0)) -|-Ii(x*(F — 0)). After that, the perturbed trajectory collides 
with the surface A = 0. The final disturances y+ can be calculated similar 
to (5.10), with the intermediate vector y'' being treated as initial one: 

= ^ 2 y^~ +o{y~)= J 2 Jiy" + o{y~) 

J 2 = E + l 2 x+A-^(F+- - F+) X grad A + VA^l 2 x(F+- x grad A), 

(5.11) 

where, in account with relation (5.8), A = — (grad A> x*(t' — 0)), l 2 x = 
||9l2(x* {t' — 0)/9x|| (i.e. these quantities are not affected by the first colli- 
sion). 

An opposite case is related to the first collision with A = 0 and the second 
collision with A = 0- The same calculations as above lead to the following 
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result: 

y+ = + o{y~) 

j; =E + h^+Vf\F-+ -F+) X grad/i + yfilix(F-+ x grad A), 

J '2 =E + I 2 x+F 2 -HF--F-+) xgrad /2 + F 2 ”^l 2 x(F- xgrad/ 2 ), 

(5.12) 

where F + = F(t',x*(t' — 0))+l2(x*(t' — 0)). To determine which of scenarios 
is realized, one should compare the values 

= (y",grad/i(x*(t')))/^i +o(y"), 

= (y",grad/ 2 (x*(t')))/^ 2 + o(y") 

(see (3.19)): if At\ < At 2 , we have the first case, while the second case 
corresponds to the opposite inequality. 

In addition to these two main cases, the equality Ati = At 2 is possible 
too: it indicates that the perturbed trajectory hits the vertice as well as 
unperturbed one (but non-simultaneously) . In such a case we can use directly 
formulas (3.20)-(3.21): 

y*" = J3y“+o(y“), J 3 = E + Iix + l 2 x+Fr^(F“ - F+) x grad/i 

+Vi ^(Iix + l 2 x)(F xgrad/i), 

(5.14) 

(or, similarly, Vi,/i might be substituted with V 2 ,f 2 )- We come to the fol- 
lowing result. 



Proposition 5.1. Given an orbit including multiple collision, the variation 
y(t) depends on y(0) in a continuous, but non-differentiable way: a vicinity 
of the origin y{0) = 0 can be divided in two parts Gi and G 2 such that Jacobi 
matrices ||9y(t)/9y(0)|| exist in Gi, G 2 and on common boundary of these 
regions, but they can differ (see (5.11), (5.12), (5.14)). 

Example. Consider a ball of unit mass which moves in the quadrant, con- 
stituted by two mutually orthogonal smooth planes under given force F and 
strikes both planes ait = t' (Fig. 4). We introduce cartesian coordinates qi,q 2 
so that the imposed unilateral constraints are expressed by the inequalities 
<?i > 0i 92 > 0 and let Xi = qi,X 2 = qi,x^ = q 2 ,x^ = A- The equations of 
motion are 

Xi = X2, X3 = X2, 

r - F X -F 

X2 — X2, X3 — ti, 
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For simplicity, we accept Newton impact rules for each constraint, with the 
coefficients of restitution ei and 62 - According to (5.10)-(5.11) and due to the 
orthogonality we obtain (cp. (3.25)) 



/ -ei 0 0 0 \ 

{F 2 +eiF2")/a:^ — Ci 0 0 

0 0 10 ’ 



Thus, 



J 2 J 1 



y (A 4 + -F^)Ix2 



0 0 1 





/I 


0 


0 


0 \ 






0 


1 


(F2+ - F +-)/ x 4 


0 




J 2 = 


0 


0 


-62 


0 








0 


(F4+ + 62F4+“)/a:4 






-6l 




0 0 




0 


(^2^ + 61 F2 


)/ x 2 


-61 (F2+ - F2+- 


■)/x 4 


0 



\-e2{F+- -F^) /a 



0 ~C 2 0 

0 {F^ + 62F^~)/x^ -62, 



(5.16) 



(5.17) 



Similarly, 



/ - 6 i 0 0 0 

{F^ + eiF2~'~)/x2 -6i -ei{F2~'~ - F2 )/x^ 

0 0 -62 0 

V {F^-F^~^)/x2 0 {F^~^ + e2F^)/xJ -62 



(5.18) 



The comparison of matrices (5.17) and (5.18) shows that they are different 
unless certain additional conditions are satisfied. Due to the orthogonality, the 
value X 2 does not change in collision with qi > 0, and vice versa. Therefore, 
if F 2 does not depend on X 4 and F 4 does not depend on X 2 , we have 



0 0 0 \ 

-61 0 0 I 

0 -62 0 • 

0 (F/ + 62^4“ )/x^ -62 / 

(5.19) 

Moreover, in this case the formula (5.14) leds to the same result for J 3 . For 
instance, if F = Fo(q)+Fi(q)q, where Fo(q) is a vector function and Fi(q) is 
a scalar function which do not depend on q, the equation (5.19) is valid. Such 
situation occurs in case where the given force is a combination of potential 



J 2 J 1 = J'iJ '2 = 



-6l 

(^ 2 ^ + 61^2 )/x 2 
0 
0 
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forces and linear damping. On the contrary, in the presense of aerodynamic 
(quadratic) resistence we have J 2 J 1 yf 

Up to now, we restricred our discussion by the simplest case of multiple 
impact where two unilateral constraints are involved. However, Proposition 
5.1 can be extended easily to the case where fc > 3 constraints take part in 
multiple collision. Note that the number of different scenarios of subsequent 
collisions for perturbed trajectory grows rapidly with k: there are k\ regions 
Gj, mentioned in Proposition 5.1, plus their boundaries. For instance, if we 
have three constraints 1,2 and 3, the following 13 scenarios are possible: 
1 — 2 — 3 (i.e. given sequence of simple impacts), 1 — 3 — 2, 2 — 3 — 1, 2—1 — 3, 
3—1 — 2, 3 — 2—1, (1 + 2) — 3 (i.e. double collision with 1 and 2 followed 
by simple collision with 3), (1 + 3) — 2, (2 + 3) — 1, 1 — (2 + 3), 2 — (1 + 3), 
3 — (1 + 2), and (1 + 2 + 3) (triple collision). 



5.3 Stability Conditions 



Consider a r - periodic motion q*(t) which satisfies non-degeneracy conditi- 
ons (i), (ii), and (iv) (cf. Sect. 3), but includes one multiple collision per 
period, i.e. (iii) is violated. For simplicity, we suppose that this collision is 
double one. We can use the Theorem 3.4 and Proposition 5.1 to construct 
the local Poincare map P : tTt- — >■ in a vicinity U of fixed point x*, 

corresponding to the periodic motion (without loss of generality we suggest 
X* = 0). A specific feature of such a map is the lack of smoothness: there exist 
two regions G+ and G~ with common boundary F such that U = G^UG~UF 
and 



P(x) 



P+(x), ifxGG+, 
P”(x), if X G G“, 



(5.20) 



where 

P^(x) = A±x + o(x). (5-21) 



The matrices A~^ and A~ yield linear maps, which are similar on the tangent 
subspace to P, but differ in the transversal direction. 

As the following simple examples show, a straightforward attempt to ap- 
ply the theorem 3.2 to map (5.20) fails (cf. Ivanov, 1998): 

Examples. 1. Consider piecewise-linear map in 2D: 



A(x) 



A+x X 2 > 0 
A_x X 2 <0 



(5.22) 



A+ 



a 


1 




a 


0 


0 


a 


, A_ = 


1 


a 



a G (-1,0) 



The eigenvalues of both matrices A_|_ and A_ belong to the unit circle, indi- 
cating stability of these two components (being considered separately). How- 
ever, the product 

+ 1 a 
a o? 



A + A_ = 
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possesses an eigenvector 1* = (l,a — a^ + . . .)^ with eigenvalue A* = l + 2a^ — 
+ . . . > 1, with 1* belonging to the half-plane X 2 < 0, and Al* belonging 
to X 2 > 0. Therefore, A is unstable. 

2. Now we present an example of continuous unstable piecewise-linear 
mapping with stable components. We set in (5.21) 



0 


-0.95 


A 


0 


-0.6 


1 


-1.9 


, A_ — 


1 


1 



Each of the matrices A+, A_ is stable; moreover, on the boder line X 2 = 0 
both submappings coinside. Nevertheless, the map A® has an eigenvector 
1 * = ( 1 ; 0 ): 

A®(1*) = A^ A^ (1*) =1,0261* 

Since the eigenvalue is greater than unity, the map is unstable. 

3. To build an opposite example, we suggest in (5.21) 

A+ =diag{-2; -0, 1}, A_ =diag{-0, 1; -2} 

In such a case both matrices A+ and A_ are clearly unstable. At the same 
time the ’’composed” map (5.21) is asymptotically stable. In fact, this map 
reverses signs of both co-ordinates of any vector. Therefore, elements of the 
sequence 1, Al, A^l, A^l, ... lie in turn in the half-planes X 2 > 0 and X 2 < 0 
(excluding the case where I belongs to the line X 2 = 0: then all iterations 
belong to the same line while the first co-ordinste behaviors as geometric 
progression with factor 0,1). Th stability follows from the following equality 

A+ = A_ =diag{0, 2; 0, 2} 

Now we formulate certain sufficient and necessary conditions of stability 
[30]. 



Proposition 5.2. If the matrices A+ and A^ in (5.21) have norms less than 
unuty (with respect to a norm ||x|| in i?^), then the fixed point of map (5.20) 
is asymptotically stable. 



Proposition 5.3. If at least one of the matrices A+ and A_ in (5.21) has 
an eigenvector 1* inside the corresponding region G~^ (or G~) with eigenvalue 
p > I, then the fixed point of map (5.20) is unstable. 

Note that the presence of eigenvalues p < —1 or complex eigenvalues with 
jpj > 1 does not ensure instability (see above Example 3). Therefore, the 
elaborated Floquet technique is not quite appropriate to stability analysis 
in the presence of multiple collisions. Nevertheless, there exist a special case 
where this method succeed (cf. [30]): 
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Proposition 5.4. 

block-triangle form 



Let the matrices A± have in some basis the following 



A± = 



/Cii 

I 0 




(5.23) 



with diagonal blocks Cn,C 22 ) similar for both components. Then the sta- 
bility of map (5.21) is governed by the multipliers pj precisely as in case of 
smooth maps (see Theorem 3.2). 

Similar results (Propositions 5. 2-5. 4) are valid in case the map (5.20) has 
three or more components of smoothness. 




4 



h(t) 






Example. Consider a system of two identical elastically connected balls, 
bouncing from an oscillating ’’fork” (see Fig. 11). If the length of relaxed 
spring equals to the distance between the ’’pronges”, there exist a number of 
translational periodic motions similar to periodic motions of one ball, bounc- 
ing from an oscillating table. In particular, there exist motions where the 
impacts occur at the same phase of oscillations (see example in Sect. 3.3.3). 
The matrices A± were shown in [30] to have the form (5.23). Therefore, a 
full-scale stability analysis is possible. We omit rather cumbersome calcula- 
tions (refer [30] for more details) and give final result only. The necessary 
and sufficient conditions of asymptotic stability consist of double inequality 
(3.35) and the following relation: 



(1 + e)^ 

2ttI 




sin(27T^w) — 2ecos{2Trluj) 



< l-ke^. 



(5.24) 



where u is the natural frequency of the system in flight. 

An alternative approach is connected with Lyapunov functions. Though 
construction of such function in a specific problem requires certain qualifica- 
tion and sometimes art, some problems of practical interest were studied by 
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means of it. In particular, the proof of Proposition 5 is based upon that 
technique. The following system was considered in [45]. 




Fig. 12. A string with concentrated masses, hitting a wall. 



Example. Forced oscillations of a string with concentrated masses near a 
wall (Fig. 12) can be described by the following equation: 

q + Aq=Q(t), q, Qei?”, qk > 0{k = 1, . . .n). (5.25) 



Here Qk is the distance from k-th mass to the wall, A is a positive stiffness 
matrix, and Q(t) is a r - periodic excitation force. As was shown in [3, 18, 
19], there exist periodic motions with simultaneous collisions in impact pairs. 

Suppose q*(t) is Nt - periodic so;ution of (5.25) with one multiple collision 
per period (all the masses hit the wall simultaneously). The jump matrices 
Jfc describing each impact pair has according to (3.23) - (3.25) the following 
form: 



J A. — 



E, 



~ (1 + efc)Dfe 



En ~ (1 + Cfc)DA 



^k = 



1 + Cfe 

qk{t' - 0 ) 



Qkit'), 



(5.26) 

where t' is the impact time, is the matrix with all elements equal zero 
except unity at the intersection of fc - th row with A: - th column, and is 
the coefficient of restitution in A: - th impact pair. It is easy to show that 
the matrices and 3j commute and the result of multiple collision does not 
depend on the order of simple impacts. Therefore, the multiple collision can 
be described by the following jump matrix: 



/-gefcDfe 0 \ 

T — 

^ m ml 

' fc=l k=l ' 

The monodromy matrix has form 

Y(i',A' + Ar) = Jexp(ArA). 



(5.27) 



(5.28) 



Verification of stability conditions (Theorem 3.2) is connected with calculati- 
on of eigenvalues of the matrix (5.28). This problem is rather cumbersome 
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for large n, and it is useful to obtain more simple sufficient conditions of 
stability. For such purpose we introduce a norm in by the formula 

l|xf = (q, q) + (Aq, q). (5.29) 

Obviously, the value L = ||x(t)— x*(t)|| is preserved during smooth motion 
(5.25) but it changes at impacts. Keeping proposition 5.2 in mind, we arrive 
at the inequality 



(Az, z) + (w - z, w - z) < (q, q) + (Aq, q) (5.30) 



with Zk = ekQk, Wk = {k = l,...,m). If relation (5.30) holds Vx € 

then L is Lyapunov function, and given motion is stable. Verification 
of this property (Silvester criterion) is much easier than direct evaluation of 
eigenvalues (Schur inequalities). 

Let for instance m = 1, A = LzP- . The sufficient condition (5.30) looks so: 




I w I 

while criterion of Theorem 3.2 is equivalent to 



(5.31) 



— sin Nlot — 2e cos Awr 
a; 



<1 + 6 ^. 



(5.32) 



Note that the condition (5.31) does not include the values A, r. Moreover, if 
(5.32) is valid for any r, then it coincides with (5.31). Therefore, the proposed 
analytical technique can be useful. 



5.4 Bifurcations 



Now we discuss possible response of a periodic motion with multiple impacts 
to small changes of equations of motion. We suggest that these changes are 
caused by alterations of certain parameter /x, and the Poincare map (5.20) 
can be rewritten in the form 



P(x,^) 



P+(x,/x), ifxGG+, 
ifxGG". 



(5.33) 



It is supposed that for ^ = 0 the map (5.33) has fixed point at the origin. 
Besides, the map (5.33) is continuous, i.e. P+ = P~ at any point on the 
common boundary of G~^ and G“, however, DP~^ yf DP~ . 

Dynamics of map (5.33) has been studied in [4-6] irrespective to motions 
with multiple collisions. Nevertheless, obtained results are applicable to the 
problem under discussion, and it seems resonable to summarize them. First 
of all, choose local coordinates so that the common boundary of G+ and G~ 
is given by x„ = 0. Then (5.33) can be rewritten in the form 



P(x,/x) 



A+x, -l-^b H , if > 0, 

A~x, +^h + • • • , if < 0, 



(5.34) 
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where nonlinear terms are omitted. The first n — 1 columns of matrices 
and A~ coincide while the last n-th columns differ. The form (5.34) is relevant 
to the subsequent analysis, but the results will be formulated in an invariant 
form. 

We will look for fixed points of (5.34) for 0. Suppose that there exist 
a point bfx^ with > 0 such that P(x“*",/x) = x+. Then x+ corresponds 
to a solution of linear system 

(E„ - A+)x = /rb, X, b G i?". (5.35) 

This system has unique solution provided the matrix En — A+ is non-singu- 
lar. The solution can be presented by Cramer formulas; in particular, = 
Anj where = det(En — A+) and Z\„ is determinant of the matrix, 
obtained from Ej, — A+ by substitution of the last column with b. Clearly, 
x~^ exists if and only if A'*' and A„ have the same sign. Similarly, we look 
for a fixed point bfx~ with < 0 as a solution to system 

(E„ — A^)x = ^b, x,bGi?". (5.36) 

We get x~ = AnjA~ where A~ = det(E„ — A^) and A„ is the same number 
as befor (keep in mind that A+ and A~ differ at the last column only). In 
case where the product A+A“ is positive, x^ and x~ have the same sign, 
and precisely one of the points x'*' and x“ is situated in the ’’correct” region. 
Another situation occure in the case A+A“ < 0 : depending on sign of fx, 
either none or both of the points belongs to the ’’correct” subspace. We have 
proven the following result. 



Proposition 5.5. If A+A > 0, there for small /i there exist unique fixed 
point x(/x) of map (5.33) in a vicinity of the origin: x(0) = 0. If A+A“ < 0, 
there for small /i there exist either two fixed points x^(/x) or (for opposite 
sign of /i) no such points in a vicinity of the origin. 

Note that conditions of this proposition can be stated in terms of the 
eigenvalues of matrices A+ and Ar . For that purpose, consider a func- 
tion x(5) = det(E — (5A, 6 € R. Clearly, x(0) = 1 > 0, and the func- 
tion x('^) has zeros which are inverse to the eigenvalues of A. Therefore, 
x(l) = det(E — A > 0 if and only if A has an even number of real eigenval- 
ues greater than unity. We conclude that the first (regular) case mentioned 
in Proposition 5.1 is realised provided the total number of such eigenvalues 
for A+ and A~ is even. In view of Proposition 5.3, if the origin is stable fixed 
point for /i = 0, we obtain the regular case. On the contrary, if the total 
number of eigenvalues greater than unity for A~^ and A~ is odd, the system 
undergoes one-side bifurcation, remainding the fold bifurcation in smooth 
systems. We refer to [4-6] for more details and restrict ourselves with the 
following example. 
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Example. Consider once more the system depicted in Fig. 11, but in more 
general case of connection between the two masses: it may include non-linear 
spring and dashpot. The equations of motion are 



xi = -g- h{t) + G{xi - X 2 ,xi~ X 2 ), 
X 2 = -g- Ht) - G(xi - X2, Xi - X2), 



(5.37) 



where Xi and X 2 are the distances from the balls to the ’’pronges” and G 
is the interaction force, G(0, 0) = 0. As previously, we consider symmetric 
motions {x\{t) = X 2 {t) = x*{t)) with one (multiple) collision per period. It is 
convenient to introduce new variables Z\ = {x\ + X 2)/2 and Z 2 = {x\ — X 2 )l‘i 
to simplify equations (5.37): new variables describe motion of the centre of 
gravity and relative motion. We use formulas of Sect. 5.2 to obtain finally 
the following result: 





0 


0 


0 \ 




— e 


(1 -1- e)G+ 
V 


0 


0 


0 


—e 


0 




0 


^ (e-l)G+ 

p 




/-e 


0 


0 


0 \ 




— e 


(l + e)G_ 
V 


0 


0 


0 


—e 


0 




0 


1 

1 

7F 

1 

1 





(5.38) 



where <? = (1 -I- e){g + h{t'))/V, G± = G(0, ±(1 -I- e)V. In case of symmetric 
connection (G+ = — G_) the periodic solution may be stable or not; anyway, 
it is structurally stable, i.e. small parameter changes do not destroy it. On 
the contrary, in case where G+ yf — G_) a possibility of structural instability 
exists in accordance with Proposition 4.5. 
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Abstract. Low to moderate speed collision between elastic-plastic bodies results in 
imperceptible permanent indentation of the contact surfaces if the bodies are hard. 
Nevertheless in these collisions the contact force-indentation relation is irreversible since 
internal energy gained from work done by the contact force during the compression is 
partially trapped in elastic waves, work done in plastic deformation and work done to 
overcome friction during sliding. These sources of kinetic energy loss in collisions depend 
on relative velocity between the bodies at the contact point, material properties, inertia 
properties related to the impact configuration and geometric constraints on the deformation 
field. 

Colliding bodies that can be represented as elastic-plastic or visco-plastic solids have 
been analyzed using specific models of contact compliance to calculate the energy 
transformed into irrecoverable forms. These calculations show how elastic waves, plastic 
deformation and friction affect the energetic coefficient of restitution — a coefficient that is a 
measure of impact energy loss from internal sources. The calculations indicate that there is 
considerable difference in the sources of energy loss for 2D and 3D deformations. Also, that 
friction little affects the plastic energy losses unless the impact speed is large enough to cause 
uncontained plastic deformation beneath the contact area. Consequently, for low-speed 
impact pVj (0)/y<10 , the energetic coefficient of friction is insensitive to friction. 

In analysing impact of multi-body systems (e.g. mechanisms, kinematic chains or 
agglomerates of granules), it is crucial to employ these ideas by specifically modelling the 
contact compliance. During impact on a mechanism, the velocity changes in one area of 
contact induce small displacements that develop at other compliant contacts where the 
impacted body is supported or connected to other elements; the force that develops at these 
secondary contacts (as a consequence of relative displacement at each individual contact) is 
the means of transmitting the impact process through system. Although the global 
compliance of elements of the system may be small enough so that vibration energy is 
negligible, the dynamics of multi-body collisions requires consideration of local compliance 
in each contact regions. 

Previously impact on a system of interconnected bodies has been analyzed as either a 
sequence of separate collisions or a set of simultaneous collisions. In general neither of these 
assumptions gives an accurate representation of the dynamic behaviour of multi-body 
systems. Rather, it is necessary to model the compliance of each contact and consider the 
contact forces which develop since it is these forces which prevent interpenetration or 
overlap. When applied to impact on multi-body systems such as mechanisms, the impulse- 
momentum methods used in rigid body dynamics give but one limit of the range of response 
— a range that depends on the distribution of local compliance at each contact between 
bodies in the system. An accurate analysis of multi-body system response to impact 
generally requires consideration of the time-dependent contact forces in a wave of reaction 
that propagates away from the initial site of impact. 
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1. Introduction 

Impact occurs when two bodies come together with a normal component of relative 
velocity at an initial point of contact. Thereafter there would be interpenetration of 
the bodies were it not for local deformations in a small region around the point of 
initial contact. For solids composed of materials with large elastic moduli, an 
integral of these deformations (strains) over the small depth of the deforming region 
gives a small normal deflection of the contact surface — during the contact period 
this deflection is required for compatibility of displacements in the common area of 
contact which develops around the point of initial contact. The contact surface 
deflections are consistent with a very large interface force acting in the contact area. 
This force opposes interpenetration and tends to drive the bodies apart. Since the 
contact force is very large it causes large accelerations which rapidly change the 
velocity of the bodies outside the contact area; the contact force and these 
accelerations terminate at separation. The changes in velocity during the very brief 
period of contact result in some residual or rebound velocity at separation. 

For problems where the main interest is the dynamics of impact (i.e. changes in 
velocity occurring during impact), the effort and computation time required to 
obtain predictions of the terminal state are substantially reduced by adopting some 
version of rigid-body impact theory. This theory assumes that the contact duration 
is infinitesimal so that changes in velocity occur instantaneously. The major 
analytical advantage of this assumption is that the displacements of the bodies 
during impact are negligible. With negligible displacements, the only active forces 
are impulsive reactions at points of displacement constraint. For planar or 
nonfrictional problems this assumption gives equations of motion that are trivially 
integrable so that changes in velocity can be expressed as algebraic functions of the 
normal impulse p at the contact point. 

On closer inspection however, it becomes clear that the factors which are 
neglected by rigid-body impact theory in order to obtain an analytically simple 
result can be important in some problems. Here my aim is to clearly identify the 
conditions where rigid-body theory is applicable by analysing some generic 
problems and comparing results with those from more detailed and/or complete 
analyses. The conclusions are that for impact between a pair of rough bodies, rigid- 
body theory can give accurate results if there is continuous unidirectional slip at the 
contact point; for multi-body impact however, the range of system parameters 
where rigid-body impact represents the system response is restricted to the limiting 
cases of very large or very small gradient of contact compliance through the set of 
contacts. Thus local compliance is significant wherever there are interaction forces 
that are coupled and the forces are functions of relative displacement at points of 
contact. Stereo-mechanical rigid body impact theory requires in addition that the 
bodies be so inflexible that structural vibration energy can be neglected; i.e. that the 
colliding elements have negligible global compliance. 
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2, Impact Process 

Impact initiates when two colliding bodies B and B' first come into contact at C, 
an initial point of contact. Each body has a point of contact, C or C' , and at 
incidence these points have velocities Vc(0) and Vc'(O), respectively. Between 
the contact points there is a relative velocity y(t) defined as y(0 = ^c(0~^c'(() ■ 
If at least one of the bodies is smooth in a neighbourhood of C, there is a common 
tangent plane (c.t.p.) and perpendicular to this plane there is a normal direction n 3 . 
At incidence the bodies come together with a negative relative velocity at C; i.e. 
n3-v(0)<0. 

Following incidence, in a region around C the surfaces are indented by equal 
but opposite normal reaction forces Ft, — these forces produce the local deflections 
required for compatibility of displacements on the common contact surface that 
develops between the bodies. During an initial period of compression, elements just 
outside the contact area continue to approach each other so that the contact area 
spreads, the indentation increases and the normal contact force increases as shown 
in Fig. Ic. The change in relative velocity at C caused by the normal reaction 
force brings the normal component of relative velocity of particles just outside the 
contact regions to rest at a time of maximum compression t(. ; at this instant when 
ns v(tc)= 0 there is a transition from the period of compression to a subsequent 
period of restitution wherein the bodies are separating. During restitution the 
normal contact force drives the bodies apart as the normal relative velocity 
continues to increase. Finally at time tf the normal reaction force drops to zero as 
the bodies separate (see Fig Id). 

Solid bodies that are composed of stiff (i.e. high elastic modulus) materials give 
a large reaction force at a very small normal deflection 5 (see Fig. lb). The large 
force rapidly accelerates the colliding bodies and changes the direction of the 
normal component of relative velocity at C from one of approach to one of 
separation. For hard solid bodies, the contact period ranges from tf = 0.2 ms for 

steel spheres to tf = 1.5 ms for golf balls [1]. This brief contact period is a 

consequence of the small normal contact compliance (or high stiffness); likewise, if 
the contacting surfaces are non-conforming, the small normal compliance results in 
a contact area that remains small in comparison with the size of the colliding bodies. 

During contact the reaction force causes stresses and strains in the colliding 
bodies. The 3D elastic stress field arising from a normal force on the surface of a 
smooth solid body gives a stress field that decreases as with increasing radial 
distance r from the point of application. This very rapid decrease in stress (and 
strain) results in a deforming region in each of the colliding bodies which is not 
much larger than the size of the contact area — the remainder of these bodies 
essentially are rigid or undeforming. 
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3, ‘Rigid’ Body Impact Theory for Smooth Hard Bodies 

Analyses of ‘rigid’ body impact can follow the process of velocity change at the 
contact point by introducing an infinitesimal deformable particle between the bodies 
at C — this particle simulates an infinitesimal deforming region. The deforming 
region is assumed to have negligible mass because it is small in comparison with the 
size of either body; consequently the contact forces on either side of the particle will 
be equal but opposite. Noting that the normal contact force Ft, is always 

compressive we recognize that the normal component of impulse Fj^{t)dt is a 

monotonously increasing function of time; thus the normal impulse p = can 
replace time as an independent variable. 

Let colliding bodies B and B' have masses M and M' respectively. Each 
body has a center of mass with a velocity Vg or Vg' respectively while each 
body has an angular velocity COb or COb' • From each center of mass to the contact 
point C there is a position vector r or r' . In a collision where there is negligible 
displacement during contact, the only active force is the reaction at the contact 
point. This reaction gives equal but opposite differentials of impulse dPB or 
d Pb' acting on each respective body, 

dPB=FBdt, dPB'=FB'dt. (1) 

Newton’s second law of motion states that 

dVB = M“^dPB, dVB' =M'“^dPB'- (2) 

For planar motion of rigid bodies with radii of gyration p and p about the out- 
of-plane axis through the respective centers of mass, the laws of rotational motion 
are written as 

dcoB = (Afp^)“Vx dPB, d COB' = xdPs' . (3) 

A transformation to equations of motion for the respective contact points C or C' 
is made by noting that 



Vc - Vb +C0b xr, Vc' - Vb' +C0b' xr'. (4) 

Across the deformable particle at C there is a relative velocity given by v = 
Vc-Vc'. 

Assembling equations (2)-(4) and letting dp = dPB=-dPB' results in 
equations of planar relative motion for the pair of bodies colliding at C as a 
function of the contact impulse p = (p\,p^). 
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Fig 1 (a) Initial and subsequent stages of compression of two colliding bodies; (b) contact 
force as function of indentation; (c) contact force as function of time; (d) velocity changes as 
function time; (e) relative velocity changes vs normal impulse. 
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where an effective mass m = MM' l(M + M') . In this expression the inertia 
coefficients depend on the system configuration, 

Pi = \ + mr^ / Mp^ + / M'p , 

''2 ''2 
p 2 = mrin, / Mp + mr{rj, / M'p' , 

^^3 = 1 + mri / Mp ^ + mr{ ^ / M'p''^ . 



This form of equation of planar motion was presented by Wang & Mason [2] and 
Stronge [3]. It is useful to recognize that pi>0,p2>^ ™d PiP^>p 2 

For smooth bodies the tangential impulse vanishes dp\ = 0; in this case the 
equations (5) can be integrated to obtain, 

^l{p) = \(9)-m~^P2P 

-1 (o) 

V3(;?) = V3(0)+»! 

where the normal impulse p = p^- 

A characteristic impulse pc for the period of compression is defined as the 
normal impulse that brings the normal component of relative velocity at C to rest; 
i.e. 



Pc = -mvsiO)/ Pi. 



(7) 



Hence the components of relative velocity in (6) can be expressed as 

V|(P) _ vAO) _Pi P 

V3(0) V3(0) Pi p^ ’ 

V3(0) p^' 

This expression for the normal component of relative velocity is shown in Fig. le. 

The partial work done by the normal component of impulse Wt,(p) during 
contact is calculated from 



Wiip) 
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p 

V3(p)d/?= V3(0)/? + 



0 




m 




(8a) 



where the integrand was obtained from (6b). The partial work for the period of 
compression = ^siPc) is cross-hatched in Fig. le; this work done to bring the 
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initial normal relative velocity at the contact point to rest, is given by substituting 
(7) into (8a), 



lf 3 , = 0 . 5 ^ 33 - '«v|(0). (8b) 

For a terminal impulse pf the terminal relative velocity at separation y(pj) = 
('^i( 7’T)> is given by (6). If tangential impulse is negligible, the terminal 

relative velocity has components 

viCf/) = vi(0)-^2^3“^3(0)(p///7c), (9a) 

V3(F’/) = V3(0)(1-/?///?c)- (9b) 



The question that remains — how to obtain the ratio of normal impulse at 
termination to that at the end of compression Pfipc — has been answered in 

several different ways. Both the kinematic coefficient of restitution e = 
—v^{pf)l V3(0) and the kinetic coefficient of restitution eg = iPf ~Pc)l Pc ^re 

empirical coefficients that can be used to estimate this ratio; they are based on 
measurements from experiments that must be physically similar to the impact 
conditions where they are applied. On the other hand, the energetic coefficient e* 
is based on work done during contact by the normal component of contact force [4]; 
the energetic coefficient of restitution provides an opportunity to calculate the 
impulse ratio pf / pc based on material properties, the impact configuration and 

the relative incident velocity at the impact point. This calculation is presented in 
Sect. 4. 

Assumptions of ‘Rigid’ Body Theory 

i. Small contact area (deforming region small in comparison with all dimensions 
of bodies) 

ii. Compliance of contact region small so that contact period is infinitesimal 
(negligible changes in configuration during impact). 

iii. Compliance of contact region large in comparison with compliance of all 
other sections (i.e. all sections of colliding bodies are rigid in comparison with 
contact region). 



4. Extended Hertz Theory for Elastic-Plastic Impact 

Elasticity provides a continuum field theory for the stress and displacement 
distributions near the contact area of two bodies which are pressed together. This 
theory will be representative of the local stresses, strains and displacements if the 
stresses are within the yield limit. The elastic analysis can be used to evaluate the 
relative displacement or indentation which equates with the elastic limit state. 
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4.1 Elastic Indentation from Normal Contact Force 

Hertz [5] proposed a theory of contact which neglects any local effect of inertia; i.e. 
this theory is quasi-static and neglects effects of stress waves. Let non-conforming 
bodies B and B' come into contact at an initial contact point C, as shown in Fig. 
la. Suppose that in a neighbourhood of C the surfaces of the bodies have radii of 
curvature ^nd respectively; i.e. both bodies are smooth in the contact 

region. At the initial contact point C the surfaces have a common tangent plane 
and normal to this plane is the common normal direction 03 . 

Let bodies with initial surface curvatures and be compressed by a 

normal force Ft, as shown in Fig. 2; as the compressing force increases the 
common area of contact spreads from C to include a small region around C. The 
perimeter of this contact area has radius a. Hertz showed that for compatible 
normal displacements within the contact area, there is an elliptic distribution of 
contact pressure p{r) between the bodies, 




Fig. 2 Normal indentation d = dg -H dg- of spherical contact surfaces. 
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where r is a radial coordinate originating at C and PQ^p{^) is the maximum 
pressure which occurs at the center of the contact area. This contact pressure results 
in a normal contact force Ft, on each body, 

Ft, = ^ p{r)2nr dr = {^^^poa^ . (11) 

In the contact area the mean pressure p is 2/3 of the maximum pressure, p = 
2po/3. 

The pressure distribution on the surface causes a normal component of 
displacement at the surface w,(r), i = B, B'; an expression for this surface 
displacement can be obtained from the Boussinesq solution by integration of the 
strains arising from a distribution of normal force on the surface of an elastic half- 
space [6], 



Wiir) 



n I- v} 
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apo, r< a, 



( 12 ) 



where body i has elastic moduli given as Poisson’s ratio v, and Young’s modulus 
Ej. Each body has an indentation dj defined as the maximum normal 
displacement (relative to the center of mass of the body); i.e. dj = w, (0) . Defining 
the total indentation 5 as the sum of the indentations of each body in the colliding 
pair. 



5 = 5b + 5b' 



3k ap 



(13) 



where an effective elastic modulus £» and an effective initial contact surface 
radius of curvature R* are defined as, 

-1 






1-Vr , 1-Vr- 



-R 



-R' 



By rearranging expressions (11)-(13), the elastic indentation, initial contact radius 
and normal contact force are obtained as. 



(14a) 




198 WJ. Strange 



a 







4 

3 









(14b) 



(14c) 



For an initial period of increasing magnitude of force (compression), the work IF 3 
done by the normal component of contact force F ’3 in indenting the colliding 
bodies can be calculated; 







15 



R* 



(14d) 



This work that increases the strain energy in the deforming region simultaneously 
reduces the kinetic energy of relative motion at C, the kinetic energy is transformed 
into internal energy of deformation. 

4.2 Indentation at Yield of Elastic-Plastic Bodies 



With increasing indentation, elastic behaviour continues until yield occurs in one or 
the other of the bodies that are pressed together at C. Suppose that plasticity (i.e. 
irreversible rate-independent deformation) initiates at a uniaxial yield stress Y. For 
an axisymmetric stress field beneath the elliptic interface pressure distribution, 
either the Tresca or von Mises yield criterion gives a mean pressure to initiate yield 
Py as py =1.1F, [7]. Plastic yielding initiates substantially below the contact 
surface at a depth z ~0.45ay. In the present formulation the ratio of mean 
pressure for initiation of yield to uniaxial yield stress is a parameter that can be 

specified to obtain continuity of mean pressure at the transition between elastic and 
fully plastic indentation. Thus 



El 

Y 



= t?y = 



4 E* 
Y 



EL 

yR* y 



(15) 



Nondimensional indentation, normal force and indentation work at yield are 
material properties; 
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Elastic indentation has a nondimensional contact area, normal force and indentation 
work that can be described as 




Contours of maximum shear stress in an elastic solid compressed by a spherical 
indentor are shown in Fig. 3. 

Partial work done by the normal component of contact force in collinear impact 
is used to define a characteristic normal component of relative velocity Vy that is 

sufficient to initiate yield. Letting WjY=0.5mvy we obtain 






(17) 




Fig. 3 Contours of equal shear stress in elastic half-space indented hy sphere. 
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Table 1 Material properties from indentation and impact tests 



Young’s Static Dynamic Impact Speed 



Material 


Density 
plgon ^) 


Modulus 
Ei (GPa) 


Yield 

F,(MPa) 


Yield to Initiate Yield Source 

Fflj(MPa) ^ 


Mild Steel (as received) 


7.8 


210 


600 


583-780 


.049-. 101 


[8] 


Mild Steel (work hard.) 


7.8 


210 


650 


1160 


.055 


[9] 


Brass (drawn) 


8.5 


100 


200 


250 


.007 


[10] 


Alum. 1180-H14 


2.7 


69 


110 


130 


.004 




Alum. 2014-T6 


2.8 


69 


410 


410 


.076 





The normal incident speed for yield vy is a function of material properties, the 
curvature of the contact region and the effective mass of the colliding bodies; it is 
however, independent of the impact configuration and friction [8]. With yield at 
t?y=l.l, characteristic normal speeds for yield Vy and the elastic -plastic 
transition Vp are approximately equal to 
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4.3 Fully Plastic Indentation 

As indentation increases beyond that required to initiate yield there is a range of 
indentation where the region of plastic deformation expands but does not break 
through to the contact interface. A stress and deformation analysis of this 
intermediate elastic-plastic range of indentation was presented by Stronge [11]. 
Elastic-plastic indentation results in a smooth transition between the elastic and a 
fully plastic range of behaviour. 

After the plastically deforming region intersects the contact surface, further 
indentation causes uncontained fully plastic flow. In the fully plastic range the 
interface pressure is constant throughout the contact area. For spherical contact 
surfaces and negligible strain-hardening the fully plastic indentation pressure equals 
^ = 2.87 ; this pressure is the same as that measured in a Brinell hardness test [10]. 
Fully plastic indentation initiates at an indentation R , contact radius a„, contact 

^ P ^ 

force Fp and indentation work Wp that are somewhat larger than the values 
required to initiate yield. 
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Numerical simulations shown in Fig. 4 by Hardy, Baronet and Tordion [12] indicate 
that for spherical contact surfaces, fully plastic indentation begins at 7^ / F^p = 20 . 

Fully plastic indentation is related to the contact radius by a condition that at the 
edge of the contact area the surface neither sinks in nor piles up; this condition 
ensures continuity of mass. 



A_ i 

K. 2^2+ ^2 

V / 




5>5p. 



(19) 



In this range of behaviour the mean contact pressure p is independent of 
indentation so that the contact force increases with the contact area. 





5>5p. 



( 20 ) 




Fig. 4 Region of plastic deformation expands with increasing normal force. 
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With this force-indentation relation, the total work done on both bodies during 
compression can be expressed as 
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( 21 ) 



4.4 Elastic Unloading from Fnlly Plastic Indentation 

For rate-independent materials, maximum force occurs simultaneously with 
maximum indentation at the end of the compression period. As the bodies start to 
separate or unload, the normal contact force decreases. For plastically deformed 
bodies, the unloading path for separation is distinct from the force-deflection 
relation during compression. 

Denote the maximum indentation by and the maximum force by 

Pic = P?>i^c) ^ Unloading from maximum indentation occurs elastically. During 
unloading there is a change in indentation 5 ^ , so that when the compressing force 
vanishes there is a residual final deflection ^ calculating the compliance 

relation for unloading it is important to recognize that as a result of plastic 
deformation during compression, the initial contact curvature has been 

changed to a new unloaded curvature Rt ^ . We assume this transition occurs at 
maximum indentation. The curvature of the deformed surface depends on whether 
both are convex or whether one has become concave, 

Rq > 0 , > 0 , 

-R’q > - 0 • 






During elastic unloading the deformations in the contact region are geometrically 
similar to the changes that occur during elastic compression; i.e. 



R* R* 



(22) 



The relationships between indentation and contact radius at maximum elastic -plastic 
compression and during elastic separation are as follows: 

^ ^ ' 

Letting the change in contact radius during unloading equal the change in 
radius during compression a^. gives 5^!5^=2R^R^{RI+RI^ . Together with 



^ i ^ ^ 
^ 2 ^ 2 +^ 
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Eq. (22) this gives a relation for indentation recovered during separation as a 
function of the maximum indentation, 



R,~ dp 




y/2 

-1 



(23) 



During the period of restitution the normal contact force is unloading 

elastically until it vanishes at a terminal indentation Sf . For unloading the normal 
contact force can be expressed as 

17 A { ^ 

F-^ 4 0-0 f 

eM ^ , 



This extended Hertz theory gives a force-deflection relation for indentation of 
elastic-perfectly plastic spherical surfaces which is illustrated in Fig. 5. 

During compression the normal contact force does work on the bodies that 
transforms kinetic energy into internal energy of deformation — both elastic strain 
energy and plastic work. The elastic strain energy is the source of the normal 
(unloading) force that drives the bodies apart during restitution. During unloading 
the normal force is in the opposite direction from the change in the normal 
component of relative displacement so the partial work done on the bodies is 
negative (the deforming region loses strain energy and the bodies regain part of the 
initial kinetic energy of relative motion); 
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(24) 



For elastic-fully plastic behaviour, the indentation that initiates uncontained plastic 
deformation is § =(3k/4)^(2.SY/E result in an 

expression for rati6 of partial work recovered during restitution to partial work for 
fully plastic indentation 







V 
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dc >dp. 
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Fig. 5 Nondimensional mean pressure p ! Y and normal force / Fy for indentation of 
elastic-perfectly plastic body. 



4.5 Energetic Coefficient of Restitntion 



The partial work done by the normal component of contact force during 
compression W^c that recovered during restitution WT,r are given as 







W, 









3p 




\3/2 




Sc>Sp (25) 



For energy losses in collision that are related to irreversible internal deformations in 
the contact region, the energetic coefficient of restitution e* relates the partial work 
recovered during restitution to the partial work done during compression ]¥■}(. 

[4]. 
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The square of the coefficient of restitution e* is negative of the ratio of the 
elastic strain energy released during restitution to the internal energy of 
deformation absorbed during compression, 



W^{pf)-W^{p,) 



Equation (26) assumes that the internal energy absorbed during compression is 
solely due to the normal component of contact force; this neglects any interaction 
between the stresses generated by normal and tangential components of contact 
force. Strictly, the assumption is valid if the tangential compliance is negligible. 
Ordinarily, for a half-space, the normal compliance is somewhat larger than the 
tangential compliance but the success of this assumption is more due to the stress 
field around the contact area and the fact that the plastically deforming region is 
contained within a subsurface inclusion located beneath the contact area. So long as 
the contact pressure does not increase to the extent required to produce uncontained 
plastic deformation, the tangential force-deflection relation remains elastic although 
the normal force-deflection relation is elastic -plastic. Consequently, at separation 
the partial work done by tangential forces vanishes, see Lim & Stronge [13]. 

From (8b) and (25a) the maximum normal indentation 5^ can be related to the 
normal component of incident relative velocity V3(0) , 




This maximum indentation can be substituted into relations (25) and (26) to obtain a 
expression for the energetic coefficient of restitution. 
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(28) 



The ratio of terminal impulse to normal impulse for compression Pf ! Pc , is 
obtained from (8a) together with (26); 
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Hence if the impact configuration is collinear, the terminal normal impulse pf and 
the normal impulse for compression p^, are related by the energetic coefficient of 
restitution. 



Pc 



This expression is the same as the definition of the kinetic coefficient of restitution 
eo- In general the kinematic, kinetic and energetic coefficients of restitution are 
identical unless there is friction, the configuration is eccentric and slip changes 
direction before separation — a change in the direction of slip can occur only for 
low initial speeds of sliding. 

The energetic coefficient of restitution shown in Fig. 6 was calculated from (27) 
and (28) for inertia properties representative of an end of a uniform rigid rod 
striking an elastic-plastic half-space. This coefficient has some dependence on 
orientation of the rod since this affects the maximum force, and hence maximum 
indentation [14]. For normal incident velocities that are large in comparison with 

the velocity at yield Vy the coefficient of restitution e* ^(v 3 ( 0 )/vy) this 
asymptotic limit is consistent with measurements on many hard metals reported by 
Goldsmith [15]. Generally larger normal incident speeds result in larger indentation 
and more energy loss due to plastic deformation; thus higher impact speeds give a 
smaller energetic coefficient of restitution. 




Fig. 6 Theoretical coefficient of restitution for elastic-perfectly plastic slender rod at two 
angles of inclination at incidence, 6 =0,n ! 4 . 
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While the previous analysis of contact deformations employs elastic and elastic- 
plastic field theory, this level of detail is frequently not necessary. The following 
analyses use discrete or lumped parameter models that represent the contact 
compliance in the contact region. For any particular application, the contact 
stiffness must be evaluated either experimentally or from a continuum analysis. The 
introduction of interface elements which give contact force as a specific function of 
displacement has a cost — the analysis must employ time t rather than the normal 
component of impulse p as an independent variable. 



5. Effect of Tangential Compliance Between Colliding Bodies 

A “superball” is a highly elastic (low hysteresis) sphere made of a polymer that 
gives a large coefficient of friction. A rotating “superball” bouncing back and forth 
on a hard level surface suffers a reversal in direction of rotation at each bounce. 
The spherical ball gives an approximately collinear impact configuration; thus the 
reversal in direction is not possible if tangential compliance is negligible. The 
motion of a “superball” is an example of behaviour that results directly from 
tangential compliance [16]. 

Effects of tangential compliance for collinear impact of rough (frictional) elastic 
continua were investigated by Maw, Barber and Fawcett [17]. To extend that 
investigation to considerations of inelastic collisions, a method based on discrete 
modelling of contact compliance has been developed by Stronge [18]. Figure 7 
illustrates the modelling of both normal and tangential compliance at the contact 
point C. The infinitesimal particle C is subject to both normal and tangential 
contact forces which then are transmitted through the springs to the respective rigid 
bodies. Across each spring the displacement 5 of the particle from the initial 
equilibrium position is denoted by 5 = (5i, ^3). Compressive displacement is 
defined as positive. 

The normal stiffness k for the period of compression is obtained from material 
properties k={A7l ! hysteresis causes the stiffness for the period of 

restitution to increase to k / e* where the coefficient of restitution e* < 1 . This 
hysteresis loop gives an energy loss in a cycle of loading and unloading that is 
consistent with the energetic coefficient of restitution e* . The hysteresis relation 

leaves a residual indentation <53^=(1— e^)<53(f^) after complete unloading as 

shown in Fig. 8. Ordinarily the tangential stiffness k ! r] is somewhat smaller 
than the normal stiffness, A:/?7^=2A:(1— V^)/(2— vXl+v) (see Johnson [7], p221). 

Hence a ratio of stiffness gives T]^ ={2—vy2(\—v) or 77^=125 for Poisson’s 
ratio V = 0.33. 



1 The linear spring constant k is an approximation for the nonlinear stiffness from the 
relation for a spherical contact region . Equivalence was obtained by equating 

the partial work of the normal force during indentation up to the yield limit . 
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Fig. 7 Discrete element model with both normal and tangential compliance at the contact 
point C. 




Fig. 8 Force-deflection relations for normal and tangential stiffness of smooth solids. 
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With these bilinear stiffness relations, the equations of planar motion can be 
written in terms of the relative displacement , ^3 ) , 










-A 

A 




(30) 



These equations represent a system with two natural frequencies ft) and £2 which 
are eigenvalues of the frequency equation, 







(31) 



If the collision configuration is collinear (pj ^0) the tangential and normal 
equations of motion are decoupled. In this case the contact point undergoes simple 
harmonic motion (s.h.m.) in the normal direction. When the contact point is 
sticking rather than sliding, there is s.h.m. in the tangential direction also. The 
circular frequencies of normal relative motion Q and tangential motion ft) are 
defined as 






_ Tt 

m It^ ’ 



03= 



[a 

ri^m 



(32) 



where the time of maximum compression tc occurs when the normal relative 
velocity 5^ )=0 . 

The collision terminates and separation occurs at a final time tf . For collinear 

collisions the time of separation and the time of maximum compression are related, 
tf ={l+e»)t(.. Between these times during the period of restitution t^. <t <t f 

2 

the normal stiffness k is replaced by k / e* in the expressions above; i.e. if there 
are energy losses in collision e* < 1 , the frequency of normal relative motion is 
larger during restitution than that during compression. This approximation assumes 
that separation occurs at a final normal indentation 5^ (t^ . 



5.1 Normal Relative Velocity for Collinear Impact 

Where the impact configuration is collinear, P 2 the equations for normal and 
tangential relative motion are decoupled; i.e. the normal component of motion is 
unaffected by slip and friction at the contact point. With piecewise linear normal 
compliance, the normal relative velocity undergoes simple harmonic motion 
(s.h.m.) as a function of time t with a frequency £2 for the period of compression 
and a frequency e* £2 for the period of restitution. Thus the normal component of 
relative velocity is expressed as. 




210 WJ. Stronge 



V 3 (?) = V3(0)cosX 2? , (33a) 

V3(0 = e*V3(0)cose* (1-e* )^/ 2^, t^<t<tf. (33b) 

At maximum compression there is a change in contact stiffness; after maximum 
compression the frequency of normal relative motion is changed from Q to 

e* . Corresponding to this variation in relative velocity, one can calculate the 
variation in normal displacement and normal contact force during the contact period 
occurring between incidence and separation, see Table 2. Notice that because 

normal indentation is positive in compression, v{t)=—5j^{t) . 



Table 2 Normal relative displacement, relative velocity and contact force at C. 





compression, 0 ‘ftc 


restitution, t^ 


disp. 


S^iO = -f2~'v3(0)sinX2t 


c ... e*V3(0) . _i| 

03(0-- r — sme* 

Q \ 


vel. 


V 3 (t) = V 3 ( 0 )cosf 2 t 


vft) = e*V3(0) cose* 


force 


Piit)-- smX 2 t 

Pi 


mf2v3(0) . _| 

sme* 

Pi 



n 

' 2 ' 



n 
2 ' 



5.2 Tangential Relative Velocity for Collinear Impact and Dry Friction 

Tangential contact forces can arise from dry friction or from interlocking of 
rugosities on the contact surface. Where the source of the force can be represented 
as dry friction, the tangential and normal contact forces are related through the 
Amontons-Coulomb law of friction. This law states that the contact point sticks 

0=Vj+(5j if the ratio of magnitude of tangential to normal force |^i |/^3 is less 

than a static coefficient of friction, /J-s . If the contact point slips (or slides) 
however, the ratio of magnitude of tangential to normal force equals the dynamic 
coefficient of friction, ; 



stick: 




0 

II 

+ 


slip: 




Vj+(5j3^0 . 



The friction force acts in a direction opposed to sliding. 
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Measurements typically show that so that with increasing tangential 

relative displacement, the tangential force increases until sliding initiates and then 
the force decreases somewhat. During sliding the tangential force is almost constant 
irrespective of the speed of sliding. The subsequent analysis presented here neglects 
this detail and assumes that jJ-g = jJ-d = M • 

Tangential Displacement and Force During Stick 

Consider the case where initial slip at the contact point is brought to a halt at a time 
tg where tg<tf. For the period of time t>tg suppose that the contact point sticks. 
Hence the contact relative displacement, relative velocity and contact force can be 
written as 



5i(0 =5i(t^)cos(o(t-t^)-(U sintu(t- tg), 

v\(t) = codi {tg)sinco(t- tg) + vi{tg)cosa>{t- tg), 

■^1(0 = p cos w(t-tg)- T*— ^ smft)(t - tg), t>tg 

Pi Pi 



(34a) 

(34b) 

(34c) 



The state of stick continues until the ratio of tangential to normal force has a 
magnitude that increases to a value equal to that of the coefficient of friction; i.e. 
|Pi |/73 = p. . When the components of force first satisfy this equality, the contact 
point begins to slip. 

Tangential Velocity Changes During Slip 

If the force ratio equals the coefficient of friction \f^I = p , the particle at the 

contact point slips at a speed vi + ^ in direction s{t). During any period of slip, 
because friction is opposed to the direction of slip s, the differential of impulse can 
be expressed in terms of the normal component of impulse dp = d/ 73 ; i.e. 



jdpi 

ldP3 




dp. 



This gives differential equations for any period of slip — differential equations for 
the velocity changes as a function of the normal component of impulse dp rather 
than time. 



jdvi/d/?! _i 

\ f = ffl 

[dv3 /dp J 0 



0 

fh 



-ps 

1 



( 35 ) 
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Angles of Incidence giving Initial Stick 



During stick the tangential force 73 and the normal force F\ are given by Eq (34c) 
and an equation from Table 2. At the contact point there is stick if the ratio of these 
forces is inside the cone of friction. If stick initiates at incidence, t = 0, then the 
period of stick persists so long as the force ratio satisfies 



|7q(0| 1 V|(Q) Qsmcot 

^(0 iiTj^ V3 (0) ft) sin 



0<t<t^. (36) 



Hence, at the contact point the sliding process begins with initial stick if and only if 
the relative velocity at the contact point is inside a friction-compliance ratio cone 



vi(0) 

V3(0) 



■ 



(37) 



At the point of contact the relative velocity ratio is related to the angle of the 
incident relative velocity (j) (measured from normal), ^=tan ^[vi(0)/ V3(0)] . 
Hence initial stick at C occurs only if the angle of incidence (/) is less than the 

product of the coefficient of friction and the compliance ratio rj . For larger 

_1 2 

angles of incidence (j) > tan {jirj ) the contact point slides at incidence. 



Transition from Initial Slip to Intermediate Period of Stick 



— \ 2 

Sliding begins at incidence if the angle of incidence is not small (j) > tan {jirj ) . 
Subsequently, during the contact period, the speed of sliding is slowed by friction. 
If the speed of sliding vanishes during impact, the contact points then begin a period 
of stick. The time of transition from sliding to stick tg is calculated from a 
condition of smoothness that results from the local tangential deformation 5i(t) 
being a continuous function at the transition time t^. Hence, 



lim 
£ ^ 0 



dFAt. -s) 


dF\ (ti. + £) 


de = 


de 



(38) 



For stick that begins during restitution <t^ < the derivatives of tangential 
force at instants of sliding before and stick after the transition time are given by 



dF^ mco^vft^) 

dt Pi 



dF^it,) pmO v^iO) -if 7t 

Id — —=- ^ cose* \Qts--{l-e^)\, 

dt e*/t3 V 2 
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where the kinetic equations during an initial period of sliding t <tf. result at the 
time of transition in small displacement and sliding at the contact point, 



5i=ix- 



A-Qv,(0) 






sine*' I --r(l-e*) 



tc — ts < 



vifc) = vi(0)-At^V3(0) 



1- e* cose* '| — (1-e*) 



K 



^ ' 



Substituting the rate-of-change of forces into (38) we obtain an equation for the 
time ts when initial slip halts and stick begins, 



Qts = ~ (l - e*) -I- e* cos e* 



%i(Q)/Atv3(0)-;3i/fe ^ 



^ • 



(39) 



This gives an initial velocity ratio where initial slip halts at the end of the period of 
compression; i.e. Ots = £lt^. = nl 2 implies 



viM 

V3(0) 




(40) 



Initial sliding does not halt during the contact period if the initial velocity ratio is 
sufficiently large. The relative velocity ratio (angle of incidence) that results in 
initial slip halting at the time of separation ty is obtained by letting Q,ts = 
Qtf = {k I2){\ + e *) ; hence. 



vi(0) 

V3(0) 




(1 + e*), 



^0<0. (41) 



5.3 Change of Relative Velocity for Different Slip Processes 
Small Angle of Incidence, |v[ (0)/v3(0)| < 

If the angle of incidence is small, at the contact point there is initial stick and this 
persists until late in the restitution period when there is a transition to a final stage of 
sliding. This final stage of sliding is always present; it occurs because the 
magnitude of the normal compressive force decreases during the final phase of the 
contact period. If the initial direction of sliding ^(0) = sq is in the negative 
tangential direction <0, at the time of transition from stick to sliding tg the 
direction of sliding has reversed and the tangential relative velocity of the bodies 
can be calculated as 
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vi(?j = vi(0) cosan,. 

The terminal tangential relative velocity depends on the impulse during the final 
period of sliding 

viitf) = vi(0)cosft)t^ (42a) 

where s is the current direction of sliding and the sliding impulse is expressed as 

The variation with time of normal and tangential forces for an impact initiating with 
a small tangential relative velocity is shown in Fig. 9a while the variation of the 
tangential component of relative velocity is shown in Fig. 9b. Notice that colliding 
bodies composed of isotropic elastic solids have a compliance ratio in the range 
1 < rj <1.5 so that the frequency of tangential motion is larger than the frequency 
of normal motion ( 0 > Q . 

Intermediate Angle of Incidence, ^ < | V[ (0 ) / V3(0)| < ^tt (1 + e* ) /3i / /?3 

Intermediate angles of incidence result in initial slip that halts at a time ts which 
is before separation; i.e. ts <tf. After slip halts the contact sticks and elastic 

energy stored during sliding retards the relative tangential motion; subsequently the 
tangential elastic element draws the bodies together until the tangential relative 
displacement vanishes and the direction of sliding reverses. Finally as the normal 
contact force decreases during restitution, the tangential force undergoes a second 
transition and enters a final stage of sliding. 

The contact point has an intermediate angle of incidence (j) if initial slip halts 

during the contact period, tan (lirj )<(j) < tan [|t(l +e*)A / For ™ 

intermediate angle of incidence, the tangential velocity during the initial period of 
slip is obtained as 



vi(0 = vi(0)-^^^/?(O- 

m 

This initial slip terminates and stick begins at a time when subsequent slip or 
stick give the same rate of change for the tangential force; this transition from slip to 
stick occurs when 



lim 



dF^{t^+e) 

de 



=A^- 



dF^jt-e) 

de 



(43) 
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For the period of stick, t>tg, Eq. (34c) gives 

dF^{t) mo?5^{t,) . , , mco^v^(t,) 

— ^=- -^^cosft)(t-t,). 

dt 

If v\ (0) < 0 the dynamics of sliding during t <t^ give transition values 



5l(l.) = 



ifFua A-Qv,(o) . 



sin 12 , 






viits) = vi(0) -Id [l- cosf2t^], 

Pi 






, j 3 ,f 2 v,( 0 ) . \ 

5\{ts) = ll ' \ sme* f2t^--(l-e*) , t^<t,<tf, 



viQs) = vi(0) - IJ. 



Avs(Q) 



1 - e* cos e* F2c - 



-f ('--)]}. 






The normal force is obtained from Table 2; hence after differentiation one obtains 



dF^(t) m£2^VT^(0) 



cos fit , 



ts<t<tc 



dF'^(t) mfl v^(0) -I 
= - o cose* 
dt 






t^<ts<t 



After equating rates of change for components of force in the limit as t —> ts and 
noting that the time when slip halts equals the time of compression ts = tc if 
vi(0)/ V 3 ( 0 ) = |t)8i / we obtain an expression to be solved for the non- 
dimensional transition time Qts , 

^=^{i-cosa,}+„^c„sa,. 



t(Q) a 



-1 ^ 
\-e^ cose^ Qts - — 



Atv3(0) PA 2 

2 r -i 

+ — cos e^ Qts - — (1 - e* ) , 
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Fig. 9 For small angle of incidence (a) variation of normal and tangential force during stick- 
slip motion, and (b) slip velocity during collision. 

In the equations above, the form of expression depends on whether slip is brought to 
a halt during compression or restitution. 

After slip halts at time ts the contact point sticks and the tangential 
compliant element (linear) begins a period of simple harmonic motion (s.h.m.). The 
tangential components of velocity and force for this period of stick are given by Eq. 
(34). The intermediate period of stick continues until time t^f when a terminal 

period of slip begins. Terminal slip begins because the ratio of tangential to normal 
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Fig. 10 For intermediate angle of incidence (a) variation of normal and tangential force 
during slip-stick-slip motion, and (b) slip velocity during collision. 

force has increased to the friction limit, \F^IF-^=jl . Hence, the terminal period of 
slip begins at a time t^f that satisfies 

sin (0{t,f - 1,) 

2-1 71 

= 7] sine^ Qts- — (l 




os, it;) 

ltV3(0) 



COSft)(t^y - tg)- 



(t; 

jj.cov^(0) 



( 45 ) 
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Changes in velocity and force during the terminal period of slip are given by 
expressions similar to (34), 

v\(t) = (o5\{tsf)&m(o{t-tsf)+v\{tsf)co&(o{t-tsf), (46a) 

2 

m(0 5\{tsf) m(Ov\{tsf) 

F\{t)= cosco(t- tsf)- „ smcD(t- tsf)- (46b) 

Pi Pi 

During the second phase of slip, as the force reduces the tangential compliant 
element relaxes The second phase of slip terminates at separation. 

The second phase of slip terminates at separation. For a collinear collision, the 
time of separation tf is related to the period of compression t^. by the coefficient 

of restitution e* ; i.e. tf = (1 +e*)tc • At separation the tangential component of 
relative velocity at the contact point is 



VI {tf) = v\{tsf) - ^ {/?(?/) - P{tsf)\ 50 < 0 . (47) 

Figure 10a shows the variation of normal and tangential force as a function of time 
for impact at an intermediate angle of obliquity. The corresponding variation in 
tangential velocity is illustrated in Fig. 10b. 

Large Angle of Incidence, ;ti(l + e* )A/i33<|vi(0)/ V3 (0)1 

There is continuous or gross slip at the contact point if the angle of incidence is 
large enough so that slip does not cease before separation; i.e. friction merely slows 
the speed of sliding but is not large enough to halt sliding during the contact period. 
Initial conditions that result in continuous sliding can be identified from the 
condition that slip is brought to a halt only at a time larger than the time of 
separation, t^f > (1 + e*)?^ • If slip is continuous, the terminal (separation) impulse 

p{tf) is related to the impulse for compression by p{tf)={\+ e*)p{t^) and the 
tangential component of relative velocity at the contact point is obtained as 

pP 

vi(?/) = vi(0) + '-{l+e*)p{tc), 50 <0. (48) 

■' m 



5.4 Example: Oblique Impact Of Sphere 

The effects of friction and tangential compliance on dynamics of a sphere hitting a 
nonlinear elastic half-space at an angle of incidence have been evaluated and 
compared with an analytical elasticity solution by Maw, Barber & Fawcett [17]. At 
impact the sphere has tangential and normal components of velocity vi(0) and 
V2(0) respectively and it has no initial rotation. The elasticity solution is based on 
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quasi-static behaviour of an elastic solid with Coulomb friction at the interface; this 
continuum formulation is used to develop the local stress and deformation fields 
throughout the contact region. 

An alternative analysis based on the present discrete element modelling uses a 
Poisson’s ratio V=0.3 and for an initially spherical contact surface, a ratio of 
normal to tangential stiffness rj =1.21 (see Johnson [7]). For a spherical solid 
striking a half-space we obtain a ratio of inertia coefficients Pi/ P 3 =3.5 which 
gives the ratio of frequencies, (u/ 13 = 1.7. 

Figure 11 is a plot of the terminal tangential velocity resulting from oblique 
impact of an elastic sphere striking at an angle of incidence 0 where (j) = 

tan ^(vj(0)/ V3(0)) ; the terminal tangential velocity has been plotted as a function 
of the initial ratio of tangential to normal velocity vj (0) / V3 (0) (directly related to 
the initial angle of incidence). These results were calculated with both the elastic 
continuum theory and discrete element modelling; these different analytical 
methods gave almost identical results. For a small angle of incidence, there is stick 
throughout most of the contact period and only a late stage of terminal slip as the 
normal contact force becomes small. If the coefficient of restitution is large, small 
angles of incidence give a final tangential velocity in the same direction as that at 
incidence; for a somewhat smaller coefficient of restitution e* < 0.7 the direction 
of terminal slip reverses from that at incidence. For an intermediate value of the 
angle of incidence, the direction of terminal slip reverses from that at incidence for 
all values of the coefficient of restitution; slip reversal occurs for angles of 

incidence Vj(0)/V3(0)< (1+e.^) j/ 3. For a large angle of incidence 



initial stick 




Fig. 11 Terminal sliding speed as function of incident sliding velocity for edge impact of 

disk on half-space: discrete element model ; Maw, Barber & Fawcett elastic solution 

; rigid body with negligible tangential compliance • . 
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vi (0) / V3 (0) > /i(l + e*) Pi / there is gross slip throughout the contact period and 

sliding that continues in the same direction throughout the contact period. 

In Fig. 11 the result of assuming that tangential compliance is negligible is 
illustrated by the chain-dot line. With this assumption, the principles of mechanics 
result in either terminal stick at zero tangential velocity or else gross slip. 
Throughout most of the range of gross slip the assumption of negligible tangential 
compliance gives velocity changes that are identical with those of the elastic 
continuum and discrete element analytical models. 

Similar results for various coefficients of restitution have been obtained by 
Stronge [18]. These results, shown in Fig. 12, indicate that increasing losses of 
energy at impact have the effect of compressing the small and intermediate range of 
angles of incidence to a smaller range of values. Thus for perfectly plastic impact 
(e* =0) the small and intermediate ranges are roughly half the size of those for a 
coefficient of restitution e* = 1 . 

5.5 Maximum Force From Oblique Impact Of Sphere 

The effects of friction and tangential compliance on the maximum normal and 
tangential contact force were investigated in experiments by Lewis and Rodgers 
[19]. They mounted a 25.4 mm diameter steel sphere at the end of a 1.8 m long 
pendulum which controlled the direction of oblique impact of the sphere against a 
heavy steel plate. This apparatus allowed the angle of incidence (j> to vary 

between 0° and 85° from normal. In the experiments of Lewis and Rodgers the 
normal impact speed was small, 0.01- 0.05 ms“l so that the impact was effectively 
elastic. Piezoelectric force transducers were used too make separate measurements 
of tangential and normal components of contact force during impact. The 
coefficient of friction measured in experiments giving gross sliding was = 0. 179 . 




Fig. 12 Terminal sliding speed as function of incident sliding velocity for edge impact of 
disk on half-space with coefficient of restitution e« = 0.0, 0.5, 1 .0 . 
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Experimental data from impact of the pendulum at an incident speed Fq = 0.048 
ms“l is compared with calculations obtained from the present discrete element 
modelling in Fig. 13. The calculations depend on an estimate of the mass of the 
pendulum arm that supports the sphere. The agreement shown in Fig. 13 was 
achieved by increasing the mass of the sphere by 50% to account for the inertia of 
the pendulum arm. Also, these calculations assume that the compliance ratio 

7] =1.21 and the inertia ratio Pi/ =3.5 — values that are representative of a 
solid sphere. These values gave quantitative agreement between the experiments 
and the calculated values throughout the full range of angles of incidence. The 

largest friction force occurred at an angle of incidence of about 40 whereas with 
/t=0. 18 and e* =1, the calculations gave a value of maximum force at 35° 
irrespective of impact speed. Notice that the largest ratio of tangential to normal 
force equals the coefficient of friction fi only if the contact is sliding at the 
transition from compression to restitution when the normal force is a maximum. 
This occurs if the angle of incidence is intermediate of large; i.e. (j> > 32° for a 
rough solid sphere with a coefficient of friction = 0. 18 . 

5.6 Discrete Modelling of Tangential Compliance 

For elastic bodies with a large coefficient of friction, impact experiments show that 
at small angles of obliquity there can be reversal in the direction of slip during 
collision; it is not possible however, to obtain this reversal from a theory that 
neglects tangential compliance. The discrete element model presented here is the 
simplest formulation where an analysis of a collinear collision can give a solution 
which shows a reversal in direction of tangential relative velocity during a collision. 
Again the penalty of incorporating the detail of local compliance at the contact 
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Fig. 13 Comparisons of calculation of maximum normal and tangential components of force 
during impact of rough sphere on half-space with measurements by Lewis & Rodgers [19]. 
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point is that the analysis becomes time dependent. In a problem involving Coulomb 
friction and slip-stick relative motion however, this level of detail is necessary in 
order to represent the relationship between components of contact force. 



6, Chain Reactions From Impact In Multi-Body System 

To analyze impact response of a system of ‘rigid’ bodies using impulse-momentum 
methods, some authors employ an assumption regarding the timing of reactions that 
occur at contact points where relative displacements of the bodies are related by 
constraints. Consistent with a strict interpretation of rigid body theory, Wittenburg 
[20], Pfeiffer & Glockner [21] and Pereira & Nikravesh [22] assume that impulses 
are applied simultaneously at the points of constraint; simultaneity implies that the 
period of compression is identical irrespective of local properties around each point 
of contact (or constraint). On the other hand, Johnson [23], Hurmuzlu & Marghitu 
[24] and Ivanov [25] assume that reaction impulses at the contact points occur 
sequentially, usually in a sequence akin to Moreau’s sweeping process [26]. This 
assumption is motivated by experience of simple experiments using a tightly-packed 
chain of identical spheres — a ‘Newton cradle’ apparatus. 

A different method of approach is to incorporate the additional detail of a force- 
displacement analysis in place of impulse-momentum; consideration of 
displacements requires integration of time-dependent equations of motion rather 
than the algebraic analysis appropriate for planar problems that involve two-body 
collisions. For impact in multi-body systems, Stronge [27] has argued that very 
small relative displacements at the contact points must be considered because these 
are the source of the reaction forces that prevent interpenetration at points of 
constraint. Previous applications of this methodology include Cundall & Strack 
[28], Lankarani & Nikravesh [29] and Wang, Kumar & Abel [30]. 

With consideration of very small deformations that remain local to the contact 
region, the analyst can explicitly represent the local compliance by means of 
discrete elements; e.g. springs and dashpots. The coefficients for these elements can 
be selected in accord with the extended Hertz theory presented in Sect. 4; i.e. these 
coefficients are representative of the local compliance and they depend on the 
geometry of the contact region, the material properties and the contact pressure. 
Incorporating these explicit force-displacement relations in a rigid-body impact 
analysis implicitly involves two different displacement scales. Very small relative 
displacements must be considered in order to obtain the time-dependent interaction 
forces at points of constraint — the displacements, however, must be so small that 
they have negligible effect on the inertia properties of the system. 

Here the effect of impact in a multi-body system is analyzed using discrete 
elements at the contacts between individual ‘rigid’ bodies. For linear local 
compliance the result is independent of the elastic stifiness of the contacts; i.e. this 
stiffness affects only the speed of propagation through the system. Two different 
examples are used to elucidate the nature of propagation of a pulse of reaction 
traveling away from the impact point. To focus on the qualitative features of 
propagation, each of these examples considers direct axial impact in a collinear 
system where friction is irrelevant. 




Contact Problems for Elasto-Plastic Impact in Multi-Body Systems 



223 



6.1 Example: Collinear Impact In Row Of Identical Spheres 

We consider an axially aligned row of many identical spheres which are initially in 
diametrical contact but not compressed. The yth element or sphere in the row has 
mass M, diameter D and an axial displacement uj. The local compressive 
stiffness of each contact region is denoted by k, while in extension the stiffness 
vanishes. Between the contacts each body is assumed to be rigid. This one- 
dimensional system is illustrated in Fig. 14. 

Wave Propagation In Linear Coaxial Periodic System 

As long as the contact forces remain compressive, a typical element of this periodic 
system has an equation of motion 

, col=k!M . (49) 



For a wave of slowly varying amplitude the displacement uj varies according to 

where the wave-number k is related to the wave-length X by K = 2n!X and 
i=s[-^ . By substituting this solution into (49) a dispersion relation is obtained, 




Fig. 14 Direct impact on collinear system with interface springs that represent the local 
elastic stiffness at each point of contact. 
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In this system a particular wave-length component of a compressive pulse 
propagates with the phase velocity Cp where 



Cp 
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K 



± ft >0 
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= ± 



fttpA 

K 




(50) 



For a compressive pulse containing a range of wave-lengths however, the speed of 
energy propagation is given by the group velocity, 

dco ^ f kD\ ^ ^ 

Figure 15 shows the phase and group velocities for this periodic system. The speed 
of energy propagation decreases with increasing wave number (decreasing 
wavelength) until cut-off at K = K ! D . This cut-off wave number gives a lower 
bound for the wavelength of a propagating disturbance; i.e. propagation occurs only 
if X>2D. A slightly longer minimum wavelength has been measured in 
photoelastic experiments in a periodic series of collinear disks driven axially by a 
small explosive charge [31]. 

In general, the primary reaction force generated by impact can be resolved 
into components with various frequencies. High frequency components ft) > 2cOq 
result in a non-propagating disturbance which corresponds to evanescence; i.e. a 




Fig. 15 Phase velocity Cp and group velocity Cg of periodic system as functions of wave 
number K . 
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Standing wave with vibration amplitude that decreases exponentially as distance 
from the impact site increases [27]. 

Impact Response Of Linear Coaxial Periodic System 

Numerical simulations have been used to investigate the response in an aligned 
series of five initially touching, identical elastic spheres when one end is subject to 
coaxial impact by an identical sphere — the simplest case that can be tested using 
Newton’s cradle. Figure 16 shows the velocity of individual spheres as a function 

3/2 

of time for (a) bilinear stiffness Fj=kSj and (b) Hertz stiffness Fj=ksSj 

The single mass colliding against one end of a chain of identical spheres results 
in a pulse of compression that propagates through the system in a direction away 
from the impact point. Near the impact point the length of the pulse is between 2D 
and 3D but as the pulse propagates, dispersion broadens this pattern. Because 
momentum is conserved, the pulse amplitude decreases as the breadth increases. 
The increase in breadth of the pulse with increasing distance is noticeably more for 
the bilinear contact compliance rather than the nonlinear (Hertzian) compliance. 
The front of this compression pulse travels at a speed roughly equal to ~ ft)oD ; for 
the linear stiffness relation, this equals the upper limit for group velocity which 
corresponds to an indefinitely long wavelength, X . Using the stiffness 

relation from Sect. 5 for k, this speed of propagation is ~-^1.32F / p in contrast to 

the one-dimensional wave speed for uniaxial stress, Cq=-^JE/ p ; for typical metals 

this difference in speeds is a factor of ten. 

Figure 16 also shows that near the impact end of the chain, the spheres have a 
terminal velocity that is slightly negative. The magnitude of this residual velocity 
appears to decrease exponentially with increasing distance from the impact point, 
prompting the association with evanescent waves. In the case of a system with a 
Hertzian contact relation, the maximum amplitude of this residual velocity is 
roughly half that of the bilinear system. 

6.2 Example: Impact Response Of Multi-body System With Graduated 
Properties 

Here, we consider a row of 3 spheres Bi, B 2 , B 3 as shown in Fig. 17; in this 
collinear system the bodies have distinct masses, Mj, M 2 , M 3 respectively. Also, at 
contact points Ci and C 2 the local contact stiffness are distinct. Initially the 
spheres are in contact but not compressed. 

The displacement of the /th sphere from its initial position uff) is a function of 

time t. Each sphere has a velocity in the axial direction Uj{t) ■ During the contact 
period 0 <t<tf these velocities change as a consequence of contact forces — 
forces that arise from small local indentation of the bodies dj i = I, 2 in the 
regions immediately surrounding Cj and C 2 . Other than the small contact regions, 
the bodies are assumed to be rigid. 
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Fig. 16 Variation in velocity as function of time for elements in collinear system of 5 
identical spheres struck axially at one end by single sphere, Bj: (a) bilinear interaction 
stiffness (light lines) and (b) Hertz nonlinear interaction stiffness (heavy lines). 
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At any time t this system has a kinetic energy T where 

2T=YM,u^ . (52) 

(=1 

If there are no external active forces acting on the system during the contact period, 
momentum is conserved so that the velocity of the center of mass V is obtained 
from, 



3 3 

V=M-^ (53) 

/=1 i=\ 

Relative to the steadily moving center of mass the translational momentum vanishes 
so that. 



0=XM,(ti,-F). (54) 

(=1 

Since momentum is conserved, the kinetic energy can be separated into part that is 
constant during the contact period and a partial kinetic energy of relative motion 

7Vg/; i.e. T = + 0.5MV . The contact forces do work during contact so that 

some of 7Vg/ is transformed into strain energy of internal deformation; in an elastic 
collision, this transformed kinetic energy is recovered. The kinetic energy of 
relative motion 7).g/ is defined as 



(55) 




Fig. 17 Collinear system of 3 spheres with smoothly varying properties for mass and local 
contact stiffness. 
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Recognizing that the indentation 5/ = m,+ i - iif and using (52), (54) and (55) we 
obtain an expression for the kinetic energy of relative displacement in terms of 
indentation, 

=Zj^+2zjZ2Cosa+z2 . (56) 

where nondimensional indentations that symmetrize the equations were suggested 
by Ivanov and Larina [32]. 

Zj =5 i^“^Mi(M2 , Z2 = 52^“'M3(Mi +M2)j^^. 



Normal contact forces Fj ,j = 1, 2 arise between the bodies as a result of the 
relative displacements 5,-. These forces are solely compressive; they have a 
relationship to contact indentation which depends on material properties and the 
geometry of the contact region. If the bodies are elastic and the contacting surfaces 
are cylindrical with parallel axes, the stress field is 2-D and Fj = kjdjH(dj) where 

H(dj) = 0 if dj < 0, and H(dj) = l if dj > 0. On the other hand, if the 

contacting surfaces are spherical, the stress field is 3-D and Hertz theory gives a 

3/2 

normal contact force Fj =ksj5j H(dj). The stiffness coefficients kj or kgj can 

be obtained from expressions in Sect. 4. The interaction forces are used to develop 
potential functions U^. or for cylindrical or spherical contacts respectively, 

2U,=h5^H{5^) + k25lH{52), 

{5H)U, =k,^5!^^H{5y) + F25^^^H{52). (57) 



For spherical contacts, the equations of relative motion are obtained from (56) 
and (57) by means of Lagrange’s equations. 



1 cos a 
cos a 1 



Z2 Idx^ 



. 2 
-l-sm 



a 



\r^zy^H{z2)\ 



(58) 



2 

where a non-dimensional time T and ratio of stiffness to mass gradients y are 
defined as 



l kJM,+M,) 

]j M1M2 
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cosa= 






The present example is concerned with effects of a smooth gradation of 
properties; e.g. let rj be a gradient of mass and g be a gradient of stiffness. 

Hence, the individual masses are =rj ^M2, M2, M3 = 77^/2 where the 

2 

central mass M2 = rjM /(l+rj + rj ) . The stiffness of the compliant elements are in 
the ratio k ^2 I ^sl = ? ■ These inertia and stiffness gradients give 



1 2 ? 

cosa = , 7 = — 

1 -I- 77 77 



Now 7 is recognizable as the gradient of natural frequency (or more precisely, a 
gradient of speed of propagation through this system of ‘rigid’ masses linked by 
discrete compliant elements). The characteristic frequencies for this system can be 

obtained from the eigenvalues of (57) with (Oq = (kj -1- ^2) / 2M2 . 

To retrieve the velocities in an inertial frame from the non-dimensional relative 
velocities, we use the transformation. 



Mj 
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lii 




V 




M3 




V 
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^(1+riXl+ri+ri^) 



77(1+77) 

-1 

-1 
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V 



3/2 

3/2 



-77"^ (1+77^) 



Jtfej/t/Tl 

\dzJd.T\ 



(59) 



Discussion of Solution 

The nonlinear differential equations have been solved numerically for the terminal 
relative velocities, then these solution were transformed to obtain the final velocities 
in an inertial reference frame. The equations of motion were solved beginning from 
the following initial condition, 

I.C. Wj=ko, 772=^3=0 or <5 j/Fq= 1, S 2 /Vq= 0 . 

Figure 18 shows the distribution of final velocity in a 3 sphere chain subject to 
unilateral constraints at contact points. The results are plotted as a function of the 
gradient of natural frequency 7 at two different values of the mass gradient 77 ; 
either uniform mass density 77 = 1 or an increasing mass density 77 = 4 . 
Principally, if 7 < 1 the result asymptotically approaches that for sequential 
collisions whereas if 7 » 1 the result asymptotically approaches that for 
simultaneous collisions. The distribution of final velocities depends almost solely 
on the gradient of natural frequency 7 while the mass gradient affects only the 
absolute value of the final velocities (not the relative velocities). The results for 
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Fig. 18 Variation of terminal velocities in 3 sphere chain as functions of the gradient of 
natural frequency y : bilinear compliance (light lines) and Hertz compliance (heavy lines). 
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cylindrical contacts converge to asymptotic limits slightly faster than the results for 
spherical contacts — qualitatively however, the behaviour is the same. 

The timing of reactions at different contact points is a function of the gradient of 
natural frequency (or gradient of wave propagation speed). If speed of propagation 
through the first contacting pair is larger than that of the second pair, the first pair 
will complete a cycle of compression and restitution before the cycle at the second 
contact point has proceeded very far; i.e. the compression cycles occur sequentially. 
On the other hand if the speed of propagation increases with distance, the 
compression cycles at the 1st and 2nd contacts, Cj and C2, can occur 
simultaneously. Figure 19 shows the variation of the ratio of times of maximum 
compression at contacts Ci and C2 as functions of the gradient of natural 
frequency. If y < 1 maximum compression at C2 occurs substantially later than 
that at Cp Alternatively if y »1 the times of maximum compression at Ci and 
C2 are almost simultaneous. With linear compliance, maximum compression 
occurs simultaneously at j = 6-7 and larger values of y result in double hits 
between spheres B2. and B3. 
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Fig. 19 Variation of ratio of time of maximum compression at contacts Cj and C 2 as 
function of the gradient of natural frequency y : bilinear compliance (light lines) and Hertz 
compliance (heavy lines). 
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In a collinear system of compact hard bodies with non-conforming contact 
regions, impact results in a wave of compression that travels away from the point of 
impact. This wave travels at a speed that depends on the compliance of local 
deformation in each contact region and the inertia of the bodies adjacent to each 
contact. For a chain of elastic spherical bodies, this speed is of the order of 

yj'&yY / p ; for metals, this speed is roughly 0.1 of the elastic wave speed through 



the material 






This difference in speeds occurs because of the variation in 



stiffness in the direction of propagation along the diametrical line between contact 
points. For hard bodies the compliance of contact regions is small, nevertheless, 
between these regions the compliance of the bodies is very much smaller. 

The principal factor affecting simultaneity of compression cycles in these 
collisions is the gradient of natural frequency y . If y » 1 the contact reactions 
are almost simultaneous while if y < 1 the contact reactions occur sequentially in 
order of increasing distance from the impact point. The contact reactions result 
from very small relative displacements that prevent overlap or interference during 
the contact period. This was foreseen by Brogliato [33] who stated that “neglecting 
the bodies displacements during the collision process may yield erroneous 
conclusions.” 



7. CONCLUSION 

Feynman characterized the Newtonian program by the phrase, “Pay attention to the 
forces.” I repeat that clarion call. In most cases solutions of impact problems which 
are based on impulse-momentum relations turn out to be a limiting case; i.e. they 
accurately represent the system dynamics only if initial slip is large, the gradient of 
natural frequency in the system is either very large or small, etc. In general, contact 
problems require consideration of forces and the force-displacement relations in 
order to accurately represent the contact dynamics for a broad range of initial 
conditions and system parameters. 

The penalty associated with incorporating in the analysis the detail of force- 
deflection relations is that the calculation becomes time-dependent. This can be 
computationally expensive but it seems inevitable in order to represent phenomena 
which depend directly on the magnitude of relative displacements at the contacts 
between hard bodies. 

The analyses presented here are appropriate for collisions of hard bodies (or 
multi-body systems) where small areas of contact develop during collision. These 
conditions insure that the total contact period is small so that effects can be 
neglected that are associated with changes in inertia and/or the size of the contact 
area. 

The results presented here imply that for dynamics of collision, the analyst must 
explicitly model the force-deflection relation for each localized region or cross- 
section where the compliance is not much smaller that at the point of external 
impact. 
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Abstract. In this chapter we consider first the most basic multi-impact system, the so 
called “Newton’s Cradle” . The task of developing an analytical method to predict the 
post impact velocities of the balls in the cradle has baffled investigators in the field of 
impact research for many years. The impulse based rigid body as well as the alternative 
time based approaches have failed to produce valid solutions to this problem. 

A new method that produces energetically consistent solutions to the problem is 
presented. The method is based on the traditional impulse-momentum based rigid 
body approach. We do, however, resolve the non-uniqueness difficulty in the rigid body 
approach by introducing a new constant called the Impulse Correlation Ratio. Finally, 
we verify our method by conducting a set of experiments and comparing the theoretical 
predictions with the experimental outcomes. 

The second part of the chapter deals with a second class of multi-impact problems. 
Such problems arise when a rigid body strikes an external surface at a point when it is 
resting on the surface at another point. The impulse correlation ratio is also applied to 
solve this problem. The method produces physically valid and energetically consistent 
solutions to the problem. 



1 Introduction 

Multi-impact problems pose many difficulties and unanswered questions (Marghi- 
tu and Hurmuzlu, 1995). The simplest of these problems, the linear chain or the 
“Newton’s Cradle” represents the most basic problem of this type. This clas- 
sical problem involves a collision problem where one ball strikes one end of a 
linear chain of stationary balls in contact with each other. The system repre- 
sents the simplest of the multi-body impact problems that one may consider. 
Yet, it encapsulates the difficulties that are present in more complex systems. 
Many investigators attempted to develop analytical solutions that produce post 
impact velocities in this class of problems. The fact remains, however, that the 
methods that have been proposed possess deficiencies and inconsistencies that 
are yet to be resolved. 

One approach to the solution of the problem has been the consideration 
of sequential impacts and use of impulse-momentum rules and coefficients of 
restitution. Johnson (1976), introduced the notion of sequential impacts. The 
method was based on a succession of simple impacts that occur one at a time. 
Han and Gilmore (1993), proposed a solution algorithm that accommodated 
multiple impacts, but their methods resulted in multiple sets of feasible post 
impact velocities that were valid for the same initial conditions. Brogliato (1996) 
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also considered the three ball impact problem. The conclusion drawn by this 
author was that the rigid body rules did not possess sufficient information to 
yield a unique post impact solution. He proceeded by stating that compliance 
based methods can be useful in providing physical information that can be used 
in rigid body approach. 

The second approach is the compliance based method that introduces linear 
springs between consecutive balls in the chain. The approach results in a set of 
second order, linear differential equations that can be cast as functions of the 
ratios of the spring constants. One of the earliest studies of this type was pre- 
sented in Smith (1955). Walkiewicz and Newby (1972), considered the possible 
solutions of the three ball chain that simultaneously satisfied momentum and 
energy equations. They showed that there were infinitely many solutions that fit 
this description. Newby (1979), studied the three ball impacts by placing linear 
springs to model the contacts. He used the spring stiffness ratio as a parame- 
ter, and analyzed its effect on the velocity outcomes. He demonstrated that it 
was not always possible to determine the values of the necessary stiffness ratio 
that yielded a specific velocity outcome. The compliance based methods are sig- 
nificantly more difficult to apply that the impulse-momentum based ones. To 
the best of our knowledge, the investigators that applied these methods, never 
included damping in their analysis, and have always assumed perfectly elastic 
collisions. In addition, complexity of such methods makes it very difficult to ex- 
perimentally estimate the model parameters, specifically for chains with large 
number of balls. 

Cholet (1998), uses the methods of convex analysis that is inspired by an 
adaptation of Moreau’s sweeping process (Moreau, 1994; Fremond, 1995) to an- 
alyze the multiple impacts in a three ball cradle. This work represents the most 
advanced up to date and produces unique and energetically consistent results. 
The only drawback of the approach is that the solution is formulated in terms of 
three parameters that do not have obvious physical meanings. For example, with 
this method, it becomes very difficult to identify the parameter values that lead 
to purely elastic impacts. In addition, the post impact velocities are nonlinear 
functions of the parameters. Thus, one may encounter difficulties in estimating 
the parameter values from experiments. Often, there is not a one to one corre- 
spondence between a particular post impact velocity set and parameter set. One 
may obtain the same outcome for different set of parameters. We believe that, 
a solution method that is based on physically meaningful parameters such as 
the coefficient of restitution will be more effective in dealing with the multiple 
impact problem at hand. 

The first objective of this chapter is to develop an impulse-momentum based 
method to determine the post impact velocities of the general N-Ball chain. 
The method should produce unique and energetically consistent solutions. The 
predicted outcomes should be physically consistent and experimentally verifiable 
(experimental verification of the previous methods is almost nonexistent). For 
this purpose we present a new methodology that uses the energetic coefficient of 
restitution, Stronge( 1990). We propose a new constant, that we call the “Impulse 
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Correlation Ratio” . We test our method by conducting a set of experiments, and 
comparing the theoretical outcomes with the experimental ones. 

As second class of multi-impact problems occur when a rigid body is impacted 
from a certain point while it has passive contacts with other external objects. 
Applications such as robotics or systems geared mechanisms, are confronted 
with such impacts that are transmitted to the system’s constraints. Accurate 
modeling of such impacts requires solution of multiple impact problems in rigid 
body mechanics. The problem of distributing the impact force from the initial 
point of collision, where the system receives an impulse, to other passive contacts 
is not trivial. The conventional approaches to this type of problems may not 
produce unique solution, or may not produce a solution at all. 

The second objective of the present chapter is to develop a method to de- 
termine the post-impact velocities of the block undergoing an impact with a 
massive external surface at one edge, while the other edge is stationary on the 
surface. The method should produce unique and energetically consistent solu- 
tions. The predicted outcomes should be physically consistent. For this purpose 
we present a new methodology that uses the energetic coefficient of restitution, 
Stronge (1990). 

2 Multiple collisions in an N-Ball Chain 

2.1 Three ball chain 





i=\ i=2 







Fig. 1. Impulses 



Consider the three balls that are depicted in Fig. (1). Ball Bi strikes the 
other two balls (with initial velocities of and v^) that are in contact at time 
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t = t~ with a velocity of uf subject to >v^ >v^ . The collision causes the 
two normal impulses T2 and rs as shown in the figure. The problem at hand is to 
determine the post impact velocities and For this purpose one can 

write the conservation of linear momentum equations for the three balls, this 
yields: 

miAvi = —At2 ( 1 ) 

ni2Av2 = At2 - At3 ( 2 ) 

mzAvz = At 3 (3) 

where, Avi and Ati are the changes in velocities and impulses as a result of the 
collision. Here, we have three equations in terms of the three post impact veloci- 
ties and the two changes that occur in normal impulses. Additional assumptions 
are needed to obtain the two additional equations that are necessary to solve the 
problem. One can use coefficients of restitution between pairs of balls to resolve 
this problem. Since the balls can be treated as particles, the kinematic coeffi- 
cient of restitution between B 2 and B 3 can be used to obtain one additional 
velocity relationship: 

vt -^2 = (4) 

where the superscript “-I-” denotes the quantity at the end of the collision. One 
encounters problems in applying the restitution law between B 2 and B 3 because 
two assumptions regarding their contact situation at the instant of collision yield 
different solutions. Accordingly, Han and Gilmore (1993), report the following 
solutions for three equal mass balls and e = 1, uj" = 1, = 0, and = 0: 



V 



+ 

1 



1 

3 



VA = VA = 



2 

3 



( 5 ) 



u+ = u+ = 0 u+ = 1 (6) 

The former solution is obtained by assuming that B 2 and B 3 are in contact 
when Bi strikes and they can be treated as a single mass {v^ = v^). The second 
solution, on the other hand, is obtained by assuming that B 2 and B 3 are not in 
contact when Bi strikes, which leads to the impulse condition T3 = 0. Having two 
equally possible solutions poses a serious difficulty in accepting this approach as 
a valid way of solving this problem. 



2.2 Impulse Correlation Ratio 

We now consider the compliant model that is presented in Fig. (2), which is 
the example considered in Brogliato (1996). For simplicity, we will choose mi = 
m2 = m3 = uj" = 1 and V 2 = = 0. When all the balls are in contact, their 

displacements can be obtained as follows: 

fc(2y - 71) sin (VfcqH) *(27 - 72) sin 
3 (fc7i)^^^(7i - 72) (A:72)^/^(7 i - 72) 



( 7 ) 
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Fig. 2 . The compliant, three ball chain. 



92 = 



t /c(7 - 7i) sin A:(7 - 72) sin (^^72^) 



(fc 7 l) 3 / 2 (-yi - ^2) 



(^72)3/2(71 - 72) 



93=3 



t kjsin [-s/k'jit) kj sin (^s/k^t^ 



(/c7i)3/2(7i - 72) (*72)3/2(71 - 72) 

where 71 = 1 + 7 + -\/l — 7 + 7^ and 72 = 1 + 7 — -\/l — 7 + ' 
right impulses acting on B2 can be written as follows: 



2. The left 



(8) 

( 9 ) 



and 



^T 2 = / k{q 2 - qi)dt 
Jo 

_ (37 - 271)7! sin2 - (37 - 272)7! sin^ 



|7?7l(7i - 72 ) 



(10) 



At 3 = 



1 - COS (V¥nt) 772 - 1 - cos (v^t) 771 .. . 1 

/ kj{q 3 - q 2 )dt = ^ ^ ^ ^ ^ ( 11 ) 

Jo 7172(71 - 72 ) 

Now, we investigate the relationship between Z\t 2 and At^. First we form the 
following linear relationship between the impulses: 



6 = a2AT2 + Atz ( 12 ) 

Substituting Eqs. ( 10 ) and ( 11 ) into ( 12 ) and simplifying we obtain: 

^ ^ 2|3».7 + h-2»,hi] 1 ^7 

71(71-72) \2 ) 

2 [ 3 o 27 + (7 - 202)72] .2/^1 n — o \ 
ThTT) [-2^V 33) 

Considering the first extreme case when the first spring is much stiffer than the 
second(7 <C 1 ) in Eq. ( 13 ) yields: 



< 5 i 



( 0 : 2 + 7 ) 



1 — cos 



27 




0 for 0)2 = —7 



( 14 ) 



Thus, the impulses can be related as At^ = jAt2 when the first spring is much 
stiffer than the second. Next, we consider the other extreme, 7 1 in Eq. ( 13 ) 
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yields: 



<5,«- 



27(1 + 2«2) sin^ 



37 



= 0 for «2 = — 1/2 



(15) 



Once again we have a proportional relationship in the form of At^ = 1/2At2- 
Based on the two extreme trends that we have shown, we form the following 
hypothesis that we assume is valid for triplets of balls: 



Consider a linear sequence of three balls: Bi, and where 

Bi-i impacts Bi while it is in contact with Bi+\. Then, the impulses 
that develop subsequent to the impact between the pair Bi-i-Bi and the 
pair Bi-Bi^i are proportional, and related through a constant > 0. 
This constant, we term as the Impulse Correlation Ratio, depends on 
the specific sequence, mass and material properties of the three adjacent 
balls. 



We can apply this hypothesis to the following two possible cases that may 
arise during the multi-body collisions of a linear chain: 

1. Forward Impact: This situation arises when Bi establishes contact and initi- 
ates a collisions with i?i+i during the impact of Bi-i and Bi. Then, for the 
forward impact we have: 

An+i = aiAn (16) 

2. Backward Impact: This situation arises when Bi establishes contact and ini- 
tiates a collision with i?i_i during the impact of Bi and Bi^\. Thus, for the 
backward impact we have: 



An = aiAn+i (17) 

The two definitions allow us to establish causality among the impulses accord- 
ing to the impact direction. In addition, the definitions should be understood in 
the context of the impact direction, as in this chapter we assume that the im- 
pact propagates in the increasing direction of ball indices. Adaptation of these 
definitions to cases with reverse impact direction is a matter of reversing the 
indexing. 

In the next subsection, we use the momentum based approach and the Im- 
pulse Correlation Ratio, to formulate an energetically consistent solution to ob- 
tain the post impact velocities. 



2.3 The solution method 

Solving Eqs. (1), (2), (3), and (16) for the velocity changes Avi, Av^, in terms 
of Z\t 2 and Av^, Av^ in terms of Ats yields: 

Av\ = Z\t 2 

mi 



(18) 
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(a) 




Fig. 3. Velocity-Impulse graphs 



Av2 = ^ —At2 = — —At^ 

m2 a2m2 



Av 3 = — At 3 

m 3 



(19) 

( 20 ) 



Figure (3. a) and (3.b) depict the velocity-impulse diagrams for the collisions be- 
tween the balls Bi, B 2 and B 2 , B 3 respectively. In this study we use the energetic 
coefficient of restitution (Stronge, 1990), to determine the terminal impulse for 
each collision. Accordingly, for the first diagram we have (see Figure (3. a)): 



Vi=V^ T2 (21) 

mi 

_ 1 — Qjo /.-..-.N 

V2 = V 2 H T2 (22) 

m 2 

Now, setting V 2 = Vi and solving for the maximum compression impulse r|, 
results in the following expression: 



mim2(ui -V 2 ) 

^ 2-/1 1 I (^•j) 

(1 — 02)^1 -I- m2 

Next, we compute the work done during the compression and restitution phases 
and use the definition of the energetic coefficient of restitution to get the following 
equation: 

r4 

{vi - V 2 )dT 2 + - V 2 )d,T 2 = 0 (24) 

where 62 is the coefficient of restitution between Bi and S 2 . Solving Eq. (24) 

f 

for T 2 yields: 

_ (1 -I- e 2 )mim 2 (uj~ - u^) 

^ (1 — a2)mi + m 2 




(25) 
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Moving on to the second diagram (see Figure (3.b)) where we have: 

^ if 0 < T3 < a2ri 



V2 = 



— if T3> U2 tI 



where, 



= Vn + 



- , (1 - a2)(l + e2)mi(r;i - v^) 



(1 — a2)mi + m2 



(26) 



(27) 



Note that, when > a2T^ the impact between Bi and B2 is over. Thus, only 
the right impulse, T3 acts on the ball B2 (— TO2(u2 — I’D = T3 — a2rl). This 
leads to the second part of the expression given for V2 in Eq. (26). Finally the 
expression for ^3 can be written as follows: 



1 

^3 = ^^3 '^3 

m3 



(28) 



Once again, we compute the maximum compression impulse between B2 and 
B3 by setting V3 = V2, which yields: 



^ {(Vl - )(1 + 62)7711 + (^2 - V3 ) [t 77 i (1 - 02) + m2]} 77727773 

*7" r? — 

[(1 — 0!2)mi + m2] {m2 + m3) 

Now, set up the energy equation as: 

63 / {V2 - V3)dT3 + {V2- V3)dT3 = 0 



(29) 



(30) 



where 63 is the coefficient of restitution between B2 and B3. Solving Eq. (30) 
£ 

for Tg yields: 

~ ^^)(1 + 62)mi + {v2 — v{^) [mi(l — «2) + 7772]} m 2 m 3 

— (31) 

The post impact velocities can now be computed as follows: 



l + e3 \ll-a 2{^^+l) 



1 I ('"2 ~y3 ) (l-a2)mi+m2 
(v~—v~) (l+e2)mi 



[(1 — a2)mi + m2] {m2 + m3) 



+ - ^ / 
=V-^ T2 


(32) 


mi 






(33) 


m2 




_]_ _ 1 f 

""3 = ""3 + 


(34) 



We note that the positiveness of the inside of the radical in Eq. (31) can 
be used to establish an upper bound on the correlation ratio 02 • If we consider 
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Oi2 < 1, and impose the two underlying conditions —V2 >0 and ^2 — Ug >0 
we can write the upper limit of the correlation ratio as follows: 

0 < 02 < — — (35) 

m2 + m3 

Figure (4) depicts the three post impact velocities for mi = m2 = m3 = 62 = 
63 = u)" = 1 as «2 is varied in its limiting interval 0 < «2 < 0-5- We note that 
the two outcomes that are produced by the solution method of Han and Gilmore 
(1993), corresponds to the two limiting values of the Impulse Correlation Ratio. 
Our method exposes a spectrum of solutions that bridge the gap between the 
two limiting outcomes. By specifying the value of the Impulse Correlation Ratio, 
one can obtain a unique solution for the problem. The question of the validity 
of the ratio as a material constant remains to be answered. In the latter part of 
this section we will present the results of an experimental study that addresses 
this issue. 




Fig. 4. Effect of a on the post impact velocities 



2.4 Multiple impacts 

To explain the multiple impacts that may arise during the present problem, we 
consider a specific example that leads to the velocity impulse diagrams that are 
depicted in Fig. (5). The example corresponds to a three ball case with initial 
velocities of uf = 1 m/s, u/" = 0.8 m/s, and = Q m/s. At the onset of the 
collision, we have the ball B2 having simultaneous impacts with B\ and B3. 
The first B1-B2 collision takes place during the impulse intervals 0 < T2 < r/g 
(0 < T3 < = a2r/i). Meanwhile, the first B2-B3 collision takes place during 

the impulse intervals 0 < T2 < 1 (0 < T3 < r/g). When the B1-B2 impact 

ends, the velocity of B2 continues to decrease as result of the continuing collision 
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between B2 and during the interval r| < rs < r|2- The decrease in V2 
during this interval can be observed as the sudden change in the velocity on 
the diagram that corresponds to T2- This is true because during this interval B\ 
and B2 do not interact, and thus the impulse T2 between these balls remains 
constant. Subsequently, the slowdown in the velocity V2 initiates a backward 
impact between B\ and B2 when V2 = vi = at T3 = t^2- During the next 
interval < T2 < r| {'T32 ^ '^3 ^ T31) we have simultaneous collisions 
between B1-B2 and B2-B3. Next, the first B2-B3 collision ends at T2 = T2 i 
(t3 = T^i). But, when this collision ends the velocity of B2 continues to increase 
as a result of the collisions between Bi and i?2- Once again, the increase in this 
velocity can be observed as the vertical jump at T3 = r/^ on the T3 diagram. 
Subsequently, the increase in V2 leads to a forward collision between B2 and B3 
at V2 = V3 = ^ud T2 = T2 2- Then, we have simultaneous B1-B2, B2-B3 
impacts during the impulse interval r|2 < t'2 < T22 {T3 1 ^ T3 < TI3). Finally, 

f 

the B2-B3 collision continues during the interval T33 < T3 < T32, which is also 
reflected as the sudden jump in V2 on the T2 diagram. The overall process ends 
at T2 = TI2 {t3 = r/2) since < v^2- 

Now, using the Impulse Correlation Ratio according to the rules that were 
enumerated in section 2.2 along with Eqs. (1), (2), and (3) we may express the 
velocities as follows: 



Vi = 



_ j U4 — T2/mi if 0 < T2 < r/2 



r 

if T2 > To 2 



V 2 ■ 



V2 + (1 - 

vti + (1 

y+ + 

2,2 ' rri2 

'^2— '7'2^2 



U.2 ) li u 

rri 2 

_ ifr; 

OL2 ’ rri2 



+ ■ 

^ 2 A 



m2 



if: 

if: 

if: 



V2 



' V 2 + 


(-- 
'' 0:2 


1)^ 
^ m2 




if 


VI 

0 


T3 


< 


T* 

^3 


1 


vh 


m2 


1 




if 


T* 

^3A 


< 


T3 


< 


'^3/2 


<1- 

/ ’ 


f («2 - 


1)- 


“■^ 3,2 

m2 


if 


T3,2 


< 


T3 


< 


^3,1 






1)- 




3,1 

m2 


if 


^3A 


< 


T3 


< 


'^3/3 


'’^ 2,3 


m2 


_3 




if 


T* 

'3,3 


< 


T3 


< 


^3,2 


. ^ 2 A 








if 


T 3 > T 


f 

3,2 






V 3 = < 


V 3 + 


CO 

0 


< 


T-3 < tL 






_ ^^2 




if T3 > 


2 









< T* 

^ "2,1 

< tI.2 

^ "2,2 



(36) 



(37) 



(38) 



(39) 



The specific computation of final impulses is carried out using the energetic 
definition of the coefficient of restitution. The respective final impulses and ve- 

f f 

locities can be found by sequentially solving the following equations for T2 4, Tg 4, 
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/ / 
'T 2 . 2 > 7-3,2: 





„.c 

r^2,i 


ril 




62 


I (Vl - V2)dT2 + 


J {vi - V 2 )dT 2 = 0 


(40) 






ri.i 




63 


1 {V2 - V3)d,T3 + 


/ (V2 - V3)dT3 = 0 

^3,1 


(41) 




r'’’2,2 






62 


/ (^^1 - V2)dT2 + 


/ (^^l - V2)dT2 = 0 


(42) 






/r“ 

^ 2,2 






f'^3,2 






63 


/ {V2 - V3)dT3 + 


/ (V2 - V3)dT3 = 0 


(43) 




J 

^^3,1 


^3,2 





where T2 i, r| 31 ^3 i; r| 2 are the maximum compression impulses as shown in 
Fig. ( 5 ). It should be obvious from this example that one may have to go through 
a complex set of computations in order to solve even this simple example. For 
this purpose, we have written a computer program using the software package 
Mathematica that automatically performs the computations required to compute 
the final impulses, the maximum compression impulses, etc. 




Fig. 5. Multiple impacts on the velocity-impulse diagram 



2.5 Post impact bouncing patterns of a three ball cradle 

Having developed our solution method, now we study the effect of various pa- 
rameters on the possible bouncing patterns that can be exhibited by the three 
ball case. Here, we let = 0 , and used 03 = 0 . 15 , 63 = 63 = 0.5 in 

order to obtain the regions in Fig. (6). Yet, we should point out that the regions 
would be qualitatively preserved if one chooses to use different values of impulse 
correlation ratio and coefficients of restitution. 



246 Hurmuzlu and Ceanga. 




Fig. 6. Bouncing pattern regions on the r\ — T 2 plane 



Now, we divide the post impact patterns according to occurrence of multiple 
collisions. Multiple collisions exist if we have at least one back impact between B2 
and Bx. This occurs if = V2 during the B2-B3 impact. The impulse condition 
that would lead to this situation can be obtained by setting = V2 and solving 
for T3, which yields: 

* m2{a2mi + e2{mi + m2))vx .... 

'’’3,1 ~ ^ I 

(1 — a2)mi + m 2 

Multiple impacts take place only when a2T2 1 < ^-3 1 < which leads to the 
following condition: 



(1 + e 2 )(l + 631/1 - 02(1 + T2 )) , 02 . 



where ’"i = ^ and T2 = Thus, we may divide the ri — T2 plane into two 
regions that are below and above the upper-most curve shown in Fig. (6). The 
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region above this curve is the distinct collision area, while in the lower region we 
have at least one back impact. We may continue in the same fashion to obtain 
the boundary for the region where we have at least one forward impact between 
B2 and B3 as a result of the back impact between B2 and B\. We obtain a 
condition for the forward impact in a similar manner to the one we obtained 
Eq. (45). This results in the dashed curve that is situated below the topmost 
curve. Then, we can continue in the same manner to obtain further alternating 
boundaries that lead to more pairs of back and forward impacts. 

We may also partition the ri — r2 plane into three regions that correspond to 
post-impact velocity directions. Each of these regions corresponds to a unique 
post-impact bouncing pattern (see Fig. (6)). The expression for the line that 
separates regions I and //in the distinct-collision region can be obtained by 
setting vf in Eq. (32) equal to zero and solving for ri as: 



1-02 

ri = 

62 



(46) 



The line that separates regions / and ///in the distinct-collision region can be 
obtained by setting in Eq. (33) equal to zero and solving for V2 as: 



r2 = 63 Y 1 - 02 + {^0^263) - 2^^263 (47) 

We may obtain similar partitioning in the multiple collisions zones by setting 
respective velocity pairs equal to one another and obtaining conditions. 



0 20 40 60 80 100 




Fig. 7 . Velocity-impulse diagram of a small center ball example 



Figure (6) depicts all possible solutions and demonstrates the consistency 
and uniqueness of the solutions that are obtained by the method proposed in 
this chapter. One particularly interesting region of the parameter plane is the 
lower left corner where we have a dense set of multiple collisions. This region 



248 Hurmuzlu and Ceanga. 



corresponds to configurations where the middle ball (-B2) is significantly lighter 
than the other two balls. Figure (7) depicts the impulse velocity diagrams of a 
three ball cradle with rij" = 1 m/s, 62 = 63 = 1, 02 = 0.15, and r\ = V 2 = 
0.01. The post impact velocities computed for this case are = —0.003 m/s, 
V 2 = 0.348 m/s, and U;/ = 0.999 m/s. In this example, we have a very small 
central ball and two very large peripheral balls. If we have neglected the central 
ball then the resulting post impact velocities of the large balls would have been 
0 and 1 m/s respectively. The presence of the central ball does not effect this 
outcome, yet it introduces several micro-collisions that transmit the momentum 
from the incident large ball to the other. As the central ball becomes smaller we 
may expect more multiple collisions to arise, which is why we see a dense region 
of separator curves in the lower left of Fig. (6). 



2.6 Generalization of the three ball approach to N-balls 

The system under consideration consists of N balls of given masses rui . The last 
N —1 balls are arranged in a chain such that all consecutive pairs of balls are in 
contact. One ball strikes one end of the chain with a non-zero pre-impact velocity 
of Vi, while the other balls are in contact with(ri“ > for i = 2, N). As in 
the previous section, our objective is to determine the post impact velocities v^' 
of the balls. 

We start by writing the conservation of momentum equations for any con- 
secutive triplets of balls, this yields the following N equations: 

rriiAvi = Ari — Ati+i for i = 1,N (48) 



with 

Z\ti = Atn+1 = 0 (49) 

where, Avi and Ati are the changes in velocities and impulses as a result of the 
collision. The Impulse Correlation Ratios for each ball Bi can be used to obtain 
additional N — 2 equations in the following form: 



A _ / for some i € X(g) C {1, . . . ,m} 

( UiATi+i for i ^ l{q) 

Solving for Avi yields solutions of the form: 



Avi = At2 

nil 



(50) 



(51) 



f (1 - ai)lrriiATi = (1 - ai)/(ajTOi)Z\T*+i for i G J{q) C {1, . . . ,m} 
\ («i - l)/{aimi)An = (a* - l)/TOiZ\T*+i for i ^ I{q) 

Avm = Atn 

rriN 



Avi = 



(52) 

(53) 
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The next step in solving the impact problem is to proceed as we have done 
for the three ball case. That is, the velocities should be tracked on the impulse 
diagrams. The points where the balls lose and re-establish contact should be 
calculated and the related impulse expressions should be adjusted properly. As 
we have mentioned in the three ball case, this is a very complex procedure and 
we have developed a Mathematica package that will automatically set up the 
calculations for N number of balls. 

Finally, a symbolic analysis of the velocity outcomes similar to the three ball 
case yields the following bounds on the Impulse Correlation Ratios for the N 
ball case: 

0 < cTi < r for * = 2, — 1 with aN = 0 (54) 

m^+l + mRl - Qfj+i) 
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Fig. 8. Intermittent Collisions 



2.7 Intermittent collisions 

There is a special situation that may arise during collisions for chains with N > 4. 
Figure ( 8 ) depicts a 4 ball collision with mi = m 2 = m 3 = 1714 = 62 = 63 = 
64 = 1, 02 = CI 3 = 0-1, and initial velocities of Vi = 1,U2 = 0.5, U 3 = V 4 = 0 
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m/s. At the onset of the impact we have simultaneous collisions at all three 
contact points. The first B1-B2 collision takes place during the impulse intervals 
0 < T2 < r/j^ (0 < T3 < Meanwhile, the first B2-B2, and S3-S4 collisions 
occur during 0 < ra < (0 < T4 < rl^) and 0 < T4 < r/ ^ respectively. 

Yet, the continuing B2-B3 impact leads to a second B1-B2 collision that causes 
the slope change at t^2 on the ra diagram. The special case arises when the 
B2-B3 impact ends at At this point, we encounter an unusual case on the 
Ta diagram (see Fig. (8. a)). We observe an upward vertical jump in V2 due to 
the continuing second B1-B2 collision and downward jump in V3 caused by the 
ongoing B^-B^ impact. The problem that is encountered here is to determine 
the point where we have the onset of the second B2-B3 impact. If we continue 
the B1-B2 and B3-B4 collisions by ignoring the possible contact between B2-B3 
we obtain the shaded region that is shown in Fig. (8. a)). The onset of the second 
B2-B3 collision will be somewhere in the shaded region where the two velocities 
overlap. When this situation arises, we assume that the two balls meet in the 
midpoint of the overlap region. This assumption leads to the final diagrams that 
are depicted in Fig.(8.b)). 

2.8 Special Examples 

In this section we will consider several interesting examples that will be very 
difficult to solve without the solution method presented in this chapter. Most of 
these cases can be very easily observed by using a simple Newton’s cradle that 
can be purchased as toy from commercial vendors 




Fig. 9. Three ball separation 



I. Three ball separation: The first examples concerns a chain with three, 
equal mass balls such that mi = m2 = m3 = 1, 62 = ea = 1, and 02 = 0.01 
(these are typical restitution coefficients and Impulse Correlation Ratios for 



Impulse Correlation Ratio in Solving Multiple Impact Problems 251 

steel balls). The initial conditions are chosen such that uf = = 1 and 

= —1 m/s. This means that the first two balls strike the last ball with 
an equal velocity. Figure ( 9 ) depicts the impulse diagrams. One may eas- 
ily observe the separation of Bi — B2 and attachment of B2 — B^ during 
the collision. At the onset, there is a triple impact between all balls. First, 
B2 — B3 collision ends with the last ball having a velocity of 1 m/s and the 
middle ball having a zero velocity. Thus, the linear momentum of the middle 
ball is transferred to the last one. Subsequently, during the remainder of the 
impact period, the linear momentum of the first ball is transferred to the 
middle one. The resulting final velocities that are computed as: u/" =0 and 
V2 = ^ m/s. Effectively, the separation occurs through a forward and 

then backward impacts of the middle ball. 
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% 

Fig. 10. Five ball chain separations 



II. Five ball separations: The second example is similar to the first one we 
considered, but it involves five equal mass balls with coefficients of restitution 
and Impulse Correlation ratios identical to the previous case. Figure ( 10 ) 
depicts impulse diagrams for four cases. In the first case the first four balls 
of the chain strike the last ball with a common velocity of 1 m/s. As we can 
see from the figure, we have one collision for each ball pair. The order of 
linear momentum transfer is from B4 to B^, B^ to B4, B2 to B^, and Bi 
to i?2. This results in the the following post impact velocities: ti/" = 0 and 
= "^4" = 1 The second case corresponds to the release 
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of the first three balls with a common pre-impact velocity of 1 m/s while 
the last to balls being at rest. In this case, the inner balls have two impacts 
while the outer balls have one impact with one another. The order of linear 
momentum transfer for this case is not a straightforward as the previous 
one. One can, however can easily track the momentum transfers by studying 
Fig. (10), which yield in the following post-impact velocities: = 0 

and = vt ~ = 1 ni/s. The third case corresponds to the first two balls 

striking the resting last three balls with a pre-impact velocity of 1 m/s. In 
this case one obtains u/" = = 0 and = 1^5 = 1 m/s. In final case 

the first ball has a pre-impact velocity of 1 m/s, while the last four are at 
rest. One can observe that the linear momentum transfer is from Bi to B2, 
B2 to i?3, B3 to B4, and B4 to B^. Then, the resulting post impact velocities 
are: u/" = = 0 and = 1 m/s. 




Fig. 11. Inelastic collisions of a Five ball chain 



III. Inelastic collisions: The third example is conducted with five unit mass 
balls such that 62 = 63 = 64 = 65 = 0.25n (n = 0, ..., 4) and 02 = 
0:3 = 04 = 0.1. For all cases the initial velocities are chose as = 1 m/s 
and V2 = v'^ = V4 = = 0 . Figure (11) depicts the impulse diagrams for 
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e common 




e common 

Fig. 12. Five ball chain, restitution effect 



decreasing values of the uniform coefficient of restitution. Two characteristics 
of the post-impact results can be noted. First, as the collisions become more 
inelastic, the post impact velocities of the balls approach the same value. 
For a coefficient of restitution of 0.25 the post-impact velocities of the balls 
are given as = V 2 = = v'^ = 0.2 m/s. In addition, as the 

coefficient of restitution is decreased, the energy loss approaches a constant 
level of 80%. These characteristics of Newton’s cradle can be very easily 
observed in the real system. After a certain period of time, the balls start 
swing together. In addition, the impacts never deplete the energy of the 
system, since the motion always end as a collision free swinging of the balls. 
Figure (12) depicts the variation of the post impact velocities and the percent 
energy loss as a function of the uniform restitution coefficient. The second 
characteristic of the inelastic impacts is the emergence of a succession of 
micro-collisions between pairs of balls, (see Fig (11)). This was interesting 
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to observe that the impulse diagrams can capture a vibrational event and 
exhibit the velocity oscillations during the impact process. 



2.9 Experiments 




Fig. 13. The experimental set-up 



The objective of the present study was to analyze multiple impacts in a multi- 
body system for the non-frictional case. For this purpose the classical collision 
experiment known as Newton’s Cradle was set up (see Fig. (13)). Various chains 
with 3 to 6 balls of different masses and materials were arranged by suspending 
each ball from a frame using two threads. The strings are attached to the frame 
through sliding guides to ensure properly aligned balls before impact. Proper 
alignment of the mass centers ensured the elimination of the rotation of the 
balls and tangential forces at the points of impact. A chain of central impacts 
was generated by releasing the first ball in the chain from a pre-determined 
elevation. 

The experimental data was captured by using a high speed video system 
capable of 1000 frames per second. Retro-reflective markers were used to mark 
the mass center of each ball. The relative positions of the balls before and after 
the impact were determined with respect to a fixed marker, used as reference. 
The acquired video images were transferred to a personal computer, where a 
specialized program was used to digitize the markers positions. The digitized 
positions were used to compute the dropping height of the first ball and the 
maximum post impact heights attained by each ball. Finally, the pre-impact 
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velocity of the first ball and post impact velocities of all balls were computed 
from the calculated heights. 

The experiments were conducted using three types of balls, designated as 
A, B, and C. The masses of the A, B, and C balls were 45, 53, and 53 grams 
respectively. An initial set of experiments with pairs of balls were conducted to 
determine the coefficients of restitution that are presented in Table. 1. 



Ball Type 


A 


B 


C 


A 


0.87 


0.53 


0.31 


B 


0.53 


0.36 


0.28 


C 


0.31 


0.28 


0.27 



Table 1. Coefficients of restitution. 
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Fig. 14. Velocity predictions in four ball experiments 



2.10 Experimental verification of the Impulse Correlation Ratio 

The hypothesis of the Impulse Correlation Ratio is based on the fact that it is 
a constant which depends on the material and geometric properties of triplet of 
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balls in contact. To check this hypothesis, we first determined the Impulse Corre- 
lation Ratios for all possible combinations of the three balls arranged in triplets. 
For this purpose, twenty seven experiments were conducted. Each experiment 
involved a chain of three balls. The analytical algorithm and the coefficients of 
restitution in Table 1 were used to compute the impulse correlation ratios that 
produced the best fit to the experimentally acquired post impact velocities. The 
resulting impulse correlation ratios are listed in Table 2. 
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0.6 


- 


- 




- 


0.4 


- - 


- 




- 


0.2 


, 1 i ’ * 


• 

• • 


. ‘ ^ 


- 


0.0 


J ^ ^ ^ ^ ^ L 


j ^ ^ 


J ^ ^ 





0 1 2 3 4 5 6 



Ball Number 



Ball Number 

0 1 2 3 4 5 6 7 



1.0 


J ^ ^ ^ ^ ^ L 


D 1 1 ^ 1 ^ 1 C 




■ BCACBA 


ABCCAB 


0.8 


- 


- 


0.6 


- 


- 


0.4 


- 


- 


0.2 


1 1 • • * * 


1 

1 • 1 1 ! 


0.0 


J ^ ^ ^ ^ ^ L 


J ^ ^ ^ ^ ^ ^ L 



1 2 3 4 5 6 7 



Ball Number 



Fig. 15. Velocity predictions in five and six ball experiments. 
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Sequence 


ICR 


Sequence 


ICR 


Sequence 


ICR 


AAA 


0.167 


AAB 


0.232 


AAC 


0.218 


BAA 


0.374 


BAB 


0.296 


BAC 


0.088 


CAA 


0.495 


CAB 


0.499 


CAC 


0.400 


ABA 


0.127 


ABB 


0.104 


ABC 


0.111 


BBA 


0.340 


BBB 


0.310 


BBC 


0.216 


CBA 


0.435 


CBB 


0.455 


CBC 


0.342 


ACA 


0.262 


ACB 


0.268 


ACC 


0.216 


BCA 


0.389 


BCB 


0.408 


BCC 


0.319 


CCA 


0.462 


CCB 


0.414 


CCC 


0.338 



Table 2. Experimental Impulse Correlation Ratios. 

Now, to test the hypothesis, we conducted eight sets of experiments: four 
with four ball, two with five ball, and two with six ball sequences. Each set of 
experiments included four individual experiments with four incident velocities of 
the first ball. The drop height of the first ball was adjusted such that we would 
have approximately 0.5, 1.0, 1.5, and 2.0 m/s pre impact velocities Next, 
we used the proposed analytical procedure and the experimental values listed in 
Tables 1 and 2 to compute the post impact velocities. 




Fig. 16. Set-up of the small center ball experiment. 



Figures (14) and (15)depict the experimental results. The figures depict the 
results of eight sets of experiments conducted with a specific sequences of balls as 
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shown on individual graphs. The results clearly demonstrate that the theoretical 
outcomes are in agreement with the experimental results. 



2.11 Experimental observation of the small center ball behavior 



A final experiment was set up to observe a behavior that was considered in 
section 2.5. This was a three ball case with a relatively small central ball. The 
analytical solution resulted in velocity outcomes that are depicted in Fig. (7). 
The remarkable aspect of this case is the high number of impacts that were 
seen among the three balls. The present experiment was conducted to physically 
verify this observation. For this purpose, a three ball chain, with metallic balls 
was formed (see Fig. (16)). Then, a special electrical circuit was built in order 
mark periods of contact among the three balls. Figure (17) depicts the voltages 
that are measured for the collision of two balls (excluding the small center ball) 
and three balls. The voltage profiles clearly exhibit the multiple impacts that 
take place between the small center ball and the two larger outer balls. 
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Fig. 17. Contact voltages of the small center ball experiment. 
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3 Multiple collisions of a rocking block 

3.1 Problem Description 

We consider the collision of a rigid block with a massive external surface that is 
schematically depicted in Fig. (18). The collision takes place at the right edge O 2 
(see Fig. (18. a)) while the block is in contact with the the surface at the left edge 
0\. Immediately before impact, we assume that the block is undergoing a non- 
centroidal rotation about Oi with an angular velocity of oj~ (the superscripts 
— and + denote pre- and post-impact quantities respectively). Our goal is to 
compute the post-impact linear and angular velocities of the block in terms of 
the pre-impact angular velocity. To simplify the problem, we assume that the 




(a) 




(b) 



Fig. 18. Rigid block striking the external plane at Oi (a) and Free body diagram of 
the block during the impact (b) 



block and the external plane are smooth at the contact points such that we 
have frictionless impact. Accordingly, the tangential components of the impulses 
remain equal to zero throughout the collision process. 

As shown in Fig. (18. b), the origin of the reference coordinate system is 
attached to center of mass of the block. The counter-clockwise direction of the 
angular velocity is considered to be positive. We assume that each the two edges 
where the impact occurs (at 0\ and O 2 ), are symmetrically displaced from the 
Center of Mass (CM) at a distance of h. At t = t~ the edge 0\ collides with the 
surface with an initial velocity uf < 0, while at edge O 2 , V 2 = 0. Using the laws 
of conservation of the linear and angular impulse and momentum yields: 



mVCM = Ti+T2 



( 55 ) 
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Icmuj = ~{ti - T2)h (56) 

where m and Icm are the mass and centroidal moment of inertia of the block 
respectively and the subscript n denotes the normal direction. One can write the 
kinematic relations between the linear velocities at the two contact points and 
the velocity at the center of mass as follows: 



vi = vcM + rx (57) 

V2 = VCM + o; X T2 (58) 

The restitution law for the normal impact at Oi can be written in the following 
general form: 

R{v+,v^,e) = 0 (59) 

where i? is a certain restitution rule with a coefficient of e. A similar equation 
cannot be formed for the non-colliding edge O 2 because the pre-impact normal 
velocity there is equal to zero. The system formed by eight equations, Eq. (55) 
to Eq. (59) includes nine unknowns (i.e. the two impulses (ri and T 2 ), the post 
impact angular velocity (oj), and the three post impact velocity vectors: vcm, 
Vi, and V 2 ). Therefore, this multiple impact problem with two contact points 
cannot be solved using the classical approach. 



3.2 Impulse Correlation Ratio 

As in the case of three ball chain (section 2.2), now seek derive a relationship 
between the two impulses at the two contact points. The objective is to find 
out whether the impulses generated by the elastic forces at the two edges are 
related. For simplicity, a block of unit mass and dimensions are picked and it has 
been assumed that the edge Oi strikes the external plane with an initial velocity 
Vi = —1 (see Fig. (19)). 




Fig. 19. Compliant block under rocking motion 
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The displacements at the two ends of the block can be computed as follows: 



<?i = 
+ sin 



48 v^( 7 i - 72) 



sin v ^(46 - 5O7 + 571 - 572) 



^ v ^(“46 + 5O7 + 571 - 572) 



( 60 ) 



92 = 



^/^(-10-107 + 71 + 72) 



48 v^( 7 i - 72) 
sin v^(10 + 107 + 7i -72) 



( 61 ) 



where 71 = 5 + 67 + -\/25 — 467 + 267^ and 72 = —5 — 67 + -\/25 — 467 + 257 ^. 
The impulses of the elastic forces at the two contact points can now be written 
as: 



Ati = / kqidt 

Jo 

_ 5 cos (|V^7it) (46 - 5O7 - 571 + 572) 
^12^ 24(71 - 72) 

cos (-46 + 5O7 - 571 + 572) 

24(71 - 



( 62 ) 



At2 = / k^q2<lt 
Jo 

_ 1 cos (10 + IO7 - 7i + 72) 

= 12+ 24(71 - 72) 

cos (10 + IO7 + 7i - 72) 

24(71 - 



( 63 ) 



Next, in order to examine whether a relationship between the two normal im- 
pulses Ati and At2 exists, we propose the following linear expression: 



S = aAri + At2 



( 64 ) 



where a is a proportionality constant. Substituting Eqs. ( 62 ) and ( 63 ) into ( 64 ) 
and simplifying yields: 

^ = " 24(71^-72) [ 10 - 46 a+( 107 - 7 i+ 72 )(l + 5 a)] 

+ sin^ ^--\/A:72t^ [—10 + 46 a + (— IO7 — 71 + 72)(1 + 5 a)]| ( 65 ) 
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When the spring at Oi is much stiffer than the one at O 2 , i.e. for 7 <C 1 in 
Eq. (65) becomes: 




Thus, for this case Eq. (64) can be written as Z\ro = Z\ti . Here, a ^ 0 

for small values of the stiffness ratio 7 . 

For the second limiting case when the first spring at O 2 is much stiffer than 
the one at Oi (7 1) Eq. (65) becomes: 



$2 « 40(1 + 5a)7sin^ 



-i =0 for„ = -- 



resulting in a second proportional relationship between the two impulses of the 
form Z\t 2 = 1/5 Ati- 

Based on the two relations between the impulses resulted from the two ex- 
treme values for , we hypothesize that the impulse initiated at the colliding edge 
triggers an impulse at non-colliding edge and they are related by a proportional 
relation of the form: 

Atc = aAri with a > 0 ( 68 ) 

where we denoted with Ari and Atc are the impulse at the impacting and non- 
impacting edges respectively. 



3.3 Velocity impulse relationships 

The impulse correlation ratio that was formulated in section 3.2 is now used 
to cast the velocities in terms of the collision impulse. There are four possible 
contact situations for the block during collision: 

1. Impact at 0\ contact at O 2 ' 

Using Eqs. (55), (56), (57), (58), and the impulse correlation relationship 
(Eq. ( 68 ), which becomes Z\t 2 = aAri) one obtains the following expressions 
for the velocities: 



An ^ ^ A 

^ 


(69) 


= 0 


(70) 


A..n [1 - a + ^{1 + a)] Ati 

1 /3m 


(71) 


w{l-a)Ar^ 

Phm 


(72) 


A n [— 1 + « + /3(1 + a)] 2 \ti 

“ /3m 


(73) 
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t u;(l - a) An 

2 f3hm 


(74) 


Acu= 

(3hm 


(75) 


where, 




^ _ IcM 
mh'^ 


(76) 


Impact at Oi no contact at O 2 ' Using Eqs. (55), (56), 


(57), (58), and no 


impulse condition at O 2 {At 2 = 0) one obtains the following expressions for 


the velocities: 




(77) 


= 0 


(78) 


{l + P)An 
1 Pm 


(79) 


j wAti 

~ Phm 


(80) 


.n _ {-1 + P)Ati 
2 Pm 


(81) 


j wAti 

- fihm 


(82) 


Auj = 

phm 


(83) 


Contact at 0\ impact at O 2 : Using Eqs. (55), (56), (57), (58), and the impulse 


correlation relationship (Eq. (68), which becomes At\ = 
the following expressions for the velocities: 


«Z\t 2 ) one obtains 


An ^ ^ A 

m 


(84) 


^'^CM = 0 


(85) 


A„.n [-1 + a + P{1 + a)] At 2 

^ Pm 


(86) 


At - Oc)At2 

^ Phm 


(87) 


A..n [l-a + P{l + a)] At 2 
^ Pm 


(88) 


t w(l-a)Z\T2 


(89) 



Au) 



(1 — o)At2 

/3hm 



(90) 




264 Hurmuzlu and Ceanga. 

4. No contact at 0\ impact at O 2 ' 

Using Eqs. (55), (56), (57), (58), and no impulse condition at O 2 (^n = 0) 
one obtains the following expressions for the velocities: 



^'VCM - 


(91) 


3^'^CM = 0 


(92) 




(93) 




(94) 


{1+P)At2 
^ Pm 


(95) 


M = 

Phm 


(96) 


Phm 


(97) 



3.4 The single impact case 

Consider the case where the block strikes the external surface at Oi while resting 
at O 2 (vi~ ^ 0 and = 0, or more specifically = wq 0). There are 
two possible bouncing patterns that result from the collision at 0 \ , they can be 
enumerated as follows: 



i. The non-impacting end detaches at the onset of the collision: 

The non-impacting end bounces at the onset of the collision if the impulse 
at O 2 (T 2 ) causes a positive change in the normal velocity at this point 
This condition can be obtained by considering the slope of T 2 in Eq. (81), 
which yields: 

/3 > 1 (98) 

Thus, one can obtain the post collision velocities by solving Eqs. (77) through 
(83. Figure (20) depicts the impulse diagram at 0\. Now, the maximum 
compression impulse can be found by setting Av^ = 0 in Eq. (79) and 
solving for ti (note that Z\ti = Ti — 0) as: 



^ 2hmj3ujQ 
^ 1+13 



(99) 



The impulse at the end of the collision can be found by using the energetic 
definition of the coefficient of restitution (here one may also use kinematic 
or kinetic definitions since the case frictionless) can be obtained as follows: 




2(1 -I- e-i)hm(3ujQ 



\ + (3 



(100) 
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Then, the post impact velocities can be obtained by substituting the final 
impulse into the respective velocity expressions, which yields: 



= 2eihujQ 


(101) 


^+ 2{l + ei)wujQ 

~ l + P 


(102) 


2{1 + e\)h{P — l)u}Q 

~ l + P 


(103) 


2{l + ei)wujQ 

“ l + P 


(104) 


+ [/^ ~ (1 + 2ei)] Wo 

1 + /3 


(105) 



ii. Simultaneous collision at both ends: 

A simultaneous impact at 0\ and O 2 takes place when the condition in 
Eq. (98) is violated. During the initial stage of the collision, there is a simul- 
taneous contact at both ends, resulting from an impact at 0\ and contact at 
02- Using Eqs. (69) through (75) one may form the impulse diagrams that 
are depicted in Fig. (21) by obtaining the following expressions: 



V 



n 

1 



— 2i]iaaJq -\- 



[1 — 0-1- /3(1 -I- a)] Ti 
Pm 



(106) 
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_ “'(I “ 

^ I3hm 


(107) 


_.ri [— 1 + a + /3(1 + a)] Ti 

(3m 


(108) 


f3hm 


(109) 


(1 - q;)ti 
Phm 


(110) 




The maximum compression impulse rf that can be found by setting u" = 0 
in Eq. (106) and solving for ri, which yields: 



2hml3uJo 

1 — o; /3(1 “t“ o) 



( 111 ) 



Then, in order to use the energetic definition of the coefficient of restitution 
we may write: 

VidTi + / Vydn = 0 ( 112 ) 

Jrf 

where ei is the coefficient of restitution at 0\. Solving this equation in terms 
of Ti yields the final impulse for the collision at 0\ as follows: 

r/ = 2h(3mri (H3) 




where, 



A = 



(1 + ei)i^o 
1 — O: T /?(1 “t“ o) 



(114) 



Substituting this impulse in the respective velocity expressions one obtains 
the velocities at the end of the 0\ collision as follows: 



Vi* = 2eihujo 



(115) 
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v{* = 2 (a — l)wA 


(116) 


= 2 [a - 1 + /3 (1 + a)] /lA 


(117) 


vl* = 2 (a — l)wri 


(118) 


uj* =uo + 2{a - l)ri 


(119) 


The impact at Oi comes to an end while the collision at O 2 continues. During 
the subsequent motion Eqs (91) to (97) describe the relationship among the 
velocities and the impulse T 2 at O 2 . Now, using the velocities computed at 


the end of the Oi impact and the value of the impulse O 2 
which is given by: 


at that instant. 


A = ar/ = 2h/3mari 


( 120 ) 


one obtains the following: 




I""/'— 


( 121 ) 




( 122 ) 


pm 


(123) 




(124) 




(125) 



The maximum compression impulse t| for the collision at O 2 can be found 
by setting = 0 in Eq. (123) and solving for T 2 , which yields: 



_c 2(1 - /3)/im/3A 

= (i + ffl <“> 

Now using the energetic definition of the coefficient of restitution we form 
the energy equation: 



e 



2 

2 




V2d,T2 + 




vj C?T2 = 0 



(127) 



f 

where 62 is the coefficient of restitution at O 2 . Solving this equation for , 
the terminal impulse for the O 2 collision results in the following: 



_f 2{(} - I - ^2)hm(i^^ 

(1 + / 3 ) 



(128) 



where, 



7^2 = 621 / (1 - /?) [1 - a - !3{l + a)] 



(129) 
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Substituting the final impulse in the respective velocity expressions, yields 
the following expressions for the post-impact velocities: 

Ar2(i-/3 + r2/e2)' 



— 2hujQ 



1 - 






(1 -f P)uJo 
2w{r2 - 2/3)A 
1 -f /3 
. =2Ar2 

,+ 2u>(r2-2/3)A 






,+ — 



= ujQ + 2{a — l)ri — 



1 -f /3 

2[a-l + I3{a + l)- A 
1 -f /3 



(130) 

(131) 

(132) 

(133) 

(134) 



The impact sequence ends as long as w", does not become negative during the 
O 2 collision. If this velocity becomes negative, then the collision at O 2 triggers a 
second collision at 0\, leading to another sequence of impacts. The condition of 
not having another impact at 0\ can be found by setting > 0 in Eq. (130) 



and obtaining: 



AA(l-/3 + A/e 2 ) 



< 1 



(135) 



(1 + /d)wo 

The next section is dedicated to a method that is developed to solve problems 
that involve such sequence of collisions. 

Finally, we may obtain an upper limit on the impulse correlation ratio by 
considering inside the square root in Eq. (129). Recalling that /3 < 1, one gets, 

1-/3 



a < 



1 -f /3 



(136) 



when we have unit mass and dimensions /3 = 2/3 and thus the limit o? < 1/5 
which is identical to the value that was calculated in section 3.2. 



3.5 Multiple Sequences of Impacts 

In the previous section, we considered cases where the collision at Oi results 
in one impact at each end. Yet, when the condition in Eq. (135) is violated, 
additional impacts may emerge. 

When the collision at O 2 causes the sign of vi to become negative a second 
collision starts at Oi . The notation has to be modified to accommodate the mul- 
tiple sequence of impacts. Accordingly, a second index will be added to impulses 
and landmark velocities to mark the impact sequence. 

Figure (22) depicts the impulse diagrams for a case with two impact se- 
quences. The expressions for the two normal velocities shown on the figure can 
be expressed as follows: 

f ,,ra- I l-a+l3(l+a)^ 

+ (3m 

77 , 1 — ^ -i- r\ A- fi ( "\ A- 

A, 2) 



-Ti 



if 0 < Ti < t ( I 



±Pii+El^ _ / N 

f3m ^1,1) 



/ 3 m v'l 



if T - 

if T. 



/ 



< n < T] 



1,2 



(137) 



< n < A , 
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Fig. 22. Normal Velocity - Impulse diagram for a two sequence impact 
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n 

2 



— 1+q+/3(1+q:) 



0m 
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^2,1 
n * 
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2,1 



) 

I l-a+/3(l+g) / 

/3m 1^2 



if 0 < T2 < T2 _i 
if T2 *i < T2 < T2*2 

^■ 2 , 2 ) if ^2*2 <T2< 



(138) 



Equations (137) and (138) are obtained by classifying the situation during the 
impact as one of the cases listed in section 3.3. For example, during 0 < ti < 
(also 0 < T 2 < T 2 i) the collision at 0\ is driving the collision at O 2 , hence we 
have the first case and use Eqs. (69)-(75) to obtain the respective velocity- 
impulse relationships. During the interval T 2 i < T 2 i there is no contact at 
0\ and collision at O 2 , thus we have the fourth case and use Eqs. (91)-(97). 
Also, during this interval we observe the sudden drop in u" in the ri diagram, 
which occurs because of the slowdown caused by the impact at 02- Next, during 
t( ^ < Ti < t *^2 (also r| i < T 2 < t/]^) the impact at O 2 is driving the impact at 
Oi, hence the third case and use Eqs. (84)-(90). Finally, during r *2 < D < T /2 
there is no contact at O 2 and impact at Oi, thus the second case. We use 
Eqs. (77)-(83) to obtain the velocity expressions. One may observe the sudden 
change in V 2 , which is the result of the impact at Oi. Yet, this drop does not lead 
to a sign change, and hence the impact sequence ends when the second collision 
at Oi is over. 

The actual calculation of the impulses r*^, and the velocities 

Vi*, V 2 *j, , and is carried out by applying the definition of the 

energetic coefficient of restitution (see section 3.4) to each collision within the 
respective impulse intervals. 

Apparently, one can have a complex sequence of collisions depending on sev- 
eral factors such as geometry, material properties, and initial velocities. As was 
done for linear chain of balls, this task is automated by writing a Mathematica 
package. 



3.6 Numerical analysis example 

Here we consider a numerical example that includes a 100 x 20 x 20 mm block. 
One end of the block is released from a height of 50 mm while the other end 
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e (Coefficient of Restitution) e (Coefficient of Restitution) 

Fig. 23. Effect of coefficient of restitution and Impulse Correlation Ratio on the re- 
bound velocities and the number of impact sequences 



is resting on a massive external surface. The density of the block is chosen as 
p = 7.88 X 10“ 6 kgjm? . Figure (23) depicts the post-impact velocities and the 
number of impact sequences as the coefficient of restitution (assumed identical 
at both contact point) and the Impulse Correlation Ratio were varied in the 
intervals of 0 < e < 1 and 0 < a < = .468392 respectively. The post impact 

velocities shown in Figure (23) exhibit an interesting bimodal pattern. For high 
values of the Impulse Correlation Ratio, the striking edge bounces with a higher 
velocity than the resting edge. We describe this as the tendency of the block to 
“Roll Backward”. One the other hand, the block tends to “Roll Forward” for 
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lower values of a. This observation provides a convenient way to check whether 
the trends predicted by the proposed method are physically valid. One can use 
a Styrofoam block (for high a) and a metal block (for low a) and physically 
observe the forward and backward rolling tendencies. 

A particularly surprising outcome takes place for collisions where a = 0.468 
(see Fig. (23)). Here, the post-impact velocity of the resting edge is almost 
equal to zero even for an elastic impact at this edge (c 2 = 1). For this case, 
the coefficient of T 2 in velocity V 2 (see Eq. (73)) is almost equal to zero during 
the initial simultaneous collision phase (—1 -I- a -I- /3(1 -I- a) ^ 0 as a ^ T^)- 
The resulting work done during the compression phase at O 2 is very small (see 
Fig. (24), which results in almost no rebound at this point. 





Fig. 24. Velocity-Impulse diagram for elastic collision with a = 0.468 



Finally, we consider a case that results in four sequences of impact. Fig- 
ure (25) depicts the velocity impulse diagram for a case with e = .1 and a = .1. 
This is a case where the block comes almost to rest as a result of impact. Suc- 
cessive collisions deplete the initial kinetic energy of the block until the edge 
velocities become equal to zero. 




Fig. 25. Velocity-Impulse diagram of a four sequence collision 
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4 Discussion and conclusion 



In this chapter we developed a new method that produces a unique and energet- 
ically consistent solution to two classes of collision problems that are difficult to 
solve using existing methods. First, the N-Ball linear chain problem is consid- 
ered. The approach is based on the impulse-momentum methods, the energetic 
coefficient of restitution, and the Impulse Correlation Ratio that is introduced 
as a new material constant. 

Multi-impact problems pose many difficulties and unanswered questions. The 
linear chain or the Newton’s Cradle represents the simplest and the most basic 
problem of this type. The dynamic problem is simple because one only has to 
deal with motion of particles, yet it includes the difficulties that are encountered 
in more complex systems. The solution of the multi-impact problem has been 
confounded by the lack of sufficient means in the rigid body impact theory to 
resolve the collisions of stationary bodies that are in contact. This shortcoming 
manifested itself as the non-uniqueness of solutions obtained using the theory. 

Here, we amended the rigid body theory by introducing the Impulse Cor- 
relation Ratio. This constant serves as a mechanism to coordinate the force 
transmission through the chain. Effective use of the energetic coefficient of resti- 
tution leads to energetically consistent results. Moreover, the method is the only 
one we know of that captures the commonly observed grouping of balls through 
the proposed back propagation process. 

A set of experiment were conducted to verify the proposed theoretical meth- 
ods and procedures. We have shown that the Impulse Correlation Ratio can be 
measured with relative ease. We have also demonstrated that the predictions 
of our method produces excellent agreement with the experimentally measured 
outcomes. 

Then, the rocking block problem is considered. This problem was also solved 
using impulse-momentum methods, the energetic coefficient of restitution, and 
the Impulse Correlation Ratio. It was shown that the approach also works for 
this case. The outcomes predicted by the method are energetically and physically 
consistent. 
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